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Abstract

This dissertation is concerned with a new formulation of fermionic quantum field theory
in classical (electromagnetic or gravitational) backgrounds, which uses methods analogous
to those used in conventional multiparticle quantum mechanics. Emphasis is placed on
the states of the system, described in terms of Slater determinants, rather than on the
field operator, L/A)("c) The vacuum state ‘at time 77, defined as the Slater determinant of
a basis for the span of the negative spectrum of the ‘first quantized’” Hamiltonian H, (1),
provides a concrete realisation of the Dirac Sea. The general S-matrix element of the
theory is derived in terms of time-dependent Bogoliubov coefficients, demonstrating that
this follows directly from the definition of inner product between Slater determinants.
The process of ‘Hermitian extension’, inherited directly from conventional multiparticle
quantum mechanics, allows second quantized operators to be defined without appeal-
ing to a complete set of orthonormal modes, and provides an extremely straightforward
derivation of the general expectation value of the theory.

By using the concept of ‘radar time’ originally made popular by Bondi in his work on
k-calculus, the particle interpretation is generalised to an arbitrarily moving observer in
curved spacetime. I show that this particle interpretation depends only on the choice of
observer and the background present, not on the choice of coordinates, the choice of gauge
(in electromagnetic backgrounds) or the detailed construction of the observer’s particle
detector. It is also the first definition that does not rely on the spacetime possessing any
convenient symmetries. | show that in the cases of a uniformly accelerating observer in
flat space (Unruh effect), and a comoving observer in an exponentially inflating universe,
my definition reduces to previously accepted definitions. Although this definition is ne-
cessarily non-local (no local definition of particle could possibly be consistent with the
Unruh effect) I demonstrate with a simple example that this non-locality is only signific-

ch of the particle concerned.

ant on scales of the order of the Compton wavelength A. =
Applications of the formalism to pair creation in spatially uniform electric fields, and to
the treatment of discrete symmetries, are also presented.
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Chapter 1

Introduction

Since its invention in the 1920’s, quantum mechanics has grown to become probably the
most important theory of the twentieth century, finding applications throughout physics
and chemistry. Its relativistic counterpart, quantum field theory, has been successfully
applied to the calculation of scattering cross-sections and S-Matrix elements in the context
of perturbation theory. However, going beyond perturbation theory has proved a formid-
able task, preventing quantum field theory from enjoying the vast range of applicability
of its non-relativistic counterpart, and causing it to rely largely on high-energy collision
experiments for verification. It has become apparent in recent years that there are many
situations of physical interest for which the perturbative scattering formalism of quantum
field theory is completely inadequate. Among these are the quark confinement problem,
astrophysical plasmas, very high temperature phase transitions, strong field electrodynam-
ics and anomalies, as well as various issues in quantum gravity. These situations require
an initial value formulation in which we can track the entire time-dependent evolution of
the state of the system, just as is done in quantum mechanics, rather than simply compar-
ing the asymptotically free ‘in” and ‘out’ states of the conventional scattering formalism.
Meanwhile the standard ‘textbook approach’ to (non-relativistic) multiparticle quantum
mechanics, based on Slater determinants and the multiparticle Shrodinger equation, has
no direct counterpart at the relativistic level.

In this dissertation I present an initial value formulation of fermionic quantum field
theory in classical (electromagnetic or gravitational) backgrounds that can be seen as the
natural relativistic generalisation of (non-relativistic) multiparticle quantum mechanics.
Emphasis is placed on the (Shrodinger picture) states of the system, described in terms of
Slater determinants of solutions of the Dirac equation, rather than on the field operator,
77[)(.1’) (indeed the field operator proves to be completely unnecessary in this approach).
The vacuum state ‘at time 77 is defined as the Slater determinant of a basis for the span
of the negative spectrum of the ‘first quantized” Hamiltonian ]:]1(7'), thus providing a
concrete realisation of the Dirac Sea. As well as providing a conceptually transparent
approach to the theory, and an extremely simple derivations of the general S-Matrix
element and expectation value of the theory, it also allows us to provide a consistent
particle interpretation for all time, without requiring any ‘asymptotic niceness conditions’
on the ‘in” and ‘out’ states.

Perhaps the most surprising aspect of this description of relativistic multiparticle sys-



tems is the fact that it is essentially new. FEven in 1932 when the ‘Dirac Sea’ concept
was first introduced, the notion of using Slater determinants to describe the ‘filling of
energy levels’ was already well-known, so the idea of describing the vacuum as the Slater
determinant of the span of the negative spectrum of the Hamiltonian should have been
natural even then. Indeed, the formulation of relativistic fermionic systems that is perhaps
the closest to the formulation presented here (albeit not in a gravitational background,
and not explicitly using Slater determinants) was that presented in 1934 by Furry and
Oppenheimer(? (and described from a more modern standpoint in the introduction to
Weinberg’s book[®l). However, the prevailing belief at the time was that the Dirac Sea
was little more than a mathematical trick, and should be essentially stable and trivial
to describe. Even Diracl’] stated that “The vacuum is quite a trivial thing physically,
and we should expect it to correspond to a trivial solution of the Schrodinger equation”.
Hence, the idea of carrying around an entire Dirac Sea was generally considered to be
an unnecessary complication. Furry and Oppenheimer’s theory was rapidly replaced by
the now well-known Canonical approach, which treats the ‘holes in the Dirac Sea’ (rather
than the occupants of the Dirac Sea) on the same footing as the electrons, while defining
the vacuum only implicitly, by the fact that it ‘contains no electrons or holes’.

A more recent formulation of fermionic QFT in classical backgrounds, which also act-
ively incorporates the Dirac Sea concept, is that of Keifer et. al.l'% 112 Floreanini et.
al.l¥l and others, on the “functional Schrédinger equation’, where the state of the system
is described by a functional of Grassmann fields, in much the same way as was proposed

11, 12, 14]

originally by Berezinl'¥. This has had considerable success in various applications! ,

although questions regarding the particle interpretation, the choice of boundary condi-
tions, and the foliation of spacetime remain unresolved.

The formulation of QFT presented in this dissertation successfully resolves these prob-
lems. With it T support the proposal that, when considering QFT in electromagnetic or
gravitational backgrounds, where vacuum effects are of the utmost importance, working
directly with a concrete representation of the Dirac sea provides the most calculationally
efficient and conceptually transparent approach to the theory. Also since this approach
is the natural relativistic generalisation of methods already familiar in conventional mul-
tiparticle quantum mechanics, I believe that it will often provide a favourable alternative
to the canonical approach.

In this dissertation my attention will be restricted to quantum field theory in time
dependent classical background fields, and the inclusion of back-reaction. This is the
relativistic equivalent of using the Hartree Fock approximation in multiparticle quantum
mechanics (albeit with the inclusion of vacuum effects). I will focus mainly on fermi-
onic systems which possess a linear governing equation and a conserved inner product,
although bosonic systems, non-linear systems, and even non-unitary systems (systems
whose inner product is not conserved under evolution) will be discussed. For concrete-
ness, my attention is often restricted further, to the consideration of (4-dimensional) Dirac
quantum field theory in an electromagnetic or gravitational background.

The problem of quantum field theory in an electromagnetic background has received

[16,17, 14, 18,19, 20] ‘1yartly in an effort to understand its

considerable attention in recent years
gravitational counterpart, and partly because of the experimental successes with heavy-ion

collisions, (see Chapter 13 of Greiner et. al.l? for a review) which look set to make back-



ground quantum field theory an experimentally verifiable science. Interest in quantum
field theory in gravitational backgrounds!?? 23 24 peaked in the late 1970’s, after the rapid
discovery by Hawking!?”!, Gibbons[?®! and Unruh?7 of three different gravitational analogs
of the electromagnetic Schwinger?® mechanism. Of course these papers were not the first
examples of particle creation by gravitational backgrounds. The idea that expanding uni-
verses would lead to particle creation was proposed by Schrédinger® in 1939, and was
investigated in significant detail in Parker’s PhD thesis (much of which was published
in a series of papers% 3" 32]) in 1969. However, the papers of Hawking*®, Gibbons!?!
and Unruhl?l quickly lead to an apparent connection between black hole mechanics and
thermodynamics, which continues to fascinate physicists today.

Numerous papers were published throughout the 70’s and early 80’s (see the extensive
bibliographies in 2223 21l for instance), investigating particle creation in various different
gravitational fields. However, in most situations considered the results in the literature
were inconsistent, due to people using different methods, and different ‘definitions of
particle’. There was little agreement between the predictions of these different definitions,
and no known way of choosing which ‘definition of particle’ was appropriate to a given
background. People rapidly became despondent about the possibility of finding a generally
acceptable ‘definition of particle’ for an arbitrary observer in an arbitrary gravitational
field, eventually concluding that such a definition was probably impossible, and even
claiming that®¥ “particles do not exist”.

However, by appealing to the observers ‘radar time’ (see Section 3.2) I propose a
generalisation of the concept of ‘hypersurface of simultaneity’, which can be applied to an
arbitrarily moving observer in curved spacetime. I show how this construction naturally
incorporates the concept of ‘particle horizon’, and 1 use it to develop a definition of
particle appropriate to an arbitrarily moving observer in curved spacetime. I show that
this definition depends only on the choice of observer (and the background present) not
on the choice of coordinates, the choice of gauge (in electromagnetic backgrounds) or the
existence of special symmetries. Although this definition is necessarily non-local (no local
definition of particle could possibly be consistent with the Unruh effect) I demonstrate
with a simple example that this non-locality is only significant on scales of the order of
the Compton wavelength A\, = % of the particle concerned. 1 show that in the cases of a
uniformly accelerating observer in flat space, and a comoving observer in DeSitter space,
my definition reduces to previously accepted definitions!?" 26,

In Chapter 2, 1 present the foundations of my approach to fermionic quantum field
theory in electromagnetic backgrounds (as described in the rest frame of an inertial ob-
server). In this case the vacuum state at each ‘time ¢y’ is uniquely defined to be the
Slater determinant of a basis for the span of the negative spectrum of the ‘first quantized’
Hamiltonian ﬁ(to), thus representing the ‘Dirac Sea’. Time-Dependent Bogoliubov coeffi-
cients are presented, expressed in terms of solutions of the ‘first quantized’ equation. I use
these to calculate general S-Matrix elements and expectation values at arbitrary times.
‘Radar time’ is introduced in Chapter 3, and used to generalise the particle interpretation
to arbitrarily moving observers in curved spacetimes. In Chapter 4, I demonstrate how
my formalism relates to more conventional methods, based on the field operator 1/3(:1;) By
extending a technique originally developed (for real scalar fields) by DeWittl24 T rederive
the general S-Matrix element of the theory, and compare this to the derivation presented



in Chapter 2. I also demonstrate how my particle definition can be expressed in more con-
ventional terms, and discuss the relation between this particle definition and the method
of Hamiltonian diagonalisation.

In Chapters 5, 6 and 7 attention is restricted again to the case of inertial observers
in electromagnetic backgrounds. In Chapter 5, I demonstrate that all the physical pre-
dictions of my theory are both gauge invariant and Lorentz covariant, and | present a
treatment of discrete symmetries that does not make any reference to the ‘free’ theory,
and is in no way dependent on using momentum eigenstates. Chapter 6 is devoted to
some perturbative calculations, including a general proof that, in situations where the
standard perturbation procedure is possible, it will agree with the results of my formal-
ism. In Chapter 7, I consider a concrete application of the formalism to Dirac quantum
field theory in a time varying, but spatially uniform electric field. In Chapter 8, I describe
how the definition of particle can be applied to charged Bosonic systems, and 1 derive
the general S-matrix element of the theory by generalising the technique developed by
DeWittl?4, In Chapter 9, I discuss the achievements that have been made so far, and the
prospects for future work in this area.



Chapter 2

Fermions in an Electromagnetic
Background

I present in this Chapter a formulation of fermionic quantum field theory in a time-
dependent electromagnetic background, that is analogous to that used in (non-relativistic)
multiparticle quantum mechanics, putting the emphasis on the Schrodinger picture states
of the system, described in terms of Slater determinants, rather than on the field operator.
Time-dependent Bogoliubov coefficients are presented, expressed in terms of solutions of
the ‘first quantized’ equation, which allow us to calculate general S-Matrix elements and
expectation values at arbitrary times. A time-dependent vacuum subtraction scheme
has been introduced, which replaces normal ordering in this formalism. Although our
attention has been largely restricted to the case of an electromagnetic background, this
formalism applies equally well to any classical background - indeed to any fermionic
system with a linear governing equation and a conserved inner product. Gravitational
backgrounds (and non-inertial observers) are considered in Chapter 3.

Section 2.1 is devoted to the description of the full state space as the anti-symmetric
Tensor Algebra over the state space of the ‘first quantized’ Dirac equation. In Section 2.2,
I describe the time-dependent particle interpretation of state space, and discuss some of
the properties of this definition. I describe how our formalism consistently combines the
conventional ‘Bogoliubov coefficient method” with the ‘tunnelling method’, thus resolving
the gauge inconsistenciesP4 that troubled each of these methods previously. The evolution
of states is also described in Section 2.2, along with the vacuum subtraction procedure
which replaces normal ordering in this formalism. Time-dependent Bogoliubov Coefficients
are defined in Section 2.3, and used to calculate the General S-Matrix element of the theory
(between arbitrary initial and final times) , along with the expectation value of physical
operators on the time-dependent states of the system. A possible explanation of quantum
anomalies is also presented, which explains the physical mechanism responsible for the
anomalies, without requiring any reference to the UV-behaviour of the system.

Back-reaction is included in Section 2.4, at the level of the mean field approximation,
and my approach is compared with that used by Cooper et. al.l'8l,



2.1 The State Space

2.1.1 Preliminaries

The Lagrangian density for the Dirac equation in an electromagnetic background A, (z)
1s:

£ = B(2)(i7"V, — m)(a) (2.1)

where the ‘Dirac y-matrices’ satisfy:

vt =20"14 (2.2)

(where 4 is the 4 x 4 identity matrix) and the covariant derivative V, is defined by:

Vu(z) = 0up(2) + ieAu(z)() (2.3)

¥(z) is a 4-component spinor, ¥(z) = ¥T(2)7°, and e is the charge of the fermion (e = —|e]
for electrons). I use signature n* = diag(1,—1,—1,—1) and define v, = n,,7" in the
obvious way.

The Lagrangian of (2.1) leads to the governing equation:

(19", — m)ib(x) = 0 (2.4)

The inner product of two states ¢(x, 1), ¢(x,1) is given by:

(B, )| ¢(x, 1)) = / Pxp(x, ) (x, 1) (2.5)

To show that this is conserved under evolution, recall that the conserved charge ) con-
jugate to changes in phase is:

Q= /dBXJO(x,t) = /d3X77/JT(X,t)LZJ(X,t) (2.6)

Let v — ¥ + ¢ and expand to get conservation of the real part of the inner product.
Conservation of the whole inner product then follows from the linearity of (2.4) over C.
A ‘first quantized’ Dirac state is hence a spinor-valued function of space, which evolves
with time. The ‘first quantized’ state space H is therefore the set of all spinor-valued
functions of R® whose norm under (2.5) is finite. That is, H = L*(R?)*.

(2.4) can be written in ‘Hamiltonian form’ as:
iVoih(x, 1) = Hy(x, )i(x, 1) (2.7)
where Hy(x, 1) (x, 1) = (—i7°v* Vi + m7°)o(x, 1) (2.8)

and k is to be summed over k = 1,2, 3. This defines the (gauge covariant) first quantized
Hamiltonian operator Hy(x,t), which will play an important role in what follows. The
expectation value of the operator Hi(x,t) in the state ¢(x,1) is:

(DG x, ) = [ e, )(=iH Vi + ) (2.9



By writing the energy-momentum tensor as
T (z) = ipy*V b — §*L (2.10)

we see that
<¢(x,t)|ﬁ1(x,t)|¢(x,t)> = /dSXTOO(X,t) (2.11)

That is, the expectation value of H, can be recognised as the spatial integral of the
‘00-component’ of the energy-momentum tensor. Of course, if we require that (x,t)
be a solution of the Dirac equation, then we can drop the §*L term in (2.10) and write
T%(z) = itpy°Vop. However, by keeping the §“L term we see that (2.11) is satisfied
regardless of the dynamics of ¥, and that it can be calculated knowing only the value of
Y at the time of interest.

Notice also that it is not 122 on the left hand side of (2.7), but rather iVgy = z— —

5t
eAO( Ji. If the left hand side had been Iat, then the right hand side would have been

Hev,l( )= Hl( ) + eAg(x), which is clearly dependent on gauge, so can have no physical
significance. This is mentioned again in Section 2.2.3 and Section 5.1.

Finally, a point of notation is in order. The set of functions ¢ (x, o) (at time tq) is of
course only one possible representation of the state space H. 1 will denote the state itself as
|th(to)) or as ?(to) and will sometimes use the suggestive' notation ¥(x, ) = (x| (to)).

2.1.2 The Full Fock Space Over H

The antisymmetric Fock Hilbert space over the complex Hilbert space H, denoted F(H),
and defined in terms of the antisymmetric Tensor Algebra over H, provides a natural
and familiar construction in which to formulate a relativistic quantum theory of fermions.
Firstly because it provides a concrete realisation of the C'A R-algebra introduced by Jordan
and Wignerl®® in 1928 for the purpose of quantization of the electron field, and secondly
because it is the natural extension of the space of (non-relativistic) n-particle quantum
mechanics to the case when n is unspecified. In order to define FA(H), let H be the
Hilbert space of the previous Section, with inner product denoted by ( | ). Let ®@"H
denote the direct product of n copies of ‘H, and let A"H denote the restriction of ®"H
to those states which are completely antisymmetric under changes in the order of the
elements ¢ € H from Wthh it is constructed. That is, given 1/) R ® @/} € R"H we
can define 1/) ARERRA @/} € A"H by:

—

1 .
Fin AN, = ﬁzg:sz.gn(a)ﬁa(l)@"'@?a'(n) (2.12)

1This is certainly not the first time that this suggestive notation is employed, although it should be
mentioned here that this is not actually the inner product of the state |1(#g)) and the ‘state’ |x), since the
‘basis states’ {|x);x € R3} do not contain spin labels. This is of course why (x|(tq)) is a 4-component
spinor, and why the ‘retarded propagator’ Sy (x,t;Xq,t0) = <X|U1+(t,t0)|x0> (see Section 4.5) is a 4 x 4
matrix.



where {o(7),7=1,...,n} is a permutation of {1...n}. FA(H) is now given by:
F/\(H) = 69ZOZO /\” H

where A = C and A'"H = H. (For a more detailed account of this construction, see
Ottesen[35].) It is easy to see the connection between A"H and the state space of n non-
relativistic fermions, by noticing that (2.12) is simply shorthand for the Slater determinant
of the states ?1, ceey ?n

States in F(H) will generally be denoted by capital letters such as F or G, although
the Dirac ‘bra - ket” notation |F) and (F| will also be used whenever it is felt that this
notation would be more clear. States F' which lie entirely within A"H for some r will
generally be denoted F., and are said to be of grade r; grade(F,) = r. 1 will no longer use
the direct product ® explicitly, since I can work directly in terms of the outer, or ‘wedge’
product A instead. Indeed (2.12) can be used to define the outer product F, A G5 between
‘states’ F, = ?1/\---/\E>T and G, = ?1/\---/\?5 as:

P PR E O P . G N

from which the outer product of arbitrary states follows from linearity (and the definition
ANF=FAXN=MXF for A € \°H =C).

Another useful operation to define on F,(H) is the ‘inner derivative’ (so called because
of the obvious similarity between this relation and the equivalent relation in differential
geometry) it AN"H = A""1H. This is defined by:

(ﬁl/\.../\ r)/\(zl/\.../\ 1/\.../\?5

ip(Bin- A=Y (VB FN A A BN NG (2.13)

where the check over Eﬂ in (2.13) denotes that this vector is omitted from the product.

izt FaA(H) — Fa(H) is obtained from (2.13) by using linearity, and the definition

izA =0 for A € A%H.

| . — — —

Essentially i removes the degree of freedom ¢ from the state G, = ¢ 1A~ A ¢ .

It is easy to see that if ? is not in the span of {?1 e ?n} then i»G, = 0, and that

ig(igF) =0 for all F' € FA(H). The operation i is denoted a(y) in Ottesenl®® | and

plays the role of an annihilation operator. It will play a similar, although not identical

role in the following construction.
We can extend this definition to ip for any F' € FA(H) by defining:

G =0 for Xe AN°H

i G =g ...ig i, G for Fu= 1A AE.eA™H (2.14)
and ip,+F +F4.. =1k +iF +iE, +.... 1t is easy to see that (2.14) is well defined, since

the right hand side is completely antisymmetric under changes in the order of the ;.
Finally, we need to define an inner product on Fa(H). This is generally defined[*”!
by:

(FrA AT FIA A B} = G det[(F 3] )] (2.15)



where <$Z|$]> refers to the inner product on H. The reader familiar with multiparticle
quantum mechanics can easily verify that this agrees with the inner product defined in
terms of Slater determinants. This definition does not apply to states A € A°H. For these
I simply define (A|u) = Ap (where X is the complex conjugate of A) and (M F,) = 0 for
n > 0. Notice that [ use ( | ) to refer to the inner product on H and the inner product on
Fa(H), but I trust that it is clear from the context which inner product is being referred
to. Also notice that this definition of inner product can be written in terms of the inner
derivative as:

(F|G) = (irG)o (2.16)

where I have used the notation ( ) to denote taking the scalar part of the state ipG
(that is, the projection of irGG onto A°H).

Now that I have defined the state space, it is worth making some comments regarding
how it relates to conventional methods:

1. The full multi-particle state space that I have introduced is Fr(H) where H is
the state space of the (‘first quantized’) Dirac equation. As natural as this choice
of state-space may seem, it is not the same as the choice made in conventional
approaches to quantum field theory. Conventional methodsP™ 28 use Fn(#H;) where
H1 is by definition the ‘set of all one-particle states’. Then A"H; represents the
set of all n-particle states. However, since the Dirac Hamiltonian contains just as
many negative energy eigenstates as positive energy eigenstates, the Dirac equation
cannot be used as a 1-particle equation. Hence, conventionally solutions of the Dirac
equation must be modified in order to construct 1-particle states. Thaller*”] (page
275) for instance uses the set of ‘positive energy solutions and charge conjugates of
negative energy solutions’” H; = Ht + C’H‘, but only treats those cases where this
choice can be made independently of time, while Wald[*®l (page 103) uses a more
general construction, that no longer makes reference to positive or negative energy
states. In the standard textbook approach to second quantization in a classical
background (see Birrell and Davies?d, Fulling®?, or DeWitt?4 for instance), where
the state space is seen only through the creation and annihilation operators, this
‘modification’ is seen in the fact that the ‘positive energy solutions’ are associated
with particle creation operators, while the ‘negative energy solutions’ are associated
with antiparticle annihilation operators.

The requirement that H; be time-independent means that conventionally we are
forced to define ‘1-particle state’ in a time-independent way. This definition will
not be physically reasonable if the Hamiltonian is time-dependent, a fact that has
caused significant problems for quantum field theorists working in time-dependent
classical backgrounds. Particle creation could still be described in this framework
by using two different choices of Heisenberg picture Fock space, based on H, ;, and
Hi out, €ach of which was in itself independent of time. However, this procedure
is less satisfactory than that presented below, particularly if we wish to work in
the Schrodinger picture, where we would be left with the problem of describing the
evolution of a Schrodinger picture state when not only the state, but also the space
it evolves in, is changing with time!



By choosing to use H rather than H; we are led to a theory where the states can
evolve in a fixed state-space. However, we must now abandon the requirement that
A"H represent n-particle states, and hence we can no longer use A°H to represent
the physical vacuum. We will see in the next Section that by choosing a vacuum
state which directly represents the Dirac Sea (i.e. the Slater determinant of all
negative energy states) we are led to a theory which can handle a time-dependent
particle interpretation in a simple and uniquely defined fashion, and can do so
entirely within the Schrodinger picture, without requiring any reference to the ‘field
operator’ @L(X,t).

2. The reader familiar with differential geometry will notice the similarity between
the antisymmetric tensor algebra over H, and the exterior algebra over H* (see
39 for instance). Indeed, WaldP8l chooses to represent Fock space in terms of the
antisymmetric multilinear functions of the exterior algebra. However, I have chosen
to use the construction above, since it represents the most direct extension of the
methods used in non-relativistic multiparticle quantum mechanics.

2.1.3 Operators on Fock Space

Let A, : H — H be an operator on the space of Dirac states (the subscript 1 denotes
‘first quantized’). We wish to construct from it an operator that can act on the entire
state space. There are two useful ways of doing this, which I describe here (these are also
described briefly in Ottesen[SS]).

Define the Hermilian extension AH : FA(H) — Fa(H) of Al by the Leibnitz rule.
That is:

AH(?I/\EZ/\”'/\?N)EAl(?l)/\ﬂg/\'”/\?N‘l’?l/\fil(?Q)/\"‘/\?N‘l’
(2.17)
%

1

TN T A A AT )

It is straightforward to show that if Ay is (anti)Hermitian w.r.t. (2.5), then Ag is
(an‘Ei)Hermitian w.r.t. (2.15). Now define the Unitary extension Ay @ FA(H) — Fa(H)
of Ay by:

—

Av(BAN TN A TN = AT DAL )N AA(FN)  (218)

Again, it is straightforward to show that if Ay is unitary, then so is AU, and also that
(e?1)r = ¥ so that if U; = 4t on H then Uy = e# on FA(H) as would be expected.

Some Properties

1. (Al + EI)H = /—iH + EH, [AH, BH] = [/—11, BI]H and (/—1131)[] = AUEU

10
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. ?N are all eigenstates of Al, with eigenvalues Aq,... Ay, then ?1 A

[3v]

@L:

< el

=l
o s 3§¢ el

~ 1s an eigenstate of Ap, with eigenvalue Z]\i A

=

77/) N are such that Vi, A; 77/)2 is in the span of{¢ 1, 77/) 2y - ?N}, then

0
[a—
—-

Fyv= YA ?2 cee A 77/) N is an eigenstate of AH, (with eigenvalue %)
4. If ?1, 2, .?N are orthogonal, then
— = AT — N B AT
(TN AN AT N T AP w) Z (¢:lA] )
— — . —> — RTATAE
(ViAo ANON|[YIA D2 A Yy ot Vi)

2.1.4 Evolution of States, and S-Matrix Elements

Although I have not yet described what the states represent in terms of a particle inter-
pretation, I can describe how these states evolve with time, and how S-matrix elements
are calculated. Define the evolution operator U;(¢,t) on H by

—

Uit 10) oy = $a(1) (2.19)

where ?to represents the chosen initial conditions ¢4, (x) at time o, and ?to (1) represents
the solution ¢y, (x,t) of the Dirac equation which satisfies these initial conditions. That
is, (2.19) simply means: solve the Dirac equation with initial data . (x) al time to.

The evolution operator U(t,to) : FA(H) — Fa(H) is now defined simply to be the
unitary extension of [/ (t,t). That is:

U(t,to) = Uyt to) (2.20)

To see how stralghtforward this evolution is, suppose we had an initial state F;, =
1/) IR ARERIA 77/) nito- Lhen this state will evolve to:
— —

Fto(t) = U(t7t0)F7f0 = ¢ 1,%0 (t) ARERRA 771) n,tg (t) (221)

That is:

solving the multiparticle evolution equations has been reduced to simply solving
the Dirac equation for each of the initial conditions ;. (x), and taking the
Slater determinant of the solutions!

This is trivially grade preserving, and reveals how the unitarity of U(t, to) follows imme-
diately from the unitarity of the first quantized Dirac equation. It may seem at this stage
that an evolution this simple could not possibly describe pair creation, and the other
vacuum processes. However, we will see in the next Section, when I define my particle in-
terpretation, that this evolution describes perfectly pair creation processes, and that grade
preservation simply corresponds to conservation of charge. In relation to non-relativistic
multiparticle quantum mechanics, this is precisely how a system of fermions would evolve
if we ignored fermion - fermion interactions, and only considered the interaction of the
fermions with the background field.

11



S-Matrix Elements

We are interested in finding out the probability that a system, prepared in state |F},) at
time to will be found at some later time ¢; to be in some state |G). This is of course given
by the Transition Probability:
(G| Fy, (1))
Proc = 7 (2.22)
T (FIF)GIG)
where (F|F) denotes the norm of the state Fi (), which is independent of ¢ by virtue of
(2.20). This motivates defining the S-Matriz Element

St = (G Fy (1) = (GIU (1, 10) | ) (2.23)

In order to give physical significance to this transition probability, the states |F};) and |G)
must be specified according to their physical properties. That is, |F},) will be specified
relative to a complete set of commuting operators at time ¢, while since the measurement
is made at time ¢y, |G) should be defined relative to a complete set of commuting operators
at time t; (it will generally be denoted |Gy ) from now on, to represent this). This
procedure allows S to be specified up to some arbitrary phase, which has no physical
effect, so can be ignored. Lets turn our attention now to the particle interpretation.

2.2 A Particle Interpretation of State Space

I have already mentioned that H does not represent the set of ‘1-particle states’, so that
A"H does not represent the set of n-particle states, and in particular, A°H does not
represent the vacuum. In this Section, I describe how states of definite particle number
are represented within this formalism, and how this depends on the background present.

2.2.1 The Positive/Negative Energy Split and the Vacuum State

Consider the action of lifl(to) on H (at some fixed time ty). Since lffl(to) is Hermitian,
then H can be parametrised in terms of eigenvectors of H;(to). From this I define H* (¢)
by:

H*(to) is the span of the positive spectrum of H, (to)

H™ (o) is the span of the negative spectrum of H, (to)

That is, H* (o) is the set of all positive energy states, and H™(t) is the set of all
negative energy states, as defined at time ¢5. I can now define the vacuum at time o,
|vacy,) by:

|vacy,) is the Slater determinant of any basis of H™ (o),
normalised so that (vac |vacy,) = 1.
This specifies |vac,,) uniquely up to an arbitrary phase. It is the state in which all negative

energy degrees of freedom are full, and hence it is the physical realisation of the Dirac
Sea.

12



In order to illustrate the meaning of this, consider first a model example, where |
assume for convenience that the system contains only N positive, and N negative en-
ergy degrees of freedom. Let {u;s;i = 1,... N} be an orthonormal basis for H*({)
at some time o, and let {v;;;¢ = 1... N} be an orthonormal basis for> H™(¢y). Then
{Ui g, Vito;1 = 1,... N} will form an orthonormal basis for H ( since H* (o) and H™(to)
are mutually orthogonal spaces). The vacuum at time ¢, can be written as:

lvacyy) = vigy A=+ A vnyg, (2.24)

This state is independent of the choice of basis for H™(f) (up to phase) because of the
complete antisymmetry of the Slater determinant. If the operator H, (t) depends on time,
then so will the space H™(¢), so that the vacuum |vac;) will be different at different times.
If {uir;i =1,... N}, {vis;0 = 1,... N} are orthonormal bases for H*(¢1) and H™(¢1)

respectively, for some time ¢; > tg, then we may write the vacuum at time ¢; as:
lvacy,) = vig, Ao Aong, (2.25)

We may consider qualitatively now, the evolution from time ¢y to time ¢1, of the state
lvacy, ). The evolved state |vacy,(t1)) obtained from this is simply:

lvacy, (t1)) = v1,(t1) A+ A vng(t1) (2.26)

where v; 4, (11) denotes the state obtained from v, ;, under evolution to time ¢;, and will
not, in general, be contained in H~(#). Physically, if we were to measure the properties
of this evolved state, we would be measuring this relative to the Fock space constructed
on |vacy, ). We could for instance calculate the probability that |vae,(t;)) will still be in
the vacuum state:

,Pvac—wac = |<’UCLC7§1|’UGCtO(t1)>|2 (227)
where (vacy, |[vac (1)) = det[{vig|vj4(81))]  from (2.15) (2.28)

The case of standard Dirac theory in an electromagnetic background, where H* (1) are
infinite dimensional spaces, can still be treated as above. Although the Slater determinant
of an uncountably infinite number of states is not yet mathematically well defined, the
inner product of two such Slater determinants is simply a Fredholm determinant, which
is well defined, and can often be straightforwardly calculated. In this case, the time
dependence of ]:](t) is due to the time dependence of the background A*(x,t). Hence
the state |vac,) represents the vacuum in the presence of a background A*(x,ty). That
is, it represents an emply room, in the presence of the background A"(x,1y). The fact
that |vacy,) # |vacy,) in general reflects the fact that an ‘empty room in the presence of
A(x,1p) is not the same as an ‘empty room in the presence of A(x,?;)’. Notice that the
state |vac,y (1)), sometimes called the evolved vacuum is not actually a vacuum state.

This description is clearly more powerful than most previous methods, since it allows
the vacuum to be defined in any chosen background, rather than simply in the asymptot-
ically ‘well-behaved’ regions, and it is also conceptually clearer, since we are comparing

2T will not need to use the notation 72-7% here.
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the evolved state |vacy,(t1)) (which is in general not vacuum) with the actual vacuum
|vacy, ), rather than comparing two different ‘choices’ of Heisenberg picture (hence time
independent) vacuum states, each of which is to be considered as a vacuum state, but
with respect to interpretations which become ‘asymptotically more realistic’ at early and
late times respectively.

Before considering non-vacuum states it is worth considering a couple of technical
details:

e Implicit in the construction just presented is the assumption that the ‘in-state’ is
prepared on the spacelike Cauchy surface ¢ = ¢y for some ¢y, and that the ‘out
state’ is to be measured on the spacelike Cauchy surface ¢t = t; for some t; > {,.
We will see in the next Chapter, when I generalise the particle definition to an
arbitrary observer in an arbitrary curved spacetime, that this assumption amounts
to assuming that we are working in the rest frame of an inertial observer. Hence,
although the explicit role played by ¢ might seem quite unnatural and arbitrary
here, its relevance will become clear within the context of the next Chapter.

e Secondly, notice that HE(#y) can alternatively be defined by the requirement that
the projection operators P*(t5) : H — H*(ly) must be orthogonal projections
satisfying:

(P*(to) | H(to)| P* (1)) = (| Hy(to)|) = (P (to) | Hilto)| P~ (to)e)  (2:29)

for all ¢» € H. This definition is equivalent to the definition above (at least for H, (to)
non-degenerate), and since it does not make reference to the spectrum of H, (o) it
will prove more useful than the above definition in some cases. In particular, we
can use (2.11) to express the requirement (2.29) in terms of the integral of the ‘00-
component’ of the energy-momentum tensor, and we can even, if we desire, use this
to work directly with the ‘space of solutions of the Dirac equation’, splitting this
space into the span of {v;(x,?)} and the span of {u;(x,t)}. These facts will be
used in Chapter 3 when I generalise the particle definition to arbitrarily moving
observers in gravitational backgrounds, and show that the generalised definition
depends only on the choice of observer, and not the choice of coordinates.

To see that these definitions are equivalent, first notice that H* (o) defined in terms
of the positive and negative spectrum of the non-degenerate, Hermitian operator
H, (to) will clearly satisfy (2.29), so that I need only prove the converse. Hence, let
H*(to) be orthogonal spaces defined by (2.29), let v+ € H*(ty), v~ € H™(to) and
let ¢ = ayp™ + bp~ for a,b complex scalars. Then (2.29) reads:

Jal*(F [ Hy (L) [0 T) > [al*(F [ Hy (L)) +2Re(ab(eht | Hy (to) 7)) + b1 (7| Hi (L))
> |b|2<¢_|ﬁ1(to)|¢_>

From this we have |a|2<1/)+|[:[1@0)|;/}+> + 2Re(ab(¢+| Hy(to)|™)) > 0 for all a,b,
which can only be true if (¢p+|Hy(to)[t>~) = 0. That is, <77/)+|H1(t )| ~) =0 for aH
Yt € H(to) and v~ € H™(Lo), while considering @ = 0 and b = 0 respectively gives

14



(WF|Hy (to)[¢0F) > 0 and (3| Hy(to)|[~) < 0 for all ¥+ € H*(ty) and v~ € H (to).
Hence the matrix form of Hi(to) w.r.t. a basis for H*({o), and H™ (o) is:

poszitiye 0
Hl(to) = [ <d6f6n”e) (Zei%we) ]
efinite

so that H* (o) is the span of the positive spectrum of H, (to) and H™ (to) is the span
of the negative spectrum of Hi(%o) as required.

2.2.2 Particle States Built On The Vacuum

Now that we know what is meant by an ‘empty room at time ¢y’ we can look at states
corresponding to a given particle number (at time ty). For this, let ¢ f € HT(¢y), and

let ?;) € H™(to). Then a one-electron state at time tq is of the form:
%
1/)22 A |vaes,)
while a one-positron state at time tg is of the form:
27}?0 lvacy, )

That is, electrons are represented by the presence of positive energy degrees of freedom,
while positrons are represented by the absence of negative energy degrees of freedom.
Notice also that: .,

Yo A vac,) =0 = 13% lvacy, )
for all ??; € H*(to) and ?;) € H™(to) Similarly two-electron states will be of the form:

— —

two-positron states will be of the form
2 T lvacy, )

states consisting of one positron and one electron will be of the form
. — — .
Z7It0( ¥ ;_,to Alvacy)) = — 4 ;_,to A (Z?;to lvacy,)) (2.30)

and higher particle-number states are constructed similarly. It is convenient here to define
the Standard Form of a state Fj, to be

Fi) = it A (i [vacy) (231)
where
— —
F:L-,to = 77Z) 1'-71‘0 ARRENA ?7/} ’r-t-l,l‘o
_ —_ —_
Gn,to = ¢ ,l‘o /\ e /\ qb n,l‘o



This represents a state of m electrons, and n positrons.
We can see how these states are related to the conventional versions by defining cre-
ation and annihilation operators as:

ao(FF) =izs (V1) = w (2:32)
b(P5) = i WP =i (2.33)

It is straightforward to verify that aT(EﬁE) is indeed the Hermitian conjugate of a(??;),

and similarly for bT(EZE) and b(ﬂ> "). These satisfy the Canonical Anticommutation
Relations (CAR’s):

Q

{a(F ) a' (P L)} = W, o)1 (2.34)
(B T0) b (F )} = (5 |670) (2.35)
= (14 [P0, (2.36)

—_>

(where 1 is the identity operator on FA(ﬁ)) with all others zero. The Vacuum State
|vacy,) can then be defined by the requirement that:

—

a(

for all ?;‘; € H*(to) and E>7;) € H™ (o).

Equation (2.31) can now be written in terms of the creation and annihilation operators

Hlvacy) = 0= b(F 7 ) |vacs,) (2.37)

as:

Fy = aT(E}ito) e aT( s to)bT( ¢ nto) : bT(?itoﬂvactQ

The inner product between two such states can then be written as:

(FiolFage) = (igr FF o(ig-

my,tg ng,tg

GT_Ll ,to)O = OmymyOning det[< i1 towj 2 t0>]det[<¢i_,1,t0|¢j_,2,to>]
(2.38)

To deduce (2.38) first use (2.31) and (2.15) to deduce that:

—r_ —r_ —_ —_
<F17750 |F2Jfo> = Omymy det[<¢f:—1,t0|¢;:2,t0>]<vacl‘0|b( ¢ 1,1,t0) ce b( @ n1,1,t0)bT( @ n2,2,t0) s bT( @ 1,2,t0)|vacl‘0>

(2.38) then follows by using

b(D 70 )b

Fran) - V(B rawlvacy) = 3 (=) G 1o im0 ( B manse) -

— —

B8 o) 1B Tagg)lvacy,)

and induction on n.
Some comments are now in order:
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1. Notice the apparent difference between this expression of the CAR’s and that of
WaldP8 or Ottesen®”) (which do not have the conjugation in (2.36)). This difference
is because of the conjugation of negative energy solutions that is inherent in their
definition of H;. This subtlety is described in further detail in Thaller®™. It is this
conjugation that appears in S-Matrix elements, leading to the apparent ‘reversal of
roles’ of antiparticle in and out states. We will also see in Chapter 4 that although
the definitions (2.32) and (2.33) above differentiate between +ve and -ve energy
states in a way that other definitions do not, this is done in such a way that the
field operator @ZAJ(.TL‘) (defined in Chapter 4) does not depend on any +ve/-ve energy
split. This essentially corresponds (when translated into the Heisenberg Picture) to
the field operator defined in Dimock[*9.

2. An interesting result which follows directly from the definitions (2.32), (2.33) and
(2.17) is:

A, a' (P = (AN [Ama(P)] = i3
[Am b (0 = —igg- [Amb(37)] = (Ag ) A

where Ay is the Hermitian extension of the linear operator A;. This contains equa-
tions such as []5#, a:r\(p)] = p#ai(p), [Q,a;(p)] = a:r\(p) etc.. as special cases, but its
calculation is completely general, and does not require any of the tedious manip-
ulations involved in expanding ]3# in terms of creation and annihilation operators.
In fact, the expansion of ]5M in terms of creation and annihilation operators can
now be seen as a straightforward consequence of the fact that aT(EM)a(EM) is the

Hermitian extension of the operator |¢*)(¢)*] on H.

2.2.3 Vacuum Subtraction and Physical Operators

Consider for the moment, the example of free field theory. If we extend the ‘l-particle’
operators, as described in Section 2.1.3, and apply these to [vacy) (the vacuum of free Dirac
theory, which is simply the wedge product of all the negative energy plane-wave states,
appropriately normalised) we find undesirable results. For instance, taking the continuum
limit of property 2, Section 2.1.3, and applying this to the free Dirac Hamiltonian, 1{]07
will give:

]:]0|vacf> = Hyocuum |vacy)

where:

d*p ———
Hvacuum = _4V/ (2,”_)3% m2 —I_ |p|2 (239)

and V = [ d®x is the volume of 3-space. This is easily recognised as the vacuum energy of

free Dirac Q.F.T. before normal ordering. Thus, let A: Fn(H) = Fa(H) be any operator
for which A|vacy) should physically be zero, and define:

Aphys = A — (vacs|Alvacy)i
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This new operator Aphys will then have the properties desired of A. This process is easily
seen to correspond to normal ordering of the free field operators in conventional Q.F.T.
Now, let us extend this concept to an electromagnetic background. Given an operator

A(t) : FA(H) — Fa(H) (which may or may not be time dependent) corresponding to an
observable which should be zero in the vacuum, define A(),5ys as:

A)phys = A(t) — (vac|A(t)|vae)1 (2.40)

Note that now we are subtracting a time-dependent c-number valued function to give
A(t)phys. This represents a departure from conventional techniques. Itzykson and Zuber*!!
(Section 4-3) for example, simply normal order the free Hamiltonian, and leave the in-
teraction Hamiltonian untouched. This corresponds to removing <vacf|1€]0|vacf>, which
places undue significance on the ‘free states’, and ‘free fields’, which are inherent in the
definitions of Hy and |vacy), and are, after all, just the zeroth order terms in a perturb-
ation expansion. The method used here has the advantage of removing all reference to
‘free’ fields, and ‘free’ states, so that calculations can potentially be made in a truly non-
perturbative way. Other normal ordering schemes are considered in Birrell and Davies?%,
DeWittl?4 ete, and are discussed in more detail in Section 4.3.

I now consider some examples of this Hermitian extension/vacuum subtraction process.

1. 1 have already described the effect of vacuum subtraction on the Hamiltonian.
However, it is also worth pointing out here, that the choice of |vac;) made above,
along with its vacuum subtraction, is the only possible choice that guarantees the pos-
itive definiteness of ]—A[phys. It is clearly [:]phys which represents total energy (rather
than the vacuum subtracted Hermitian extension of ]A{em for instance) since:

e As mentioned on page 6, it is the expectation value of H, in the state Y which
which gives the ‘00-component’ of the energy-momentum tensor.

e The operator ]:]ev,l is clearly dependent on gauge, so could not possibly rep-
resent a physical observable.

2. Consider the unit operator on H. The unitary extension of this is clearly still the
unit operator, 1, while the Hermitian extension gives the grade of the state. The
physical operator corresponding to this Hermitian extension satisfies:

Lphys| F) = {grade(|F)) — grade(|vac)))}|F) = (grade(Fi") — grade(F;))|F)
(2.41)

when acting on states in standard form (as introduced in (2.31)). This operator
clearly represents charge; that is, Q = eiphys. We saw in Section 2.1.4 that evolution
is trivially grade preserving. This can now be seen to represent charge conservation.
That the Hermitian extension/vacuum subtraction process should turn the unit
operator into the physical charge is clearly appropriate, since the norm <@/}|11|77/)> of
a state v € H is well known to be the conserved ‘charge’ of the Dirac Lagrangian
conjugate to changes in phase.
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3. The number operator is the main example of an operator that depends explicitly
on the split of H into H*(t) and H~(¢). To build this up in the same way as we
have for energy and charge, start with the operator Nl(t) : 'H — H defined by
Ny (to) = ]5+(t0) — ]5_(1‘0) , where P+ (i‘o)ﬂ> is the projection of ? onto H*(tg), and
p‘(to) ¢ is the projection of ¢ onto H™ (o). it’s easy to see that this is Hermitian,
but does not in general commute with time evolution. The operator Nphys obtained
from N, by the above procedure will of course inherit both of these properties. This
means that the number operator represents a well-defined physical observable, but
is not conserved. When acting on states in standard form, it gives:

Nohyed F) = (grade(F) + grade(F, )| F) (2.42)

so that Nphysﬂf is positive definite, and has integer eigenvalues. To investigate this
in more detail, let {W,a € I},{?,;a € I} represent orthogonal bases for
H*(t) and H™(¢) respectively (I some index set) and assume for convenience that
(uatlug:) = fla)d(a — B) = (vas|vg:) for some (real) function f(«). Then it is
straightforward to show that:

R d / R R
n) Nuw'i + N, (2.43)

Mot = [, ) |

where

N

Nuws = @ap Aliw,, and Ny, =iw, (TasA (2.44)

UYer,t

which agrees with conventional methods by comparison with equations (2.32) and
(2.33). It is easy to see that each Nua,m Z\Afvayt is Hermitian, but not conserved. Hence
we can see that although particle numbers are not conserved, a particle interpreta-
tion is, at least in principle, a physically measurable concept. This disagrees with the
claims of many recent authors (see 13

of this concept are discussed in Section 2.2.4.

1 and B8 for instance). Some of the limitations

Before proceeding to the next Section, it is worth making some general comments
regarding the construction just presented

1. It is easy to see now that evolution under U(t,to) corresponds to evolution w.r.t.
H.,(t), the Hermitian extension of Hi.,(t). That is, if Fy (t) = U(t, to)Fy, is a
solution of the full multiparticle Dirac equation, then

dF,(t)  »
S 1)y (1)

i

We could, if we desired, modify this so that physical states evolved under the vacuum
subtracted version of H.,(t), denoted H.,nys(t). This is achieved by defining the
physical state Fypys (1) by

F hys,to (t) = Fto (t)e_ifti Hev vac(t')dt!

p
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where H.y yac(1) = <vact|[:[w(t)|vact>and t; is some initial time, chosen for conveni-
ence. This will satisfy

AFyhys 1, (1 .
pr#t() = Hey phys (1) Fphys,to (1)

However, since it only differs from Fj (1) by a change in phase, then they will both
be equivalent for the calculation of transition probabilities and expectation values,
so in practice we can simply use Fy (1), safe in the knowledge that it is equivalent
to using Fypys. (1).

. I will demonstrate in Chapter 4 that the particle definition presented here, and
generalised in the next Chapter, is equivalent to applying the ‘Hamiltonian Diag-
onalisation’ procedure (described by Grib and Mamaevl*> %3] and Grib, Mamayev
and Mostepanenkol*!) to an appropriate Hamiltonian, albeit to a Hamiltonian (as
generalised in the next Chapter) that has never before been considered. A thor-
ough comparison of my method and the method of Hamiltonian diagonalisation is
given in Section 4.4 (along with a discussion of Fulling’s!*’
nian diagonalisation). One point worth noting here is simply that, to the best of
my knowledge, Hamiltonian diagonalisation has never been applied to fermions in
electromagnetic backgrounds.

criticism’s of Hamilto-

A similar particle definition, based on a procedure more similar to my own, is
that used by Fradkin, Gitman and Shvartsman!'?. Although still working in the
Heisenberg picture, and using ‘field operators’ 77[)(1’) to describe evolution, their book
uses eigenstates of the ‘first quantized” Hamiltonian at times ¢;, and {¢,,; to define
‘in” and ‘out’ states, but immediately comments that the “initial, ¢;,, and final,
oyt time instants are to be understood in the final expressions as shifted into the
infinitely remote past and future respectively” (however they do consider, in Section
5 of their book, the possibility of removing these requirements).

Another difference between the particle interpretation used here, and that used in
Fradkin et. al.l' is that ') uses the spectrum of F[ev(t) rather than H, () in order
to specify particle and antiparticle states. This has the unfortunate consequence
of making their formulation gauge dependent! To demonstrate this explicitly, one
need only consider free field theory, in the gauge A(z) = (A,0,0,0), where A is
some constant, for which eA > m. A more concerning example arises in the case
of a constant electric field, where if the gauge A = (£2,0,0,0) was chosen, the
conclusion would be that no pair creation occurred in their approach! This gauge
dependence in the choice of particle interpretation is a problem that has troubled all
previous ‘Bogoliubov coefficient’ approaches to background quantum field theory,
as has been succinctly pointed out by Sriramkumar and Padmanabhanl®I. This
problem is usually ‘patched up’ by appealing to the tunnelling interpretation. That
is, if the gauge A = (Fz,0,0,0) is chosen, then particle creation can be described in
terms of particles ‘tunnelling through the barrier that separates particle/antiparticle
states’ (see [ or [ for a description of these methods). This leaves us with two
theories, each of which fails in precisely those cases where the other succeeds. Here
however, the two approaches arise naturally as parts of the same formalism. By
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using eigenstates of the gauge-covariant Hamiltonian H, + H., to define particle
states, we see that particle creation in the background A*(z) requires either: that
A%(z) # 0, so that A°(z) can act as a potential, w.r.t. which tunnelling may occur,
or; A(z) = (AY(z), A*(z), A*(z)) is time-dependent, so that eigenstates of H, () will
mix during evolution. Both of these effects contribute equally to the calculation of
‘Bogoliubov coefficients’; as is demonstrated explicitly in Section 5.1. An immediate
consequence of this discussion is of course that if a gauge can be chosen such that
A% = 0 and A is time-independent, then particle creation will not occur. That is,
time-independent magnetic fields cannot create particles. This result is in agreement
with Schwinger’s calculation®® in terms of an effective Lagrangian, and successfully
fixes all of the inconsistency problems raised by Sriramkumar and Padmanabhan[*4.

2.2.4 Non-locality, and Limitations of the Particle Concept

The particle definition presented in this Section, along with the definition of vacuum
that accompanies it, are clearly non-local in the sense that they depend on the choice
of spacelike Cauchy surface. We can easily see that this must be the case when we

“a;t

consider that declaring a system to be ‘vacuum at time ¢’ involves asserting that
time ¢ there were no particles anywhere”. This statement clearly requires knowledge of
a whole spacelike hypersurface defining space at time {. We may have hoped however to
be able to define a local ‘particle density’ N(x) with respect to which the ‘vacuum on ¥’
could be defined by the requirement that N(z) = 0 for all # € ¥. However, this is also
not possible, since no local particle density could possibly be consistent with the Unruh
effect, which states that accelerating observers will observe particles to be present in states
which inertial observers would deem to be vacuum. Another reason why we would not
expect to be able to define a local particle density is because, as we know from elementary
quantum mechanics, a particle is not a localised object, but rather is represented by a
spread of probability, generally spread over length scales of the order of the Compton
wavelength A, = 3”—” (h = ¢ =1 here) of the particle concerned. Hence we could expect
that a reasonable definition of particle would be non-local over length scales of the order
of the Compton wavelength, but will become ‘effectively local’ at larger scales.

To investigate this, consider for simplicity the number operator at time ¢, in the case
of free field theory. In this case we can writel*l:

MUy, 1) = PHE(x, 1) — P~ (136, 1) (2.45)
- / PyGx —y) iy, ) (y, 1 (2.46)
Bp P x=y)

() V/IpP + m?

To derive this, simply expand an arbitrary state ¢)(x) in terms of positive and negative
energy plane wave states, and substitute into (2.46). We know that H,(y,?) is a local
differential operator® so the function G(x —y) encodes the non-locality of the operator

where G(x —y) = / (2.47)

31f we wish we can replace it by i% and require that 1(x,?) be a solution of the Dirac equation.
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N;. We can evaluate this function, and we get:

Glx—y) =

m
" Ky(mlx -
’/T2|X—y| X1(7fn|x y|)

2nr
Xe
as suspected, the particle definition is non-local on small scales, with the non-local con-

tribution becoming negligible on scales larger than A..

where Ki(mr) is a Bessel function. It falls off exponentially for large mr = Hence,

Consider now the effect this non-locality would have on measurements made in some
finite volume V' at time ¢3. To measure the quantity A in the volume V| we should
consider the operator Av,phys obtained by Hermitian extension/vacuum subtraction from
the operator:

AVJ = %(9‘/[41 + A19V) (248)

where the operator Oy : H — H is defined by:

byip(x) = {gb(x) z ; “; (2.49)

which is Hermitian, but does not commute with most differential operators, since
<¢|9VA1 [) and <¢|A HV 1) will generally differ by terms on the surface of V. So, consider
A1 = N1 for the moment, and consider the expectation value of NVl in some state

¢(X, to) € H.

(W (x, to)| Ny [(x, to)) = /V Lot (x, to) (N9 (x, L)) + (N1 T(x, o)) (x, o) }dPx (2.50)

:/Nto(x,to)d?’x (2.51)
where Ny (X, to) = 1T (x, to)(Nih(x, t0)) + (Nt (x, t0)) ¥ (X, to) } (2.52)
= / &y G(x — y) Rl (x, 1o) i (y, 1o)¥ (v o)] (2.53)

So, having chosen a spacelike Cauchy surface (in this case the surface t = t3) containing
the volume V', we can define a particle density Ny (x,%y) appropriate to this Cauchy
surface. However, this density depends on the choice of Cauchy surface, and calculating
it exactly (even at a point) requires integrating over the entire Cauchy surface. In practice,
we would not have information about the state on the whole Cauchy surface, but would
only have information about the state on some finite volume containing (and possibly
equal to) V. Hence, in practice we would have to truncate the integral defining Ny, (x, o)
to this finite volume. If this volume not only contained V', but also contained all points
within a few Compton wavelengths of V', then the error due to this truncation will be
exponentially small. However, there are some cases where this truncation might introduce
significant errors:

However, by keeping it in the form above then not only does it apply regardless of the dynamics of v,
but it also applies to any spatially uniform electric field upon replacing p with p — e A(t).
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o If the finite volume was taken to be equal to V. Then we would expect signific-
ant errors in the measured particle density near the boundary of V', corresponding
essentially to wave-packets that are ‘part outside’ and ‘part inside’ V.

o If the particle detector was small in comparison to the Compton wavelength of the
particle concerned. In this case it is unlikely that the particle detector could make
reliable measurements of particle density.

o If the background present varied significantly on scales of the order of the Compton
wavelength. In this case the theoretical predictions still remain precise, and the
errors due to truncation are still small. However, since the predictions do not take
into account the effect that the background might have on the detailed working of
the specific detector chosen, then there is no guarantee that the results of an actual
measurement will still agree with the theoretical predictions. Whether or not these
effects are significant is a difficult question of measurement theory, which ultimately
can only be answered by experiment. Unfortunately, such experiments appear to be
infeasible with current technology.

Finally, it is worth emphasising that the equation governing the evolution of states is
entirely local. The non-locality discussed in this section relates only to the calculation of
expectation values in these states, and does not in any way effect their evolution.

2.3 Bogoliubov Coefficients and Their Application

In this Section I will define time-dependent Bogoliubov coefficients and use them to evalu-
ate various physical quantities, such as the rate of pair creation in the ‘evolved vacuum’,
the physical properties of the ‘evolved vacuum’; and the general S-Matrix element of the
theory. A possible explanation of quantum anomalies is also presented, which explains
the physical mechanism responsible for the anomalies, without requiring any reference
to the UV-behaviour of the system. For simplicity I restrict my attention to the model
example mentioned in Section 2.2.1, of a system with N positive energy, and N negative
energy degrees of freedom. I need not specify what equation governs this system, except
to assume that it is fermionic, linear, and that the system possesses an inner-product
that is preserved under evolution. At the end of the Section I describe how the results
can be extended to the more useful case, where the number of degrees of freedom is un-
countably infinite, by taking the continuum limit of the finite dimensional case. I also
describe briefly how this procedure can be generalised to cases where the inner product
is not conserved under evolution, so that the S-Matrix is not unitary. This is potentially
relevant to black hole physics, where conservation of the inner product relies on vanishing
‘surface terms’ not just at spatial infinity, but also at the singularity, and it is known that
these latter surface terms will not vanish in generall7.

2.3.1 Some Definitions

Let {u;4;7 = 1,... N} be an orthonormal basis for H* (¢o), and let {v; ;¢ = 1... N} be an
orthonormal basis for H™(to). Then {uw; 4y, vis,;0 = 1,... N} will be an orthonormal basis
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for H (since H*(tg) and H™(to) are mutually orthogonal spaces). Similarly, let {u; ;7 =
l,...N}, {vi;i = 1,... N} be orthonormal bases for H*(¢) and H~(t) respectively, for
some time ¢ > to. Also, for each w; 4, let u; 4, (1) denote the state obtained from u; ;, under
evolution to time ¢, and define v; 4 (¢) similarly.

We can expand each of the vectors w; (%), vi4(t) in terms of u;+ and v;; as:

Uit (1) = Z{%’(t’ to)uje +v5i(t, to)vje} (2.54)
vigo(t) = Y (Bt o) + it ooy} (2.55)

This defines the Time-dependent Bogoliubov Coefficients:

@ij(t,t0) = (Uil (1)) vij(tto) = (Vilwje (1)) (2.56)
Bij(t,to) = (uislvis, (1)) €t to) = (vilvje(t)) (2.57)

Comparing this with the evolution matrix on H (which I denote S;(¢,to) here), written
in block matrix form:

Syt o) = { (Uit (1)) (uielve (1)) } (2.58)

(it () (vielvie (1))

we see that:

o =[50 &) e

€(t, to)

Since the inner product on H is conserved under evolution then the {u; (%), vi (1)}
forn} an orthonormal basis for H, so that SJ{(t,to)Sl(t,to) =1= Sl(t,to)SI(t,to). That
is, S1(¢,10) is unitary for all ¢,¢o. Since the evolution operator on F,(H) is the unitary
extension of gl(t, to) then it is also unitary. This shows how unitarity of the full evolution
operator follows directly from conservation of the inner product under evolution (a result
which is significantly more obscure in conventional treatments). When expressed in terms
of the Bogoliubov coefficients, this gives the Bogoliubov conditions:

afa + 'yT'y aTB + 'yTe | 0] aat + ﬂﬂT oryJr + ﬂeT (2.60)
Bla+ety B8+€efe | |0 T ~al + €8T At + eet '

It 1s also common to define matrices U,V by:

U(t, o) = [a(to,to) E(t?to) ] and V (1, to) = |:'Y(£t0) ﬂ(tdto) ] (2.61)

Then (2.60) becomes

vltv+viv=r=-vvut+vvt
U'v+viu=0=UVvV'+VvU! (2.62)
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in agreement with standard treatments (see Ottesen®® or Thallerl®™ for instance).
We can use the unitarity of S; to invert (2.54) and (2.55), yielding:

Uiy = Z{afj(t7t0)uy‘,to(t) + B75(t, to)vig (1)} (2.63)
Vi = Z{’ﬁj(tatO)u;,to(t) + €5(t to)vj (1) } (2.64)

where * denotes complex conjugation. From this we get for the inner derivative operators:
i = > {0ii( o), o (1) + Bis(L o)in, o (1} (2.65)
J
it = > A%t 10)iuy o () + €L to)in, (0} (2.66)
J
I now introduce the symbol |(;113222]m) ing, ) to denote an ‘in’ state, of m particles (in

states u;, ...u;,), and n antiparticles (corresponding to the absence of states v;, ...v;,),
prepared at time ¢o. This state is given by:

|<;11"]222]:)mt0> = ajhto . .a;rmjo b}n,to . b}hto lvacy, )
=FF A (iGZ,tO lvacy,)) (2.67)

= (—)Juihto AN Uimﬂfo A Ulﬂfo AN ’Djl,to BEIAN ?vjjmto e A UN,to (268)

where

1<ii<ig<.im <N 1<Hi<jp<...ju<N  J=> (s+k)
k=1

+ . . - .
Fm,to = Uiyt A Wig,to A Uipm,to
Gn,to = Vjito N Vjate " N Vgt

and the check over v, represents the fact that this degree of freedom is missing from the
state. This state will evolve into

|(i1i2...im) Z.nl‘o (t)> = (_)Juilﬂfo (t) AREENA Uim,to (t) A U1,tg (t) A bjlﬂfo (t) A {)J'nﬂfo (t) A UN., tg (t)

.71]2]n
- e as = al i i i f
which we can loosely write as = a] , (t)...qa; , (1)b} , (1)...b} , (t)|vacy,) where a;, (1)
is shorthand for u; +,(¢)A and b}to (t) is shorthand for in; (1) 1t should however be stressed
that a;to (t) does not represent the creation of a particle at time ¢, since u; 4 (¢) is not

in H*(t). Similarly, b}to (t) does not represent the creation of an antiparticle. Using this
same loose notation we can write (2.64) and (2.65), in the more familiar form:

iy = Z{%(tato)%to(t) + Bij(t,to)b! , (1)} (2.69)

J
biy = Z{’ij(tvtO)a},to(t) + €5(L, Lo)bjse (1)}
i
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It is worth noting here that the labelling of the indices in (2.55) differs from that
used in Manoguel*! for instance. Manogue’s definitions correspond to setting wu;; =
Do it (1) 47iv.0 (8) } and v; s = 37 { Bijuj.0 (E) €50 (1) }, 50 that Manogue’s Bogoli-
ubov coefficients are the complex conjugates of those used here. Since the choice made
here leads directly to equation (2.58), it is more convenient for comparison with Green’s
functions, evolution operators, etc. This is investigated further in Section 4.3.

2.3.2 Properties of the Evolved Vacuum

As a simple application of the methods just described, consider evolution of the vacuum.

We have:

|vacy,) = V149 A Vot Ao A UN, (2.70)
lvac,) = vig Avag A+ Aowg (2.71)
and |vacy (1)) = v145(8) A vagg(E) A== Aong(t) (2.72)

We are interested in the particle content of |vac,(t)) w.r.t. the Fock Space built on
|vac:). We could obtain this by substituting (2.54) and (2.55) into (2.72) and expanding,
although this would be rather messy. We can learn a number of things about |vacy,(t))
without resorting to this. Consider for instance, the expected number of particles of a
certain type, in |vacy,(t)). This is given by (vacy, (t)|Nui7t|vact0(t)> for the particle state
uir, and (vaey, (t)|NUi7t|vact0 (1)) for the particle state v; ;.

By substituting (2.63) - (2.66) into (2.44) Num, N'Ui,t can be expanded as:

Nui,t = Z Bh5.0iiVk4 (1) A (i%to (1) + other terms, involving u A (¢, etc (2.73)
ik

Z\Afviyt = Z Vik Vi g g () (1, () A + other terms (2.74)
jk

When calculating (vac, (t)|Nul.7t
(4w (1) [vaC1, (1)) (wWhich = |vac, (1)) which contribute, giving:

vacy(t)) = Zﬁfj(tato)ﬁw‘(%to) = (B8 (2.75)

vacy, (1)) it is clearly only terms of the form v;4 () A

<Uac7f0 (t) |Nui,t

(vacsy (1) Vo,

vacy (1)) = Z %is (4 1) i3 (L Lo) = (v1"s (2.76)

J

This is the natural time-dependent generalisation of conventional methods (see also
07 for an alternative derivation of a similar result). The total number of particles (not
including antiparticles) in the ‘out vacuum’ is thus given by:

(Rt 1)) = 3 (vac ()| Ko Joac, (1) = Trace(8(t 1)8Y 1 10)  (2.77)
and similarly for the total number of antiparticles. From (2.60) (using Trace(AB) =
Trace(BA)) we see that Trace(88") = Trace(y~") so that:

(Ny) = (F) (2.78)
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in agreement with charge conservation. The total number of particles (including anti-
particles) in the ‘out vacuum’ is just <N(t,t0)> = 2Trace(~(t,t0)¥ (¢, %0)). Since it has
been calculated for all times, then we can use it to calculate the ‘rate of production’ of
particles E<N(t, to)) for instance, something which could not be done with any previous
treatments. This represents the number of particles produced per unit time, throughout

all space.

General Expectation Values of The Evolved Vacuum

In this subsection I will present an alternative proof of the previous result, which will also
allow us to deduce (vacy, (t)|/iphys(t)|vacto(t)> for any operator, Aphys(t) which is obtained
from some operator Al(t) via the Hermitian extension/vacuum subtraction process. First,
use property 4 of Section 2.1.3, along with (2.71) and (2.72) to write:

(vacsy ()| Apnys (1) [vacy (1)) = Z<Uiﬂf0(t)|A1(t)|vi¢0(t)> - Z@arlfil(t)lvm (2.79)

Then substitute (2.55) and rearrange to get:
(vacy, (1) Aphys () |vacy, (1)) = Trace(BTAY B + BTAT e + ! A8 + €' A™"€) — Trace(A™7)

(2.80)
= Trace(BBTATT —y4TA™~ + €8TAT™ + BefA™T) (2.81)
where I have defined:
ABF = (s A0 k)
AT = (vjal A1) o)
AF = (il Ay (0w
and A]_,j' = <’U]‘7t|1211(t)|uk ¢)
= Al if Ay, is Hermitian (2.82)

We can rederive <N(t to)) from (2.81) by using Nl(t) = P+(t) — P‘(t) (so that N;f =
djp = N]_k_ and N;'k_ =0 = N]_k"'). Conservation of charge follows simply from
considering A; = 1. Another interesting example worth considering briefly here, is the
expected r}umber of particles present in a finite volume V' (at time ¢). In this case the
operator Ay : H — H is

Nva(t) = H(PH(t) = P=(1))0y + Ov(P* (1) — P=(1))} (2.83)
= PH(1)fy PH(t) — P=(1)fy P~ (1) (2.84)
So that N+_k =0= NV ., while N‘ﬁ‘;k = (ujt|ur)v and Ny, = —(v;tlvrs)v,

where (|)v denotes that the spatlal integral is restricted to the volume V.
Now, the derivation of (Fj (¢ )|Aphy5( )| Fi, (1)) for an arbitrary state Fj, is identical to
the derivation of (2.81), and results in:
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((

[ Z”Z)mto(t>|f4phys<t)|<}iiilll32>"7”to(t)>

:E:: 1L2k¢0 )|u2k¢0(t)> - <vjk¢0(t)|f§1(t)|vjk¢0(t)> + <lulcf0(t)|fiphy5(t)|l”1cfo(t)>

k=1

(2.85)

NE

(aTA++a _I_ aTA—I—_'}/ _I_ ,.},TA—‘}'a _I_ ,.},TA__,-),)

gk

o~
Il

1

) (BTAY B+ BTAT e+ ! AT B+ €T A77€) 5, + (vacy (1) Apnys(1) [vacy (1))
k=1

(2.86)

Equations (2.81) and (2.86) will be used extensively in all future applications. It is
worth noting here that the subtraction (e€')z; — &;; = —(¥~)x; used to get (2.81) from
(2.80) relies on the fact that we are vacuum subtracting with respect to |vae;), rather
than |vacy,) or |vac_s,) for instance.

It is interesting to consider here the case where A represents a quantity that is con-
served at the level of the Dirac equation. In this case we can write (v; (t)|A1|v2-7t0 (1)) =
<Ui7t0|/i1|’l)i7t0> so that (2.81) becomes:

(vacy, (t)|Aphys|vacto(t)> = Trace(A™ (1) — A7 (1)) (2.87)

We see that due to the varying particle interpretation this can be non-zero even when
Ay is independent of time. This provides an elegant physical description of quantum
anomalies. That is, although the total value of A in any given state does not change
with time, the portion of this that is to be attributed to the vacuum may change as the
definition of vacuum changes. Since the amount that would be measured in experiment
is the amount ‘in excess of the vacuum’ (the vacuum subtracted amount) then this can
change with time. For example, a nice treatment of the axial anomaly in an external
electromagnetic background, which appeals to a similar physical mechanism as above but
[l The subtraction in
(2.87) will generally be of the form (co — o0), although it is likely that writing it in the
form of (2.81) will fix this. This will be investigated further in future applications. Notice
also that, if (2.87) does indeed represent quantum anomalies, then for quantities (such as
the current density for instance) that are not anomolous, the vacuum subtraction will be
independent of the hypersurface on which the subtraction takes place. This is important
when considering back-reaction for instance, since it ensures that J,ucq (X,1) is a well-

which uses conventional calculational techniques, can be found in

defined covariant quantity. I demonstrate in Chapter 7 that, atleast for spatially uniform
electric fields, the vacuum subtraction of the current density is indeed independent of the
time at which the subtraction is calculated.

Fluctuations

Equations (2.85) and (2.86) allow us to calculate the expectation value, in any given state,
of any operator A, that can be obtained from A; by Hermitian extension and vacuum
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subtraction. However, not every physical operator will be of this form. For instance, the
operator (Aphys)Q will in general not be the Hermitian extension of any operator on H.
So, consider the expectation value of (Aphys)Q in the state ¥y A --- A v, where ...,
are assumed for convenience to be orthonormal (although need not be in H* () or H™ (¢)
for any ¢). By writing (Aphys)Q = (AH)2 —2<vact|AH|vact>AH + (<vact|AH|vact>)21 we can
obtain the desired expectation value by noting that:

(Y A Aal(Ar) o A Adpa) = (or A Al (ANl A A o) +
23 (il Aufobi) (5 Au [eby) — (@il Al ) (b5 Ar o)

i<

This allows us to calculate the fluctuations of Aphys in the state ¥y A -+ A, :

(1A A al (Apnys) 101 A A ) = (1 Ao A b Apnyslthr A=+ A )

= (1 A Al (Ao A Aba) = (01 Ao Al Aprlpr A - Aahy))?
(2.88)

= D (il A1) = D1l Anles)? (2.89)

where | have used the assumed hermiticity of Ay. This is an interesting result, which
is worth investigating further. One straightforward and interesting application of this
result is to calculate the vacuum fluctuations in the number of particles present in a finite
volume V. That is <vact|(Nv7phy5(t))2|vact>. (Note that <vact|Z\AfV7phy5(t)|vact> is trivially
zero, since Z\Afvﬂ,hys(t) is obtained from Hermitian extension and vacuum subtraction.) To
calculate this, use equation (2.84) to deduce:

(Nyva (1) = PH(1)by PH(1)0y PT(t) + P~ (1)0y P~ (t)0y P~ (1) (2.90)
So:
(vidl (M) oie) = (B o P=(8)|vvs) (2.91)
= (v vielvia) (v |Ovois) (2.92)
J

= widlvgv (2.93)
J
Substituting into (2.89) gives:

<Wct|(NV,phys |Wct Z Z (Vi v Z (Vi e|vje)v (2.94)

=0 (2.95)
That is:
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There are no fluctuations in the number of particles present in a finite volume
in the physical vacuum.

I should stress here that I am referring to the actual vacuum |vae;) at the time of
interest, not to any ‘evolved vacuum state’ |vac;, (1)) (the evolved vacuum will of course
have fluctuations in the number of particles present). Also, it is likely that if we truncated
the integral defining Nl, as described in Section 2.2.4, then this result would no longer be
zero, and would depend on the form of the truncation. I have not considered this effect
here.

To consider the fluctuations of some quantity Aphys(t) in the ‘evolved vacuum’ [vacy, (1)),
define P (1) = Y7 |vige (1)) (vigo (1) = Ul(t,to)P_(to)UlT(t,to) and P (1) = 3, i (1)) (g (1) =
[Ajl(t,to)p"‘(to)[ﬁ(t,to), Then we can write:

<vacto(t)|(flphys)2lvacto( 1)) — ((vace, (1) Apnys|vacy (1)) (2.96)
= Trace( P (1)A:(1)?) — Trace(P ()AL P (1) A1) (2.97)
= Trace( Py (1) A (1) P (1) A (1)) (2.98)

So we see that the size of the fluctuations in the evolved vacuum are determined by the
commutation between /—L(t) and pt; (t). If we consider again fluctuations in the physical
vacuum at time t, jvac;) (by putting to = t above), we see that any operator that commutes
with the Hamiltonian (and hence with ]5+(t)) will have zero fluctuations in the physical
vacuum. This is just a reflection of the fact that, since the physical vacuum is constructed
from the spectrum of the Hamiltonian, then it will be an eigenstate of any operator that
commutes with the Hamiltonian.

The Vacuum Component of |vacy, (1))

Just as in Section 2.2.1, we can substitute (2.71) and (2.72) into (2.15), and we immedi-
ately deduce that the vacuum - vacuum transition amplitude is:

(vacilvacy, (t)) = det(e(t, to)) (2.99)

Alternatively, the same conclusion can be reached by substituting (2.55) into (2.72) and
extracting the component proportional to |vac;). The reader is invited to compare the
ease of these derivations with the analogous result presented by Fradkin et. al.ll'l or
(under simplifying assumptions) by Schwingerl®, or with the bosonic result, presented
by DeWitt[?4, Tt is common to see this result quoted in terms of the Feynman propagator
(see 07 pg 37, 24 or BY for instance) as:

det S
det Sg

(vac, out|vac,in) =

(2.100)

where Sp(z,y) is the Feynman propagator in the relevant background, and S%(z,y) is the
free Feynman propagator. The relation of this result to (2.99) is investigated in Section
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4.5. Now, the probability that the vacuum at time ¢y will again be the vacuum at time ¢
is:

Ploscioloncey = | det(e(t, to))? = det(e(t, to)e' (1, 1)) (2.101)

= exp(Trace(log(1 — ")) = exp(— Z —Trace((vyH™)) (2.102)

In the case of an electromagnetic background we will see that = is first order in the
coupling constant e, so that 44T is second order. Then (2.102) allows us to write:

Ploacry)sfoact) = exp(— (N (,10))) + O(e") (2.103)

This fact is used in Ttzykson and Zuber*l as a method for finding <N(oo, —0o0)) (to this
order in €) without using Bogoliubuv coefficients. However, in Itzykson and Zuber! the
result above is simply justified on physical grounds, it is not proved.

2.3.3 S-Matrix Elements in General

Consider the in-state |<“Z]22 :‘j’")znm) = ajl t - - .a,:-rmjo b}mto . 11 i, [vacy,) as defined in (2.68),
i oy bt
and the out state |<]1{J2é “J,;’)out ) = Ay yoe ey “tbj e j{7t|vact>. We can use (2.15) t
immediately calculate the S-matrix element:
! ;
Sout.in(tyto) = <(;{; , )out |(;”;‘2 Z]”:)mto(t)} (2.104)
[ Qg oo Qg Bin (éi’g;fﬁg) B ]
_ (_)J—J’ det Qi QO im 52';1,1 (nﬁssf;lg) i N
: e , € J1-dn €
i, ) Gy
<missi77;g.) (missir'rlzg) (missiyﬁg) o (missir'rlzg.)
INi t Nim evi (Do) eww ]
(2.105)

if m —n = m' —n' (charge conservation) and zero otherwise. This is a completely general
formula for an arbitrary S-Matrix element, and it is quite remarkable that using Slater
determinants makes the derivation of this result so trivial. T will show in Section 4.2 how
this is derived without using Slater determinants, and the reader will hopefully agree that
the derivation in Section 4.2 is rather more cumbersome!

It is often useful in practice to factor out det(e) from this expression, leaving an

: Sout,in (t,t0)
expression for ( out in (t.%0)

rERTE I I do this now, first for the cases when |in,) = |vacy) or

lout;) = |vac,) respectively, and then for the general case.

Case 1// <(;I1,Z

J

l\;\

- m)outy|vacy,(t)): In this case m’ = n’ and m = n = 0, so (2.105)

4!
] ’

l\J\

n
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reduces to:

1
.
——
]

k3

<«

Sout,in(ta tO) — (_)J’ det /n
1
j’...j;l,
N

"

-

where ﬁz represents the i** row of @, and similarly for ;. Multiplying this on the right
by the matrix { ?;{1 ?;1 G (Jlu']“') N } (the determinant of which is

! missing
(_I)E?IUL—I) .
—qee ) gives:

Soutvac(t, to) 2 ) outy[vacyy (1))

Il
N
TN
G o=
—_—
S5

bl
Vg0 Vi,
= (—)%(nl_l) det(e) det : :
Vit Vi,
= (=) 50" det(e) det(V o) say (2.106)

where V = Be~! and V,,; is constructed from V using only those matrix entries relevant
to the desired out state. This is the finite-time generalisation of equation (124) of %
(the extra factor of (—)n?’(”/_l) is simply due to the different order of the b}to operators in
(2.68)). T invite the reader to compare the ease of derivation afforded by this formalism
with that of Schwinger’s calculation®. For the infinite time Bosonic equivalent of this
result, the reader is referred to [?4 or 2. T will present the finite time Bosonic equivalent

of this in Section 8.2.

Case 2// <vact|(i.1i?“'i?””)int0 (t)) : We have m’ = n’ =0 and m = n now. The method

J1J2--In
here is just as before, and the result is:

Suac,in(tyto) = (vacy| (im"'im) ing (1))

J12+Jn
Ajiiy Ajiin
= (—)%(”_1) det(e) det : :
Ajnir Ajuin
— (2)3071) et (e) det (Ayy) (2.107)

where A = e !~.

The General Case: The most obvious way to calculate this is to write:

Soutin(t,to) = <vact|bj{7t e b]‘;”tai:n“t .. .aii’ta;rhto (t).. .a;rmjo (t)b;r-mto (t).. .b}hto (t)|vacy, (1))
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and use equation (2.69) to convert S,uzin(f,%0) into a series of S-matrix elements of the
form given in Case 2. 1 will not attempt the general case here, but will simply derive, as
an example, the S-Matrix element between two 1-electron states?

Simout = (") oute] (*) insy (1))
= det(e)(ai/i - Z Bi’kAki) (2108)

= det(e)(a — Be™'y); = aj;/ det(e) (2.109)
where I have used a—Be~!y = (a')~!, which follows from the Bogoliubov conditions. The
two terms in (2.108) represent two different contributions to the ‘evolved 1-particle state’
Wi, (1) A |vaey, (). The first contribution corresponds to the positive energy component
of W14,(t) acting on the vacuum component of |vacy,(t)), while the second contribution
comes from the negative energy component of @'+, () destroying the antiparticle from
one of the two-particle components of |vacy(t)). We see that the ‘naive transition amp-

litude’ ey = (uir4|uis, (1)) has been changed to oz;-,l det(€) by considering the effects of
vacuum instability (that is, pair creation in the ‘evolved vacuum’). This simple example
demonstrates how vacuum instability has a significant effect not just on vacuum evol-
ution, but on the evolution of all states. Similarly, the S-matrix element between two
antiparticle states is:

<(j,) outt|(].) ing, (1)) = (€71, det(e) (2.110)

Some general comments are now in order:

1. We can use the Bogoliubov conditions to deduce:

At=—a7'3 Vi= —~ya™! (2.111)
ele = (1 + AAH)™! aa’=(1+VVH! (2.112)

Noting that a~" and €' represent the relative particle/particle and antiparticle/anti-
particle transition amplitudes respectively, then (2.112), along with Vi = —€eA
and aAt = —Ve (which follow immediately from (2.111) and the definitions of V,
A) constitute the fermionic equivalent of DeWitt’s(4 51 relativistic generalisation
of the Optical Theorem (see 7] also).

2. It is straightforward to generalise the procedure above to the case where the inner
product is not conserved under evolution. We can still define the Bogoliubov coef-
ficients by equations (2.54) and (2.55), and these still give (2.56) and (2.57). The
main difference is that since S(¢,1,) is no longer unitary, we have to use $~' rather
than ST in (2.63) - (2.66). Equation (2.105) is still exactly the same, and although
most other equations will change, the general procedure is just as before. This is in
stark contrast to conventional quantum field theory, where the entire construction

4The notation |(i1i2'“im)int0> is used to denote a state consisting of m particles, and no antiparticles,
while the state |(717’2...7’ )int0> consists of n antiparticles, and no particles.
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relies on unitarity of the S-Matrix from the outset. This is potentially relevant to
black hole physics, where the termination of geodesics on the singularity will cause
decay of the wave packet of an in-falling particle. If back-reaction is properly taken
into account then the charge, mass etc lost by the quantum system, will be donated
to the classical background, while the loss of the quantum ‘state-information’ will
add to the entropy of the black hole. This will be investigated fully in future work.

3. Consider now the generalisation of this procedure to cases where the dimension
of H is uncountable. For instance, consider again the case of Dirac field theory,
and suppose we have a basis {up +(x);p € R*, A = 1,2} for H*(¢) and a basis
{vpat(x);p € R*, X = 1,2} for H™(¢) satisfying:

(uppit(X)[tqoit(X)) = [(P)Ire(P — @) = (vprit(X)[vq,0it(X))
We can define:

aprge(lsto) = (Uupae(X)[Uqet (X, 1))

Nae (L5 1o) = (vpat(X) |uq.oim (X, 1)) (2.113)
5pkq, (£,t0) = (upit(X)|va,eite (X, 1))
epxiao (L to) = (vpit(X) v (X, 1)) (2.114)

just as in (2.56) and (2.57). All the previous results can be carried over, except that
the Z]‘ which appears in matrix multiplications must be replaced by % Yy SO

that the ‘identity matrix’ has entries f(p)dr,d(p —q), and the S-Matrix, as defined
in (2.59) is unitary w.r.t. this form of multiplication. (N (¢, 1)) now becomes:

(N (1, 10)) = Z / Z omsa (o) (2.115)

which is seen to be dimensionless, despite the fact that vp 1.q.0(f, o) is not (since
5(p — q) has dimensions of (mass)™®, while the dimensions of f(p) have been left
arbitrary). (2.77) however becomes:

3

Voaltste) = (1o = [ £ 3 Pttt

which is clearly not dimensionless. This is simply because N;/\(t,to) is a number
density. That is, the expected number of positrons in the evolved vacuum with
spin A and momenta in the range d°p around p is given by Nr;/\(t,t())% which
is dimensionless, as required. To give meaning to det(ee’) we can use (2.102) to
change the determinant into a trace, and hence into an integral.

2.4 Back-Reaction and the Mean Field Approxima-
tion

So far in this dissertation I have only considered the evolution of a fermionic system in a
classical electromagnetic background - I have not considered the effect of the system on the
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background. In this Section I describe how the current of the system of electrons can be
coupled back into the equation for the background electromagnetic field, hence formulating
the ‘back reaction’ problem of spinor QED, at the level of the mean field approximation. It
has already been demonstrated (Cooper et. al.’%) that this semiclassical theory provides
a useful leading-order approximation to full QED.

For this purpose introduce orthonormal bases {uw; s (x);7 € [}, {vis(x);0 € I} for

H*(to) where I have supposed for convenience that I is countable (we could achieve this
2122 Zm
132 wen
state. In the previous Sections (ignoring back-reaction) we would obtain |<;112]22 Zm)znto (1))

by ‘putting the system in a box’ for instance). Let |( )znm) be some chosen initial

by solving:

ivouikﬂ‘o (X7 t) = [:]f(x’t)uik,fo (X7 t) Uiy to (X7 to) = Uiy to (X) k=1...m
iVovis(x,1) = H ™o (x,1)  viag(X,10) = vigg(x) €1 —{ji..ju}
AP (x, 1) = ALy (x, 1)

and taking the Slater determinant of these solutions. I have used the notation ]:]fl(x’t)
rather than H, (x,1) here to emphasise the dependence of H; on the background AM(x,1).
This background field A% ,(x,t) will satisfy 9*AL, — 9#0 - Aoy = JL, for some external
(classical) current density J%.,(x,t) (which may be zero). We can calculate the current

density induced in the state |(;112].22“2m)znt0 (1)) as the expectation value of the Hermitian

extension of the operator® jf5(x y), where Jr = ey~v#, and the §—function is included
to cancel the [ d®x in the inner product, so that we get a current density rather than a
total current. From equation (2.85) this gives:

m to Z ulkﬂfo X, t Z‘] Ujkﬂfo X t)) + Jvﬁtauto( ) (2'116)

k=1

where J#(¢p) = etpy*1) is the current of the “first quantized’ state ¥(x,?) and J*, (X%,
is the ‘vacuum current density’:

Saco (1) = S (|vacy (1))

= Z{J (vigo (%, 1)) — J*(v;4(x))}  from (2.79) (2.117)
= Trace(ﬂﬂTJ++(X, t) — vy T (x,t) + €81 T T (x,1) + Bel T F(x,1))
(2.118)

where J{;’++(X,t) = et (X)) uj4(x), J{;’—F_(X,t) = et; +(x)y"v;4+(X) etc, and we can ignore
the imaginary parts, since they will cancel due to the hermiticity of Jr.

The full back-reaction problem can now be presented simply by including this current
in the equation for A(x,t). That is, |<Z”2 Zm)zn o.(t)BR) is given by solving:

J1J2.--In

5This procedure is not entirely satisfactory, since this operator will generally have infinite fluctuations
when evaluated at a point. This is one of a number of concerns regarding the back-reaction problem, a
general discussion of which is left until the final Chapter.
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Vo, 40 (%, 1) = H ™D, 4 (x,1) Uiy 1o (X, 10) = i, 1 (X) k=1...m

iVovig (x,1) = H ™Dy, (x,1) Vio (X, lo) = 34y(X) i€l —{ji...jn}
(2.119)
DA —9PD - A= J"

ext

(%) + Jin 4, (%, 1)

with suitable initial conditions on A*(x,t). This is a well-defined set of coupled dif-
ferential equations. It has the same basic form as that presented in Kluger et. al.l'8.
However, the calculation of .J,., (x,t)) used here is different to that used in '8, In ['8
the vacuum current density is:

Theia(,8) = S0l (x, 1), 7"4b(x,1)]|0) (2.120)
=1 Z{J(vmn(x, 1)) = J(uiin(x, 1))} (2.121)

It is straightforward to show, atleast in the case of spatially uniform electric fields (see
Chapter 7) that J(uim(x,t)) = —J(viin(x,1)), so that (2.121) becomes equivalent to
the non-vacuum subtracted current, given by the first term in (2.117). Then, having
calculated this, they obtain the vacuum subtracted version simply by ‘discarding terms in
the integrand which are odd in p’. This achieves the desired result, since the current in
the physical vacuum (not the ’evolved vacuum’) at any given time is an odd function of
momentum. However, since this odd function is divergent (see Chapter 7 for the details
of this), then it is not entirely satisfactory to simply ‘discard it because it is odd’.

Finally T should point out that in general the integral over modes which defines the
vacuum current will, even after vacuum subtracting or ‘discarding odd terms’, diverge
logarithmically. This logarithmic divergence (which will be proportional to d,F*") must
be isolated, and absorbed into a renormalisation of the coupling constant, before the last
equation in (2.119) becomes physically reasonable. This is discussed in more detail in ['®]
(among other places) and will not be considered further here.
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Chapter 3

Gravitational Backgrounds

In this chapter I extend the formalism of Chapter 2 to include gravitational backgrounds.
I assume throughout this chapter not only that the gravitational background admits
a spin structure, but also that it is globally hyperbolic, so that it admits a family of
spacelike Cauchy surfaces. For convenience I also assume that there is no electromagnetic
background present here, although it is straightforward to generalise this to the situation
involving both electromagnetic and gravitational backgrounds.

The convention I will be using is the “Landau, Lifshitz timelike convention”, referred
to as — + + in Misner, Thorne and Wheeler’s®¥ table of sign conventions. Specifically
this means that the metric has signature (+ — ——), while the curvature, connection etc
are given by:

R0 = 0,15, = 0,175, + T3, T, — T5,T,, (3.1)
[ = 16" (Dygas + Do — D) (3.2)
R, =R, R=R", (3.3)
G = Ry — 3Rg. = 87GT,, (3.4)

3.1 Dirac Equation in a Gravitational Background

The Lagrangian density for the Dirac equation in a gravitational background® is' :
L = Rle(2)y(2)(iv"(2)V, — m)ip(x)] (3.5)

where v#(z) = e#(x)7* satisfies:

{7y (2);7"(2)} = 29" (2) (3.6)

'T should point out that Kakul®¥ does not take the real part as I have here, and so mistakenly presents
a complex valued Lagrangian. A more accurate description of this 1s given by Hehl et. al.[5%] (and is

also described in [22]). There the Lagrangian agrees with that given here, although they write it (up to
a change in signature) as £ = [ (z)y* (2)V,i(2) — (V,6(2))9% ()6 (2)] — e(a)mb(2)(2)
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4" are a representation of the normal, flat space Dirac equations, ¢ = 150, e#(z) is the

Vierbein (defined by equation (3.6)), and

e(x) = det(e}(z)) = 1/ — det(gu.(z)) (3.7)

The vierbein provides a map between the chosen coordinate system, and the flat tangent
space at the point x. The tangent space indices are denoted by the Latin letters a,b, ¢, ...,
and can be raised and lowered using 7, = diag(+ — ——) = n?°, while the general
‘coordinate indices” are denoted by Greek letters, and are raised and lowered using the
metric tensor. The covariant derivative V, acts on spinors as:
Z’ a

\7#;/)(:10) = (au - Zwﬂbaab)l/}(il?) (3.8)
where o, = %[%, 4] and the connection field wib(;t) is given (in the absence of spin-torsion
interactions) by:

0=V, el(z)=0,€, — F;\:yei + wibei (3.9)
That is:
wib = —e”0,e + Ffwe”bei (3.10)

The Lagrangian of (3.5) leads to the governing equation:
(1" (2)V, —m)p(z) =0 (3.11)
The inner product (¢|¢)s on the spacelike Cauchy surface ¥ is:
@I = [ @)t (@)éte)as, (3.12)

and is independent of ¥ by virtue of (3.11).
The energy-momentum tensor 7),, can be written as:

Ty () = Ry, Vy o] — 224 (3.13)

It is customary to omit the £ term from this expression, since it is zero whenever
satisfies (3.11). However, I have included it here so that H, (¢) in (3.17) depends only
on Y(z|x, ), and so that it leads directly to the result (3.18).

3.2 An Observer and Their Particle Interpretation

We desire a number operator N(T) s FA(H) = Fa(H) whose expectation value represents
the (expected) total number of particles present ‘at time 7. This will require:

e Introducing a hypersurface ¥, generalising our concept of ‘at time 77,
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o Categorising states as having positive/negative energy ‘at time 7°. Hence, we will
need a Hamiltonian ‘at time 7.

Since we expect the particle definition to depend on the motion of an observer (Unruh
Effect), then (as mentioned in the last Chapter) we expect the definition to be non-local.
So, consider an observer travelling on path v : z# = J;f“,y)(T) with proper time 7. Define:

7t(z) = (earliest possible) proper time at which a photon leaving

point = could intercept ~.

ﬂl
N
8
S—
I

(latest possible) proper time at which a photon could

leave ~, and still reach point x.

T(z) = %(T—l_(l‘) + 77 (x)) = ‘radar time’.
p(z) = 3(rF(z) — 77 (2)) = ‘radar distance’.
Y, ={z:7(2) = 10} = observers ‘hypersurface of simultaneity at time 7y’

photon
trajectories

Figure 3.1: Schematic of the definition of ‘radar time’ 7(z).

This is a generalisation of the definitions made popular by Bondi in his work on spe-
cial relativity and k-calculusl®® >7 %8l However (to the best of my knowledge) the idea
of defining a hypersurface of simultaneity in terms of ‘radar time’ has never before been
applied to non-inertial observers and non-flat spacetimes. This might be due in part to
Bondi’s own belief that “how a clock reacts to acceleration [or equivalently, to gravita-
tional fields] is utterly dependent on how the clock is constructed” (see 59 pg 49). This
belief prompted him to claim that radar time and radar distance could only be defined
by inertial observers in flat space. However, not only has this belief been refuted by
experiment (see P9 or 9 pgs 144,145, and the references therein), but the assumption
that ‘suitable clocks” will behave identically under acceleration (or under gravitational
fields) is a basic premise of general relativity, without which proper time would cease to
have physical meaning. There seems therefore to be no reason for not using ‘radar time’
for accelerating observers in curved spacetimes. (Another point in favour of using ‘radar
time’ is that it is the only possible construction which both agrees with proper time on
the observers path, and is invariant under ‘time-reversal’ - that is, under reversing the
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sign of the observers proper time.) Some examples of this construction are given in the
following subsections.

It is intuitively obvious from these definitions that ¥, lies to the future of ¥, (for
1 > 7o) except at the observers particle horizon (when one exists) at which point the
various Y, will converge. Also notice that the domain of 7(x) is not necessarily all of
spacetime - it is only that part of spacetime with which the observer can communicate
(send and receive signals).

Also, define

o1
ku(e) = —5r =
9% 307 5av
This represents the perpendicular distance between neighbouring hypersurfaces of simul-
taneity. That is: it is normal to these hypersurfaces, and satisfies k“(x)% =1.

Now, use the identity:
iBy'V, = ik"V, + o®eterk,V, (3.14)
to write (3.11) as
"N p = —o®el el k, Vi + mhd (3.15)
from which we can define the ‘Hamiltonian on X’ H,,(7) by:
Hop(7) s 0 = —0%eelk, V ,1p + mb (3.16)

An interesting point that should be noted here is that f{nh(T) is not Hermitian! (hence
the subscript nh here). At first sight this seems to disagree with the conservation of
(3.12). However, these are consistent since the inner product (3.12) contains explicit time
dependence, so that the standard proof that ‘unitary evolution < Hermitian Hamiltonian’
no longer applies?. This is a significant and interesting point, which has received little
attention in the literature.

To investigate the relationship between f]nh(To) and the energy momentum tensor,

define:

o) = [ elo)Tulvlo)heds” (3.17)

0

Substituting (3.13) we see that:

Hoy (1) = R o (0) [90) ] = (| Hy(70) 1) (3.18)
where (7o) = H{Hun(m0) + H},(70)} (3.19)

2 Another reason why the standard proof no longer applies is that the Hermitian form is no longer

simply i [(t)) = Hy(t) |1 (t)).
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So, define the projection operators Pi(ﬁ)) and the spaces H*(79) by the requirement
that:

A

Hoy(PF(ro)e0) > Hoy(¢) 2 Hro (P (7)) (3.20)

for all v». This definition clearly depends only on the choice of observer, and is equivalent
to defining:

H*(ro) is the span of the positive spectrum of Hy (o)
H(m) is the span of the negative spectrum of ()

Note that we cannot refer in general to the spectrum of ﬁnh(m) since the eigenvectors
corresponding to different eigenvalues need not be orthogonal. However, if f{nh(m) and
[A{:Lh(m) commute then we can show that eigenvectors of different eigenvalues are ortho-
gonal, and in that case we find that H* () is the span of that part of the spectrum
of ﬁnh(To) for which the real part of the eigenvalue is positive, while H™ () is the span
of that part of the spectrum of ]:]nh(ro) for which the real part of the eigenvalue is negative.

Also, as I will demonstrate in the next Chapter, in a conventional Approach to Back-
ground Q.F.T. this definition would correspond to Hamiltonian diagonalisation of the
second quantized Hamiltonian obtained by substituting the field operator LZJ(LC) into H,,(v)
above. This will be discussed in more detail in Section 4.4.

I now present some examples of observers and their hypersurfaces of simultaneity.

3.2.1 The Travelling Twin.

Consider the hypersurfaces of simultaneity of the ‘travelling twin’ in the well-known ‘twin
paradox’. I have shown these in Figure 3.2, for the case when the travelling twin turns
around instantaneously (left) and gradually (right). The dotted vertical line represents
the twin who ‘stays at home’.

In the left hand example we have:

(7,0,0,—v1)
(1) = == 17<0
(v) (7,0,0,v7)
e T 0

To }fz region |
1—v :
To region 11
tufz) = ™V 1 .

7oV 1 —v? —vz region F
7oV 1 —v?+wvz region P

as shown. It might seem reasonable to think that the twin paradox has long been un-
derstood, and that no confusion remains on this topic. There is certainly no disagreement
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Immediate Turn-around. Gradual Turn-around.

Region F
Fil
) ) 3 H Region |1 !
Region |1 I |
g T ot

: [u ‘

G

Region P ‘

Figure 3.2: Hypersurfaces of simultaneity of the ‘travelling twin’ in the well-known ‘twin paradox’

(schematic).

about the relative aging of the two twins, so there is no longer any ‘paradox’. There is
also no confusion regarding ‘when events are seen’ by the two twins, or regarding the de-
scription, by the stay-at-home twin, of ‘when events happened’. However, the description
of ‘when events happened’ according to the travelling twin, seems to have never quite
been settled. Papers discussing this issue have been published as recently as 1995161,
Even Unruh®? has proposed his own definition for this purpose, based in his case on
parallax distance. (Interestingly, not only does Unruh’s definition have the unfortunate
quality that the travelling twin describes his brother has having travelled backwards in
time during part of his journey, but also, rather surprisingly, when applied to a uniformly
accelerating observer, it fails to give the Rindler time coordinate which is of paramount
importance in derivations of the ‘Unruh Effect’!) As for the textbook treatments of this
issue, region I is consistently misrepresented (or ignored) in the literature. Both Bohm!*7
and D’Invernol® for instance devote a whole chapter to k-calculus, and derive the hy-
persurfaces of simultaneity of inertial observers using a definition of time just like that
used above. Then, both go on to claim that in region I the hypersurfaces of simultaneity
continue to have the same gradient as in regions F and P! Bohm even goes on to claim
that points G and H appear to the travelling twin as simultaneous, and that points in
between will be described as “jumping backwards in time by an amount GH at the instant
of turnaround”! Other authors either make no attempt to describe how the travelling twin
would assign a time to any given event, or claim either that “a complete explanation of
the problem can only be given within the framework of general relativity” (see Paulil®’]
for instance) or that the solution of the ‘G and H appear simultaneous’ problem lies in
recognising that the travelling twin must in fact take some time (at a finite acceleration)
to turn around. This is precisely the case considered in the right hand example above.
Here we have:

42



(azo(T —7.) +1:,0,0,at.(T — 7.) + 2.) T>T,
(

zy () = ¢ (Smhem) g, g, coshlen 7] < 7.
(G’ZC(T + TC) — e, 07 07 _atc(T + Tc) + Zc) T< -7,
where z. = COShiMC), t. = snhlered ong (for comparison with the previous case) v =
1
tanh(ar.), so that /3% = €™ and (1 — v?)"2 = coshar.. This gives hypersurfaces

of simultaneity of the form:

Toet?Te regions I and II respectively
br(2) = % F ztanh(ar,) regions P and F respectively
z tanh(a7o) region U

while in the other 4 regions they are given implicitly by:

log(alz + t,,(2)| + a(tr(2) — 2)e**™ = 2am9 F ar. — 1 regions FII and PI respectively
log(alz — tr(2)] — a(tyy(2) + 2)e**™ = —2amy Far. — 1 regions FI and PII respectively

These are shown in the diagram above. We see that, as we would hope, there is very
little difference (for small 7.) between the ‘immediate turn-around’ and ‘gradual turn-
around’ cases. It is interesting now to consider the limit as 7. — oo, corresponding to a
uniformly accelerating observer.

3.2.2 Uniformly Accelerating Observer.

The case of a uniformly accelerating observer is shown here.

Region 1 egion |

Figure 3.3: Hypersurfaces of simultaneity of a uniformly accelerating observer.

Now (I use 1 spatial coordinate for convenience) we have:

sinh(ar) cosh(ar)

2y (1) = ( : )

a a
_ b z+t b 2,2 42
so () = 50 log(z — t) and p(z) = o log(a®(z" —1%)) (3.21)
so that ¢, (z) = ztanh(am) (3.22)
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as expected. We see that p and 7 are simply Rindler coordinates, and cover only
region I. The metric in these coordinates is ds* = €?*?(dr* — dp?). It is also common to
define u = %, in terms of which the metric takes the familiar form ds? = u?dr? — du?.

Also notice that the vector field £ is given by:
0 0

k= e t% or = - in Rindler coordinates.

This is the Killing vector field that is used to define positive/negative frequency modes in
conventional derivations of the Unruh effect. This is just as we would have hoped. It shows
that my general particle definition does reduce to accepted definitions in conventional
situations, so that it can be viewed as a generalisation of (rather than an alternative to)
conventional definitions. If we considered more than one spatial coordinate, then 7, and
hence k, would take the same form (and would still be Killing). Only the ‘radar distance’
p would become more complicated, and this plays no part in the particle definition.
Finally, the dotted line in Region II requires some explanation. This does not appear
if we simply consider a uniformly accelerating observer. However, if we assume that a
uniformly accelerating observer should be represented as the infinite time limit of the
‘Gradual Turn-around’ case above, then we find that this dotted line forms part of the
hypersurface of simultaneity for all time, and that k£, = 0 on this hypersurface. This leads
to the requirement that the observer’s state space only be constructed from those modes
which are zero in region II. This fact is essential to many conventional derivations of the
Unruh Effect (see 6% 21: 22 65 for instance), but is usually included as an assumption, with
little or no justification.

3.2.3 DeSitter Space.

Consider the metric (I again consider only one spatial dimension):

ds® = dt* — a(t)*dr* a(t) = e
and consider an observer stationary at the origin. In this space, photon trajectories will be
of the form r(¢) = ieT_M + C. The trajectory ro. (1) = 6_/\” is a particle horizon, separating

events which can send signals to our observer, from events that can’t. Notice also that
it takes much less ‘cosmic time’ (the ¢ above) to send a photon than it does to receive it
back. A consequence of this is that the ‘radar time’ of an event (¢,r) is generally larger
than the cosmic time ¢. Indeed, we find:

—1 B —1 e M 4 \r
T(x) = ﬁlog(e 2 2\%2) plx) = ﬁlog(m) (3.23)

as shown below.
The metric in these coordinates is ds? = cosh™*(\p)(dr% —dp?). Meanwhile, the vector
field k* is given by:
0 0 0

k=——Ar— or = — in (7, p) coordinates

ol or or
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-5 10 15 20

Figure 3.4: DeSitter space in (t,7) coordinates. The particle horizon re () = e_;t is shown in mid

grey. The light grey lines represent ingoing and outgoing photon trajectories, while the black lines are

the observers hypersurfaces of simultaneity for various 7g.

Again this is a timelike Killing vector field on the domain of 7(z), becoming spacelike
outside this region. To relate this to the coordinates used by Gibbons and Hawking[®? in
1977, put v = %. In these coordinates we have:

du?
1 — A2u?
as desired. This allows us to see that in the case of a comoving observer in DeSitter space,
my general particle definition reduces to that used by Gibbons and Hawking[??, so that

ds® = (1 — XNu?)dr* —

we would expect it to lead (after a suitable choice of initial conditions) to the prediction
of thermal particle creation at the Gibbons-Hawking temperature.

3.3 Bogoliubov Coefficients, S-Matrix Elements Etc.

As in the previous Chapter, let {u; -, (z|s, )} be an orthonormal basis for H*(7;,), and
let {u;, (z)} be the corresponding solutions of (3.11). I have used a discrete index i
here for convenience, although in practice this will be a continuous index. Similarly, let
{Virin (7|5, )} be an orthonormal basis for H™(7i,), and let {v; ., (z)} be the correspond-
ing solutions of (3.11). Let {u; .. ()}, {vir..(2)} be similarly formed. Then we may
define the Bogoliubov Coefficients:

al](TOUt7Tln) = <ui770ut($)|uj77in($)>z 72](7-07“‘77-“7‘) = <Ui770ut($)|uj77in(x)>z
Bii(Touts Tin) = (Wiyrous (T) Vi (2))5 €65(Tout, Tin) = (Viirou (2)|0j (7)) (3.24)

which are independent of ¥ by virtue of (3.11). We can use these, along with the
formalism of Chapter 2, to calculate expectation values and S-Matrix elements just as in
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Section 2.3. For instance, the total energy ‘at time 77 of a state that was vacuum ‘at time
T;n, May be written (using equations (2.79) and (2.81)) as:

(vacs, (7)| Hynys(7)vacy,, (7)) = Z Ho (v, (7)) — Z Ho(vir(2)) (3.25)
= Trace(BBTH — y4TH™™) (3.26)
where HF(7) = (uj. (x)|H (1) ug - (z)) and H7 (1) = (vj,0(2)| Hi (1) |og,-(2)). We could

choose to require that u; -(z|;) be an eigenstate of [:[1(7) with eigenvalue E; (7) > 0, and

(
that v; -(z|;) be an eigenstate of H;(7) with eigenvalue £~ (7) < 0. Then (3.26) can be
written as:

(01 () Eypgo(7) 00 (7)) = S B (7, 7n) PEF(7) — s, ) PES (1)} (3.27)
i\j

Unfortunately, (3.27) will diverge in general. That is, vacuum subtraction on its
own is not sufficient to render (vac,, (7)|Hynys(7)|vac,,, (7)) finite, and further renorm-
alisation is required. Some techniques appropriate for the renormalisation of quantit-
ies ‘after vacuum subtraction’ are presented in Grib et. al.[*! for instance. Alternat-
ively, we may find it convenient to simply calculate the ‘pre-normal ordered’ quantity
(vac,, (7)|Hy g(r)|vac.,, (7)) = > H-(vis,.(z)), which is independent of the particle in-
terpretation on 7, and then use the standard covariant renormalisation techniques (See
(22 or [23 for instance) to render this finite. I should emphasise however that the results
of doing this would still depend on the choice of particle interpretation ‘at time 7;,,’, since
it is only through this interpretation that we can choose which of the possible initial
conditions on ¥, can be identified with the physical vacuum there.

Some other points worth noting are:

1. We see from equation (3.15) that, in direct analogy with the comments at the end
of Section 2.2, particle creation can be caused either by the ‘time’-dependence of
Hi(7), or by the presence of a non-zero ‘time-component’ of the connection field,

ktwi(z) # 0.

2. I should point out that in proving that (3.12) is independent of the choice of hyper-
surface ¥ I rely on using the divergence theorem to convert the difference between
the two surface integrals into a volume integral. This in turn relies on the as-
sumption that any other surface integrals bounding this volume, such as at spatial
infinity, will vanish. However, if there are any singularities present then these will
introduce extra surface terms, which may not vanish in general. It is commented
in Lasenby et. al.l*”l that this causes the inner product to decay with time, res-
ulting in non-unitarity of the evolution operator. In the case of the Unruh effect,
the choice of k*(z) leads to boundary conditions on allowed states at the particle
horizon, which appear to ‘shield’ the states from any singularities. More work has
to be done on this however, to investigate whether or not this is a general propoerty
of such systems. It is an interesting area for future research, and is of importance
to the ‘information loss problem’ in black hole physics.

46



Chapter 4

Relationship to Conventional

Methods

In order to compare the formalism of the previous Chapter with more conventional
treatments(®® 22 23 this Chapter is devoted to describing the conventional approach to
background quantum field theory, and to describing how my particle definition and va-
cuum subtraction scheme can be incorporated into this approach. My presentation will
be analogous to that used (for real scalar fields) in Section 6 of DeWitt!?4. Although
the scalar field results presented in [* have been studied and applied extensively since
their publication, the work presented here represents the first thorough treatment of fer-
mionic systems along these lines. Some of these results have been obtained in special
cases by previous authors['® 18,66, 48 311 31 they were obtained by very different methods
in Schwinger®.

In Section 4.1 I introduce ‘in” and ‘out’ basis solutions, the field operator, Bogoliubov
coefficients etc, and describe how the particle interpretation introduced in the previous
Chapter allows these to be generalised to arbitrary backgrounds, arbitrary observers, and
arbitrary ‘in” and ‘out’ times. In Section 4.2 I show how the arbitrary S-Matrix elements
of the theory can be calculated without requiring a concrete representation of the states
involved, and compare the difficulty of these derivations with the equivalent derivations
from the previous Chapter. In Section 4.3 I look at the calculation of vacuum expectation
values, and show how the vacuum subtraction scheme differs from normal ordering, while
in Section 4.4 1 describe the relationship between my particle definition and the method
of Hamiltonian diagonalisation. In Section 4.5 T compare the various Greens functions
of the theory, defined in terms of vacuum expectation values of field operators, with the
evolution operator U, (t,t9) on H, and with the Bogoliubov matrices, and describe the
link between equations (2.66) and (2.67) for the vacuum - vacuum transition amplitude.

4.1 Preliminaries
Let {w;in(2),viin(2z);7 € I} be an orthonormal basis of solutions of the ‘first quantized’

Dirac equation, where [ is some index set, which is assumed for convenience to be count-
able. Let these solutions be such that the w;;,(z) can be interpreted as representing ‘in’
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particles, and the v;;,(z) as representing ‘in” antiparticles. This can be achieved here via
whatever particle interpretation is considered appropriate (I will introduce my particle
definition soon). Let {u; out(X,1), v;out(X,t);7 € I} be an orthonormal basis of solutions
representing ‘out’ particles and ‘out’ antiparticles respectively. We can expand the ‘in’
basis in terms of the ‘out’ basis as:

Uiin(T) = Z{aﬁu]',om(a:) + 7jivjout(T) } (4.1)
Viin(T) = Z{ﬁﬁug‘,m(fﬂ) + €jivj,0ut(T) } (4.2)

just as in (2.54) and (2.55). This defines the Bogoliubov coefficients, which are given
by expressions analogous to (2.56) and (2.57), and allows us to deduce the Bogoliubov
conditions, and to invert (4.1) and (4.2) just as in Section 2.4.1.

The field operator 77[)(1') can be written in terms of these as:

P(z) = Z{ui,m(iﬂ)ai,m,h + vpin(2)b] ) (4.3)

where a; i, 1 1s the annihilation operator of the Heisenberg picture state (hence the sub-
script h) representing the solution wu,;,(z), and similarly for b;;, 4. By requiring that
77[)(;17) satisfy the (equal time') Canonical Anticommutation Relations, we can deduce that
Qi in s biinn ust satisfy:

{ai,m,hv a;,m,h} = 52’]’ = {bz’,m,m b;rmf} (4-4)

with all other anticommutators zero. Similarly, we can write L/;(X, 1) as:

D) = > {ttiour(2) @i out + iout(2)b] 0} (4.5)

By requiring that these two expressions for L/A)(:z:) be equivalent, we can deduce that

@i out,h = Z{aijaj,in,h + ﬁz’jb;mﬁ} (4.6)
J

bi out,h = Z{ﬁja;mh + €bjinn}
J

and that:

iinn = Y A0 outh + Vb s} (4.7)

J
biing = ¥ ABjial puun + €iibjout}
;

1By ‘equal time’ here we can read ‘on any spacelike hypersurface’.
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as in Section 2.4.1. The (Heisenberg picture) ‘in’ vacuum |vac;,, h) is defined by the
requirement that

Qi inh|VaCin, h) =0 = b; inn|vaci, h) (vaci,, h|vacy,, h) =1 (4.8)
and the ‘in Fock space’ is defined by acting on |vac,, h) with all possible combina-
tions of creation operators, and taking the span of this. The ‘out’ vacuum and the ‘out
Fock space’ are defined similarly. If (vacyy:, h|vaci,, h) # 0 then the ‘in” and ‘out’” Fock
spaces may be seen to be simply different parametrisations of the same space, whereas if
(vacout, hlvaci,, h) = 0 then the two spaces are mutually orthogonal spaces!

Recall that the state spaces are Heisenberg picture spaces, and so do not evolve
with time. This means that the Heisenberg picture state |vac;,, h) represents not just
|vac_s) but rather represents |vac_o.(7)) for all 7, so that for instance (vac,ut|vac;,) <
(vace(T)|vac_w (7)) which is independent of 7 by virtue of conservation of the inner
product (and hence = (vac.|vac_.(00)) in agreement with the Schrodinger picture ver-
sion). At first sight the Heisenberg picture might seem to be inconsistent with having
different ‘in” and ‘out’ parametrisations of state space. The reason that this is consistent
is of course that the operators that describe the properties of these states evolve with
time in the Heisenberg picture, so that the states with represent particles/antiparticles at
early times need not represent the same thing at late times. Notice also that no concrete
representation of state space, or of the creation and annihilation operators was necessary
here, since properties (4.4) - (4.8), are sufficient to completely describe state space. I will
show in the next Section that these properties are indeed enough for us to deduce the
general S-Matrix element of the theory, but that these derivations are more difficult, and
conceptually more obscure than those given in Section 2.4.3.

Having described the conventional Canonical construction of the ‘in’” and ‘out’ spaces,
and Bogoliubov coefficients, we are now in a position to introduce into this frame-
work the particle definition defined in the previous Chapter. Clearly that definition
allows us to replace {u;in(2), viin(2)} and {u; out (), Vi our(x) } With {u; - (2), vi 7 (2)} and
{ti - (2),vi-(x)} where 7y is some arbitrary ‘in time’ and 7 > 7 is some arbitrary ‘out’
time, according to some chosen observer (and we need no longer place any ‘asymptotic
niceness’ restrictions on the background that is present). We can then define the finite
time Bogoliubov coefficients (71, 70), 8ij(T1,70) etc, just as in (4.1) and (4.2) (which
agree with equations (3.24) now). The field operator @ZAJ(;L') can then be written as

Y(z) = Z{uz’m(m)am,h + i (7)) (4.9)

and is completely independent of 7,. The Heisenberg picture vacuum |vac,y, h) can be
defined by the requirement that

CLi77—07h|vac7-07 h> = 0 = bi77—07h|vac707h> (4'10)

and the ‘ry Fock space’ can be defined just as before. One note worth making here is that,
if we used the explicit representation of state space introduced in the previous Chapter
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(or at least the Heisenberg picture equivalent of it) then we could substitute (2.32) and
(2.33) into (4.9) to get:
= Z wl(x)ld)h

where the {¢;(z)} form an arbitrary orthonormal basis for the solution space. In this
form we see that ¢(z) is trivially independent of 79, and similarly, that it does not depend
on the split of solution space into ‘+ve/ — ve energy solutions’.

4.2 S-Matrix Elements

Define the arbitrary ‘in’” and ‘out’ states:

i192...m S T i T

|<m LN I Y Y S N LN
i192...0m S T i T

and |(] e Jout, , h) = ) Y ) N S TN )

We wish to calculate <<2122 g ’)outT1 L h (“22 “")mTO, h) using only the formalism of Section
. J1d2-euin
4.1. To do this, start by deﬁnmg

¢y = (vacy,, hlvacy,, h) (4.11)
1162...8m) — 1 1182...4m
V(anem) = g<(]11;2 ‘m)ouls, , hlvacs,, h) (4.12)
2122 0m\ — 1 21%2...0m
ALt = g<fuacn,h|(]1;‘2 " )ing,, h) (4.13)

Once we have calculated ¢,, V(;”j’ Zj’") and A(;”jz Zj’"), we can calculate any arbitrary S-

Matrix element by using (4.6) or (4.7) to convert it into a linear combination of V<;11;22 Z]m)’
or A(nlz Zm)
J1J2---In L.
From the definitions of V' and A we have:
[vacy,, h) = ¢, Z Z V 111]22 ;: 111]22 Jm)OUtTl’h> (4.14)
n,m=0 i1<ig-<im
71<g2<Jn

— 2122 zm (2122 zm)
[vacs,, h) = ¢, Z Z ]1]2 gn/ I\j1g2-dn iy, h) (4.15)

n,m=0 i1<ig-<im

J1<)2<Jn
Acting on (4.15) with a; ;, » and using (4.6) gives:
(o]
— * 2122...im) (21...zr...zm)
0 Z Z {Z a”T Jljg---jn.| J1J2-In ‘znm,h>
nm=0 i1<iz<itm r=1
J1<2:<Jn

+ 3B GG i) (4.16)

50



true for all 7. Consider now the coefficient of |<jl)in.ro, h) in (4.16). This gives:

0= ai,A"(}}) + B A7)
where A() = 2 = 1. So, if we define the matrix A = €7, so that AT = —a~'8 (from
(2.111)) then we have A(;i) = Aj,i, in agreement with (2.107). Looking at the coefficient
of |<Z”2 i Ying,, h) in (4.16) gives (after some work)

J1J2++:Jn
n

D2 el (Gimtt) = () Y () B A ()
l

r=1

Multiplying through by o; ', summing over i and conjugating gives:

n

M) = (1 D A A () (.17

r=1

For n = m this gives (by induction)

Ajlil A]lln
AGEzR) = (R0 det | f 1)
A; Ajpi

ntl nin

in agreement with (2.107). Looking at the coefficient of |(i1"'im‘1)in.ro,h> in (4.16)
gives A(im'“im) = 0 whenever m > 0, while A(] i ) = 0 can be deduced by acting
on (4.15) with b;+, » and looking at the coefficient of |<]1j2...jn_1)m‘fo’h>‘ Combined with
(4.17) this gives

A(“” 2m) =0form#n

J1J2-+-Jn

as required. Similarly, by acting on (4.14) with a; -, » and b; 5, » and extracting components
we can deduce:

‘/’iljl ‘/'Ll]n
VG =R | 19
Vi = Vinia

We now know enough to calculate any arbitrary S-Matrix element up to a factor of the
vacuum - vacuum transition amplitude ¢,. In order to calculate ¢, we can use

1= Z Y Gz outy, h)(( 25 Youtr Al (4.20)

n,m=0 i1 <ig--<im
J1<g2 - <Jjn
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to get

2122 K 2
1= g g ]1]2 ]” out, , hlvac,, h)|

11<12 ‘<in
71<42<jn
‘/iljl ‘/iljn
= |e,|? 1+Z Z |det : P (4.21)
pggn Ve o Vi
= |cy|2 det(1 + VVT) (4.22)

where we have used the rather obscure matrix identity?

o Viljl e Viljn
det(1+VVH =14 Z [det | G
=g Dea o Vi
Hence
ley|? = det(1 + VVT)! (4.23)
= det(aal) from (2.112) (4.24)
= | det(a(t1,10))|* = | det(e(ty,t0))|? (4.25)

where we have used the Bogoliubov conditions again in the last line. Notice that we cannot
calculate the phase of ¢, by this method, only its magnitude. This is of no importance
to us, since the phase has no effect on transition probabilities, or expectation values
(calculated by the methods of the previous Chapter, or of the next Section). However,
if we wish to work with the functional integral 7 = (vacyu|vaci,) (in the presence of
external sources), then the phase of this S-Matrix element becomes vitally important - it
is the real part of the effective action W (defined by Z[0] = €""). This is discussed in
DeWitt?4 and in Birrell and Davies??, but will not be discussed further here. However,
in Section 4.5 I will justify equation (2.100), which is the equation generally used for
evaluating W.

4.3 Expectation Values and Vacuum Subtraction

The first thing I wish to consider here is the relationship between Hermitian extension and
conventional ‘second quantization’. To do this, suppose we have chosen an observer (and
so have chosen a split of spacetime into ‘space’ and ‘time’) and consider a ‘first quantized’
operator Al(r) : 'H — H (this will generally be a differential operator on z|g,). By

inserting factors of 1 = Y. |u; - (z]s, ) ) (wir (z]s, )] + Vi (2]s,)) (Vi (2]s, )| either side of

2This identity follows from the Cauchy-Binet formula, applied (in the notation of Horn and Johnson[67]

pg22)to A=[V,In]= Bt witha=pg={1,...,N}and r = N
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Al(r) we can write:

Ai(r) = Zw,m(ﬂflzf)lfil(T)lujpm(:E|zf)>|uz-,fo(fc|zf)><uj;m(wlzf)| +
(i (25| A1 (7)]0j (], ) [t (]5,)) (0 (]2, ) + (4.26)
b

(Vi (2]2) [ AL () g (25, ) [Vimy (2], iy (]2, ) +

(Vi (2[5, )| AL (T) 0750 (2] 2,)) Wiy (2[5, )) (0 (2], )|
)

By noticing that under Hermitian extension |u; -, (z[s,)){ujq (2|5, )| — @], (T)ajx(7),
[wi o (2|5, ) ) (V) (2]2,)| — a:»r770(7')13}770(7') etc.. (in the notation introduced at the end of

Section 2.3.1), we can now write Ag(7) as:
Ap(r) = Wi (2[5, )| AL (7) |y (2], ))al - (7) g (T
An(7) {(iro (5[ A1 (7) [ujimg (2], )yl (7) i (7) +
]

<umo(l‘|zr)|A1(T)|vm(l’|zf)>a3,70(T)Ab},TO(T) + (Wi (25, )AL (7) [ (2] 2, )iy (7)1 (7) +
(Vi ()5 )| A1 (7) [V, (2] 2, )i (T)B] L ()} (4.27)

Meanwhile, in the conventional approach to second quantization the pre-normal-ordered
‘second quantized’ operator A,.i,.(7) is obtained by substituting the field operator ¢ (x)
from (4.9) into the integral expression for the ‘first quantized expectation value’

<¢($|Er)|A1(7)|¢($|2T)> This gives:

Anaive(’]—) = Z{<ui77—0(:L.|ET)|A1(T)|uj77—0($|ET)>a2’770,haj7707h —I_
]

(Wi o (]2, ) [ AL (T) 00 (5, ))ad BT (Wi (29, ) [ AL (T) [ty (2] 5,))Bi g
(Vi (@], ) [AL(T) 0500 (2], ))birg b} (4.28)

which is clearly the Heisenberg picture version of (4.27). Notice that by construction
neither of these operators depends on the choice of 7y. It is also worth noting that al-
though (4.27) and (4.28) are equivalent, the expression (4.27) is seldom very useful in
my formalism. It is much more convenient in most situations to work directly from the
definition (2.17). The same comments apply to conventional multiparticle quantum mech-
68,69 for instance) where expressions like (4.27) appear (with only the wu;(z)'s
and a;’s), but are seldom found useful. Part of the reason for this is that writing down
(4.27) requires having at your disposal a complete set of solutions to the (first quantized)
governing equation, and the usefulness of (4.27) then relies on the matrix elements taking

a convenient form in this set. Indeed, even writing down the field operator 77[)(1’) requires

anics (see [

this complete set of solutions. This is in my opinion a significant drawback of the stand-
ard approach to QFT. The definition (2.17) on the other hand, which is precisely the
definition used in multiparticle quantum mechanics, is well-defined regardless of whether
or not we have such a complete set.

We can now calculate the expectation value of /Almwe(T) in the state |vac,, ,h) (rep-
resenting the state that ‘at time 7;,” was vacuum) for some time 7;,. To do this choose
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To = Tin i (4.28), to get:

(acr,, bl Ausive(T)[vace,, h) = (vim (2]z,)| A (7)o (2], ) (4.29)

7

which can be recognised as the first term in (2.79) (which followed directly from property
4 of Section 2.1.3). Now consider normal ordering. Although Amwe('r) is independent of
the choice of 75, the normal ordering process is clearly dependent upon this choice. Hence,
denote normal ordering with respect to the ' expansion of ?j)(l’) by : 7. Then:

t Anaine(T) 1 = Y (oo (@] s )AL (7) |wje (s, )l a0
i
i (x5 )AL (7)o (2], ))al bl L+ (i (@le, )AL () (2], )i n o
— (vir(@|e, )AL (7) (22, )BT b (4.30)

= Apaine(7) = Y _(vi (2|2, )| As (7)o ro(2 ]2, ) (4.31)

7

Comparing the second expression (4.31) above with (2.79), or with (2.40) reveals that
vacuum subtraction corresponds to the choice 7/ = 7. That is, it corresponds to normal
ordering at the time of measurement:

A A

Aphys(T) & 1 Apgine(T) 17 (4.32)

This is also the choice used in the ‘Hamiltonian diagonalisation’ procedure discussed in
the next Section. I will assume that 7/ = 7 from now on. Expression (4.30) is what we
obtain if we normal order by ‘moving the creation operators to the left, and changing
appropriate signs’, while expression (4.31) is the acknowledgement that this is the same
as subtracting an appropriate multiple of the unit operator. Since (4.31) still allows us to
express Amwe('r) in terms of an arbitrary 7y, then it is generally more convenient than the
first expression (4.30) above, which requires expressing Anawe(T) in terms of 7o = 7'(= 7
now). To illustrate this, consider (vac,,,, h| : Amwe('r) iy |vac,,,, h) for some 7, # T.
Using (4.31) allows us to write:

(vac,,, ,h|: Amwe(T) i vacs,,, h)

= Z@w(éﬂlzr) Ai()oin(2l5,)) = D (vir(alg, )| As(7)vir(2]z, ) (4.33)

just as in (2.79). Then, if we wish (sometimes this will be convenient, but certainly not
always), we can expand the {v;, (z|s,)} in terms of the {u;.(z|s,),vi-(x|zg,)} just as in

(2.55) or (4.2) to obtain:

(vac,,,, h|: Anawe(T) i [vaces,, h)

= Trace(ﬁﬁTA‘H'(T) — ’)”)/TA__(T) + GﬁTA+_(T) + ﬁeTA_+(T)) (4.34)

just as in (2.81).

54



However, if we had tried to use (4.30) to evaluate (vac,,, , k| : Anawe(T) i vacs, , h)
(as is common in the literature) then we would first obtain:

(vacr, |+ Auaive(7) 17 vacy,, h) = Y ALF(7)(vacy,, hlalaj 1lvacs,, h)
i

—I_AZ-;_ (7-)<Uac7'in7 h|a;’r,hb},’r,h UacTin? h> —I_ A’i_j+(7-)<va67in7 h|bis7’sha]‘77,7h|vac7'in7 h>

— A (r)(vac, hlb] 1y [vac,,, h)bi

into which we must substitute (4.6) in order to get (4.34) above. Although this still yields
the right result, it is more cumbersome than using (4.31), and it suppresses the fact that

(4.34) is simply (4.33)

Finally, it will be convenient for the next section to consider the operator [:[mwe(T)
(obtained by substituting ¢ (x) into (3.17)) expressed in terms of 7o = 7. This can be
written as:

Hmwe(T) = Z H$+(T)a;77haj,7,h + HZ_ (T)GI,T,hb},T,h
]

+Hi_j+ (7)birnjrp+ H™ (T)bi777hb}777h (4.35)

Since {u;,(z|s,)} and {v;,(z|s,)} are chosen to satisfy the particle definition intro-
duced in the previous Chapters. (see pages 40 and 41 for instance) then we clearly
have H (1) = 0 = H"(7), so that [A{mwe(r) contains no a:.r777hb}777h, or b+ paj
terms. We also have that H**(7) and —H ™~ (7) are positive definite. Conversely, it
is straightforward to show that requiring H="(7) = 0 = H*™(7), (and that H*"(7) and
—H ™7 (1) are positive definite) is enough to guarantee that {u;.(z|g,)} span H*(7), and
that {v;.(z|s,)} span H~ (7). This amounts to a proof of the fact that the particle defini-
tion given in Section 3.2 is equivalent to Hamiltonian diagonalisation of the Hamiltonian®
obtained by substituting 77[)(.1’) into (3.17). To put this result in context, we now turn to

a discussion of Hamiltonian diagonalisation.

4.4 On Hamiltonian Diagonalisation

The idea of using ‘Hamiltonian diagonalisation’ as a prescription for defining particle/anti-
particle states dates back to a paper by Imamural”™ in 1960, which was in turn based on an
analogy with Bogoliubov’s work on superfluidityl™ and superconductivity!”™. However,
the idea was not developed in any detail until the papers by Grib and Mamaev[*> 4’ and
Grib, Mamayev and Mostepanenko*!! throughout the 1970’s. The basic procedure is:

A 3An interesting note worth mentioning here is that the generalisation of the well-known formula
% = i[H, )] to gravitational bagkgrounds is Anot k”Vul/;(;rz)|gr = i[ﬁnaive(j—)ai/;(m|2r)] as might have
been expected, but rather k#V ¢ (z)|s, = i[Hnh naive(T), ¥(2|5,)], where Hpp naive(T) can be written
in terms of 1/;(,1) by substituting 1/)(:15) into the expression (see Section 3.2) for (1/)|lffnh(2)|1/)>g Normal
ordering of course makes no difference to these results.
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1. Obtain a (pre-normal ordered) ‘second quantised Hamiltonian’ or ‘energy operator’
by whatever means necessary. For fermionic systems (about which comparatively
little has been done) this involved appealing to the energy-momentum tensor, while
in Bosonic systems it often involved some sort of canonical quantisation procedure.

2. Substitute the expansion of 77[)(1’) (in terms of creation/annihilation operators and
a basis of solutions of the governing equation) into this Hamiltonian, to get an
expression for ]:](t) in terms of creation/annihilation operators, with coefficients
depending on the choice of basis solutions.

3. Choose the basis solutions that ‘represent particle/antiparticle states at time ¢y’ by

the requirement that ]f](to) be diagonal, in the sense that it does not contain any
topt

terms proportion to b; 4, a;, or proportional to a; 1,054

4. Applying this requirement at two different times leads to two different mode-expansions
of ¥(z), which will be related by Bogoliubov coefficients, which can then be used to
calculate S-matrix elements, vacuum expectation values etc.

We see then that if the ‘second quantized Hamiltonian’ is taken to be that obtained by
substituting 1/3(1‘) into (3.17), and we take as implicit to Hamiltonian diagonalisation the
requirement that H*F(7) and —H~~(7) be positive definite (that is, that particles have
positive ‘Ist quantized’ energy, and antiparticles have negative ‘Ist quantized energy’),
then my particle definition becomes equivalent to Hamiltonian diagonalisation. However,
as is probably quite apparent to the reader, the Hamiltonian diagonalisation prescription
is quite meaningless unless a Hamiltonian is specified, and the results of Hamiltonian
diagonalisation will depend on precisely which Hamiltonian we choose. The Hamiltonian
proposed in Section 3.2 has never before been studied, and it is the first Hamiltonian that
is defined directly in terms of the motion of an observer, and that depends only on the
choice of observer and the background present, not on the choice of coordinates or (in
an electromagnetic background) the choice of gauge (a problem which plagued previous
‘Bogoliubov coefficient” methods4). Tt is also the first definition that does not rely on
the spacetime possessing any convenient symmetries.

Early attempts at Hamiltonian diagonalisation received much criticism, most notably
by Fulling™® in 1979. Fulling’s main criticism was the ambiguity that existed in early
attempts to define a Hamiltonian operator. (He even went as far as to point out that
there exists a Hamiltonian for any desired purpose, and demonstrated this by deriving
a Hamiltonian whose diagonalisation would yield the ‘adiabatic expansion’ prescription
that he himself advocated.) In the early examples of Hamiltonian diagonalisation, this
Hamiltonian came from a canonical quantisation procedure, with respect to an arbit-
rarily chosen time coordinate. This was hopelessly ambiguous, since the results were
sensitively dependent on this arbitrarily chosen time coordinate. Another procedure was
to simply take the Hamiltonian to be deXTOO(z/A)(:z:)), (or the even more ambiguous!™
[ T,,,d%* over an ‘arbitrary spacelike hypersurface’) which is again hopelessly dependent
on the choice of time coordinate (and the choice of hypersurface). However, more recent
work* ™ has gone some way towards remedying this situation, by using [T,k ds"
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(as in (3.17)), where k* is taken to be a conformal timelike Killing vector field. At this
point the Hamiltonian diagonalisation procedure has become very similar to the method
proposed by Gibbons!™! in 1975, which amounts to diagonalising [ T,,k"d%* where k*
is taken to be a Killing vector field there. Diagonalisation procedures based on these
‘improved Hamiltonians” have been used in recent work on inflationary cosmology, such
as in Chungl™ et. al.’s recent work on particle creation during an inflationary era, and
the possible production of ‘wimpzillas’.

However, even these ‘improved’ diagonalisation procedures are far from satisfactory.
DeWittl?4 for instance, after outlining Gibbonsl™!" prescription, comments that “this is
just as in conventional particle physics. The only trouble with it is: it’s wrong. It is not
wrong in a technical mathematical sense. It simply provides a grossly inadequate found-
ation for the theory.” Of the various situations DeWitt mentions for which Gibbon’s
construction is inadequate (see 24 for details) the most obvious and irrefutable one is
the fact that most spacetimes (including our own) do not possess timelike Killing vector
fields! Even for spacetimes that do admit Killing vector fields they might not be timelike
everywhere, and what if there are more than one of them? We are expected to assume
that if more than one timelike Killing vector field exists, then the different Killing vector
fields are to be associated with different choices of observer, but no prescription is given
to describe which Killing vector field is to be associated with which observer. Also, what
about those observers among us us who occasionally stray from our Killing path - surely
we still have the right to count particles once in a while?!

I have demonstrated in the previous Chapter that my particle definition is precisely
the definition needed to fix these problems. By defining k#(z) directly in terms of the
motion of an observer, I not only provide a definition that appropriately takes observer
dependence into account, but I ensure that the definition depends only on the motion of
the observer - not on the choice of coordinates, the choice of gauge (in electromagnetic
backgrounds) or the existence of special symmetries. This also means that my definition
is well-defined even in an arbitrary electromagnetic or gravitational background, and for
an arbitrary observer. Another advantage of the prescription presented in Chapters 2
and 3 is that I have not just provided a ‘Hamiltonian diagonalisation condition’ (equation
(3.20)) which H* (70) must satisfy. I have also provided a clear procedure for constructing
H* (7o) (in terms of eigenstates of the 1st quantized Hamiltonian ﬁl(r)) which allows us
to tackle arbitrarily complicated situations. With the conventional Hamiltonian diagon-
alisation prescription however, unless the spacetime allows separation of variables no clue
is given as to how to actually satisfy the ‘Hamiltonian diagonalisation condition’. It is not
surprising then, that in all the examples of Hamiltonian diagonalisation so far considered,
this separation of variables was indeed possible.

This need to be able to separate variables is also a problem which plagues the ‘adia-
batic approximation’ techniques advocated by Fullingl®® % and others. Having chosen
such a separation of variables (when this is possible) the adiabatic approximation tech-
nique does provide an unambiguous prescription for which parametrisation of time (7(¢)
say) is the appropriate one. However, as we saw in Sections 3.2.2 and 3.2.3, there is
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often more than one way of separating variables, and each such separation will lead to a
different adiabatic prescription.

I would also like to return here to the fact, as pointed out in Section 2.2.4, that any
physically reasonable definition of particle must be non-local! No local definition could
possibly be consistent with the Unruh effect. I have demonstrated with a simple example
that, as we would hope, this non-locality is only significant on scales of the order of the
Compton wavelength of the particle concerned. Despite this, this non-locality has caused
significant concern among quantum field theorists working in gravitational backgrounds,
causing many in the field to abandon the concept of particlel*}. T find this level of concern
quite surprising, especially considering the fact (as also pointed out in Section 2.2.4) that
this non-locality was already present in free quantum field theory in flat Minkowski space!
Even more relevant is the fact that, while the early quantum field theorists were trying to
formulate a completely local theory, Bell and others were setting up experiments to check
the validity of some of the non-local claims of quantum mechanics (see Wick[™ for an
excellent historical overview of these experiments). They found, as we all know, that those
non-local claims were right! These experiments have now been carried out over distances
as large as 10 kilometres, and the result is still the same - not only is quantum mechanics
non-local, but if it wasn’t non-local, it would be wrong! Roger Penrosel™ for instance not
only points out that “Experiments of the EPR type give clear observational substance
to this puzzling but essential fact of quantum physics: it is non-local.” but goes on to
point out that “The difficulty of a consistent relativistic interpretation of the quantum
jumps occurring with [state-vector reduction] that the EPR-type experiments leave us
with, is not even touched by quantum field theory”. These non-local aspects of quantum
mechanics form the basis of a whole new field of research (that of quantum computation),
where researchers are even considering the possibility of harnessing this non-locality in
the next generation of computers. With these points in mind, [ would claim that not only
must we accept the appearance of the observer and their hypersurface of simultaneity
at the heart of QFT, but we should embrace this fact. An ability to consider non-local
issues such as entanglement and state-vector reduction within a relativistic context is not
only essential, but also long overdue! Collapse of the wave-function, whether viewed as
a fundamental postulate, or as a convenient approximation to the detailed interactions
involved in any measurement (as in the decoherence viewpoint) seems to be here to stay.
If we don’t make a place for it in relativistic quantum physics, then it will be at our peril.
Doing so clearly requires (just as I have done) that a choice of hypersurface be associated
with any measurement, while consistency requires that this hypersurface be specified in
terms of the motion of an observer.

It is also worth noting here, that state-vector reduction is significantly easier to con-
sider in the Schrodinger picture, where we work directly in terms of the states of the
system. Although it may well be possible to describe state-vector reduction in terms
of the field operator 77[)(1’), doing so would be both cumbersome and conceptually awk-
ward. I should also stress here that the non-locality that is demonstrated to be present in
quantum physics does not lead to any violation of causality. This is because, as mentioned
in Section 2.2.4, the governing equation is completely local. So, although measurements
may reveal correlations between spacelike separated events, there is no way of sending
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signals at superluminal velocities, and hence no possible violation of causality.

The need to consider states as being defined on an entire Cauchy surface, (not just
locally definable) is of course not restricted to EPR related issues. Even in a problem
as straightforward as the hydrogen atom, deducing the allowed energy levels requires not
just solving the eigenvalue equation locally (which can be done for any eigenvalue), but
also extending these solutions out to spatial infinity, so as to deduce which states converge
there.

Finally, I would like to address Fullings!*® comment that “With the field itself thereby
put in its rightful place at the centre of the physical interpretation of the theory, the
particle concept is reduced to a somewhat arbitrary technical aid”. This is directly ana-
logous to saying that the wave function of a quantum system is most fundamental to
its physical interpretation, and that its decomposition in terms of the eigenstates of a
Complete Set of Commuting Operators should be considered to be merely a ‘technical
aid’. Quite clearly, knowing the wave function of a particular hydrogen atom for instance,
even knowing the expected energy density associated with this wave function, tells us
next to nothing about the properties of that atom. Such properties as the allowed energy
levels, and the probability that an electron will occupy a certain allowed energy level, will
involve the expectation values of projection operators onto portions of the spectrum of
the Hamiltonian, all of which are non-local in precisely the same sense as is my particle
definition (which is constructed entirely from projection operators onto portions of the
spectrum of the Hamiltonian). If we are to believe that such projection operators are
mere ‘technical aids’, or as DaviesP¥ puts it, that “particles do not exist”, must we now
convince the chemists and the astronomers that the atomic spectral lines they measure
everyday are simply ‘technical aids’ and do not really exist!

4.5 Greens Functions

In this Section I wish to compare the Greens functions, defined in terms of vacuum
expectation values of field operators, with the evolution operator i (t,t9) on H, and with
the Bogoliubov matrices. For simplicity, I restrict my attention to inertial observers in
electromagnetic backgrounds (and I work in the inertial observers rest frame) so that I may
refer to (x,1) just as in Chapter 2. However, most of this Section is easily generalised to
arbitrary observers and arbitrary spacetimes. It will often be convenient in this Section
to write the solutions w4 (x,t) as (x|u;4 (1)), denoting the fact that w;,(x,t¢) is the
‘coordinate-space’ representation of the state vector |u;¢(1)). (w4, (t)|x) then represents
the ‘conjugate transpose spinor’ u;to (x,1). The equation U, (t,t")|¢pp) = |u (1)) can now
be written in coordinate space as:

(x| (1)) = /dSX'<X|Ul(t7t')|X'><X’|¢t'> (4.36)
= /dSX'iS(x,x')fyo;/Jtl(x')
where 1 have defined the full propagator S(z,z'), by iS(z, 2" )y = <X|Ul(t,t')|x'>.
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0 (t,t") can be written as:
=D i) (wi(t)] (4.37)

where {|1;(t))} is any orthonormal basis of solutions to the Dirac equation. From this it
is clear that S(z, ') satisfies:

(i’y“% —ev" Ay (z) —m)S(z,2") =0 (4.38)

and satisfies the conjugate Dirac equation in .
It is often convenient to also define the forward evolution operator Ut (¢,1') by Uit (¢,1') =
0(t — U (t,t'). That is U (¢, 1) = Uy (¢, 1) for t > 1" and U;F(¢,¢') = 0 for ¢ < ¥, so that

U (t,t") only propagates forward in time. This is written in integral form, as:

ol t) = =i [ P Sae, () (4.39)

where —1Sg(z, ')y = <X|(A]1+(t,t’)|x’> is the retarded Greens function, and satisfies

(iy“% —ey"A,(z) — m)Sgr(z,2') = id(x — 2') (4.40)

with Sg(z,2") = 0for ¢t < t'. In fact, it can be shown that Sg(z, z') is zero except when
x' is in the causal past of z, as required for causal propagation. Any function satisfying
equation (4.40) is called a Greens function. There are of course many possible Greens
functions, corresponding to different choices of boundary conditions. The commonly used
Greens functions can be defined in terms of the field operator LZJ(.TL‘) as:

0|¢() ( )[0)

N=0(t' —t)S(z,2") (4.41)
where S*(z,2') are the Wightman functlions, iSp(x,2') is the Feynman propagalor,

SM(z,2') is the Hadamard function, iS(z, ') is the full propagator, and Sg(x,z'), Sa(z, ')
are the retarded and advanced Greens functions respectively. Notice that I have included
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S*(z,z"), SO (z,2") and S(z,z') in this list despite the fact that technically these are
not Greens functions - they satisfy (4.38) rather than (4.40). 1 will show soon that the
definitions of Sg(x,z') and S(x,z’) given here agree with those given above.

Clearly these definitions are not yet complete, since I have not specified what state
will constitute (0| and |0). Three common choices (see Gavrilov et. al.l"l or DeWitt[2

for instance) are (vac, |vacou), (vac,| lvac;,), and <w<c7j;im|m|§zgm>, with the last
being the most useful for the perturbative calculation of S-matrix elements (see Fradkin
et. al.l'l or Birrell et. al.l8),

The first two can now be generalised to (vacy,h|  |vacy,h) for arbitrary ty5. Sub-

stituting L/A)(x,t) into (4.41) gives:

Sh(@, a0 = Y (X (4)) (o (¢) ')

7

= (x| (t, t’)70|X'>
where S‘ Z i 1 (1)) (it (t )

A

= Ul(t, to) P (to) Uy (1o, t') (4.42)

From (4.42) we see that, g{g(t,t’) evolves a state from time ' to time ¢, but only if
the state was in H* (1) at time to. Similarly we can write S; (z,z")y0 = (x|S;, (£, )y |x")
where

to t t ’70 Z |U2 to vl ,to (t )| (443)

A

= Ul(t,to)P (to) U1 (to, 1)

From these we can calculate all the other Greens functions. It is clear from (4.41) that
ig(t,t’)’yo = Ul(t,t’) and —iS’R(t,t’)'yo = U{"(t,t’) as claimed. We also see that g(t,t’),
SR(t, t') and gA(t, t') are independent of ¢y, while the others depend on .

The separation of Greens functions into those that depend on {3 and those that do
not is equivalent to the split (see Fulling!?¥ for instance) into those Greens functions that
do, or do not, depend on the decomposition of solutions into positive/negative frequency
components.

Notice also that when defining the evolution operator in equation (2.19) I required that
tp(x') represent our chosen initial conditions at time ¢'. That is, I required ¢ (x',t") =
Yu(x') (‘or at least limy o (X', 1) = u(x')) Although substituting any one of the Greens
functions into equation (4.40) would generate a solution of the Dirac equation, it is only
Sr(z,z') (and S(z, z’), although this is not a Greens function) that satisfies this condition.
That is, it is only the retarded Greens function that evolves a chosen initial state forward
in time.

In conventional Q.F.T. the retarded Greens function is discarded, due to the claim
that it would lead to a non-zero probability for a transition from a particle to an anti-
particle state (see Feynmanl®! for a succinct account of this). This of course does not
happen in the formalism of the previous Chapter, since antiparticle states have different
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grade to particle states. Rather, as we have seen already, the development of a negative
energy component under evolution manifests itself physically as pair creation. Conven-
tional approaches, having discarded the retarded Greens function, replace it with the
Feynman propagator ¢Sg(z,z'), which propagates positive energy particles forward in
time, and negative energy particles backwards in time. However, due to the distinction
between positive and negative energy states (dependence on ty), and the consequence
that 1Sp(x,2') # 0 even for z,z’ spacelike separated, the Feynman Propagator becomes
troublesome whenever the Hamiltonian is time-dependent. Fulling!?’! (p 79) comments
that “there is no obvious, natural definition of [ the Feynman propagator | if the dynamics
is not independent of time”, and goes on to point out that this is a “fundamental problem
for the quantum theory of such systems”. We have seen above that the reason why there
is “no obvious, natural definition of the Feynman propagator”, is simply that when the
Hamiltonian is time dependent we have a whole family of possible Feynman propagators,
namely Sgy, (z,2') for each t5. The fact that the formalism I introduced in Chapters 2 and
3 uses the causally well-behaved, uniquely defined Greens function Sg(z,zq) (or S(z,z0))
rather than Sp(z,x¢) thus represents a significant improvement on conventional methods.

Now, to compare the operators SA% (t,1), SAYFJO (t,t') etc with the Bogoliubov coefficients,
define the Bogoliubov operators:

Gy 1ot 1) = UL (8, 10) P U (1, 10) B U (Lo, 1)
Bur o, 1) = Ur(t, 1) PO (1, 1) P Un (0, 1)
At (6,1) = U (4, 1) P UL (1, 10) B U (20, 1)
Eivto (1, 1) = U (4, 10) P Uy (11, 1o) P Un (Fo, 1)

These are related to the Bogoliubov coefficients by:

Gty o (1) [0 (1)) = cxij(ta, o)
&1‘171‘0 (t7t/)|ujﬂf0 (t/)> = <ui¢1(t)|&l‘1¢0 (t7t/)|vj7fo (t/)> = <v’i¢1(t)|&l‘1¢0 (t7t/)|vjﬂfo (t/)> =0

(i (1)
(vin, (1)

and similarly for £, 4 and €. In Section 2.4 1 only needed to use éy, 4,(11,t0), Bt17t0 (t1,%0)
etc, but 1 may need the more general form of éy, + (¢,1') when investigating interacting

quantum field theories, which 1 hope to do in future work. There are a variety of ways
in which the Bogoliubov operators can be related to the Greens functions. These are
summarised in the formulae below:

A A

&f17f0 (tvt/) = g:;(t77)70 :;(T7 t/)70 ﬁl‘lﬂfo (t7t/) = g;;(t7r)70§;(r’ t/)70
:Ytlﬂfo (t7t/) = t_(t77-)70‘ 7;1(;(7-7 t/)70 €110 (tat/) = S’t_ (taT)P)/O‘ 75_(7-7 t/)70

where 7 is completely arbitrary. Taking ¢y = #; gives:

&1‘071‘0 (t7 t/) = g;g(t7 t/)PyO é1‘077“0 (t7 t/) = gt_o (t7 t/)P)/O
tat/) =0= :71‘071‘0 (t7t/)
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Finally we can generate a Greens function by adding two Bogoliubov operators:
Gy o (1) + Bty (1, 1) = SF (1,170
bty g (1) 4 Fry0 (1, 1) = St+o( )v0
etrto (1, 1) 4 Brao (1,1) = S5 (1:4)70
o (1) + At (1, 1) = S5 (1,70

The Bogoliubov operators can be written in a form analogous to (4.43) as

al‘lﬂfo t t Z |u2 751 Oé” t17t0)<u] 7fo(t/)|
K%@Ut)ZE:WnAﬂWMhJ®®wJW|
Fu o (1:1) Z Vit (1)) (t15 o) (w0 ()]

€yt (1, 1) Z Vi (1)) € (R, 10)(vjze (1)

[ now turn my attention to the thlrd form of Greens functions, which can be generalised
(vacout| [vacin) to (vacey ,h| |vacigy ,h)

from (vacout |vacin) (vace, ,hlvacy ,h)

, where 11 is any chosen ‘out time’, and ¢y any

chosen ‘in time’. Substituting @/A)(X,t) gives:

St ()70 = Z iy () (@) (11 0) (g (1)
gt_l,to Z |Uz to ’t] (tlv t0)<v] t (t/>|

; i L

where I have used (2.109) and (2.110) to write << ) ?gt;l ’}?l'()(t?;?to’h) = aj_il and

(Gower Mmooy o i follow f ;
AT = (e71);;. The other Greens functions follow from (4.41). For instance

iS00 (L )70 = 2{9 =", (1)) ()5 (1, o) (w00 (1)]
—0(t" - t)|“i,to(t)>(€)¢j (L1 o) (i, (1)}

So iS’F;thtO (t,t")y0 evolves a state from ¢’ to ¢, but if £ > ¢’ it takes as input a state which
had positive energy at time ¢, (a positive energy ‘in state’) and gives as output a state
which has positive energy at time ¢; (a positive energy ‘out state’), while if £ < ¢ it takes

a negative energy ‘out state’ as input, and gives a negative energy ‘in state’ as output. It
is interesting to see the matrices (a')™! and e~' appearing here. Schematically we can
identify iSAYF;thtO (t,t")y0 with (af)™! for ¢ > ¢’ and with €' for ¢t < ¢/, and so (ignoring
factors of 7 and 7p) we can identify

det(al(ts, to) | t>t
det(e(ty,t0))™" t <t

det(SF;tl,to (ta t/)) x {

63



Since these determinants differ only by a phase, then the result (2.100) has been justified.
For a more concrete derivation of (2.100) the reader is referred to Schwinger®.

4.6 Conclusion

In this Chapter I have shown how the particle definition and vacuum subtraction scheme
introduced in the previous Chapter can be incorporated into a more conventional, field
operator based formalism, and I have used this formalism to rederive many of the results
of Section 2.3. T have also shown how the various Greens functions, defined in terms
of vacuum expectation values of field operators, are related to the evolution operator
U, (t,t0) on H, and to the Bogoliubov matrices, and I have justified (although not proved)
the conventional formula for the action functional.

It is now worth saying a few words regarding the formalism introduced in the previous
Chapter. Firstly, comparing the immediate evaluation of (2.105) and the ease of derivation
of (2.106) and (2.107) with the derivation of (4.18) and (4.19) the reader will hopefully
be convinced that the use of Slater determinants gives a much simpler derivation of S-
Matrix Elements than that used in this Chapter. The derivation of ¢, in this Chapter also
obscures somewhat the fact that it is simply the inner product of two Dirac seas. Being
able to work in the Schrodinger picture, where S-Matrix elements are seen as the overlap
between the evolved state and the desired out state, is a conceptual advantage over the
Heisenberg picture description, where the S-Matrix elements are simply overlaps between
two different choices of particle interpretation. This conceptual advantage is seen also in
comparing the vacuum subtraction scheme with normal ordering, and the choice of 7.
Other advantages of the formalism presented in Chapters 2 and 3 include the ease with
which unitarity of the S-Matrix follows from conservation of the Dirac inner product (an
ease which applies also to gauge invariance and discrete symmetries, as shown in the next
Chapter) and the insights that it affords regarding quantum anomalies. Also, by working
directly in terms of the Schrodinger picture states of the system, defined on the observer’s
hypersurface of simultaneity, my formalism is significantly more useful for the discussion
of non-local issues such as state-vector reduction, which have previously been ignored by
quantum field theory.

There is also one potential advantage of the formalism of Chapters 2 and 3 which is
certainly not just a question of simplicity or conceptual clarity. The Heisenberg picture,
and with it the entire formalism of this Chapter, is completely dependent on unitarity of
the S-Matrix. The ability to define an inner product between Heisenberg picture states
relies on the fact that the inner product between the Schrodinger picture states does
not depend on time, and it is not at all clear how this problem could be fixed to allow a
Heisenberg picture to work in a non-unitary system. Although non-unitarity has not been
encountered outside of the gravitational setting, there has been some work in black hole
physics*, and in quantum gravity generally®?, that seems to suggest that an ability to
handle non-unitary systems may be crucial to the advancement of quantum gravity. If
this proves true, then the formalism of Chapters 2 and 3 may prove to be applicable in
situations where this Chapter’s formalism would become redundant.
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Chapter 5

Continuous and Discrete Symmetries

In the next three Chapters our attention will be restricted to inertial observers in electro-
magnetic backgrounds. In this Chapter I will demonstrate that all the physical predic-
tions of this theory are both gauge invariant and Lorentz covariant, and I will examine
the consequences of parity reversal, charge conjugation, and time reversal in an electro-
magnetic background. We will see how the symmetries of the full multi-particle theory
follow straightforwardly from the symmetries of the ordinary ‘first quantized’ Dirac equa-
tion. My treatment of discrete symmetries will be different to that used conventionally,
for a number of reasons. Firstly, conventional approaches to CPT symmetries in Q.F.T
are heavily dependent on momentum eigenstates, and reference to the free theory, and
I will remove this dependence here. Secondly, conventional treatments are not suited
to working in the Schrodinger picture. This is most evident in the treatment of time-
reversal, where we often see the time-reversal ‘operator’ T defined on Dirac states by!83]
T;/J(X,t) = Tv¥*(x,—t), where in the Dirac representation the matrix 7" is T' = iv17s.
But in the Schrodinger picture a ‘state’ is a spinor valued function of space, t(x), while
time is an external variable, used to describe the evolution of the state. An operator on
state space must map a given ¥ (x) to another spinor-valued function of space, T¢(X)
; it cannot depend upon the time-dependence of the state! The fact that time-reversed
states evolve backwards in time is a property of the evolution of these states, and should
be deduced as a consequence of the time-reversal operation, rather than as part of the
definition of this operation.

5.1 Gauge Invariance and Lorentz Covariance

[ now demonstrate that all the physical predictions of this theory are both gauge invariant
and Lorentz covariant. First notice that physical predictions come entirely from inner
products on state space, and expectation values of operators on state space, and that
each of these can be expressed in terms of inner products and expectation values on H.
This fact makes the study of continuous symmetries much more straightforward than in
conventional treatments, since we need only demonstrate invariance at the level of the
ordinary Dirac equation.

For gauge invariance, consider equation (2.4), but with an electromagnetic potential
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Al (x)=Au(z) — %@MQ(;L') for some scalar field .

"
iy (0, + 1eA, + 0,Q) = my (5.1)

We know already that we can generate a complete set of solutions {¢/(z) : a € [}
of equation (5.1) from a complete set of solutions {¢,(x) : @ € I} of equation (2.4)
simply by putting ¢/, (z) = ta(z)e*®). It is clear that the Dirac inner product (2.5) is
invariant under this transformation. The other important property to demonstrate is that
energy, (and hence the choice of H*(#y)) is invariant under changes of gauge. Le. that if
Hy(t) : 0 — —iv°7% (0 4 ieAp)r + mAy% and H'(1) : b — —iy°y5 (9 + ie AL)p + mAyy
then ]:[{ (t)(¢') = H, (t)(v) for all ¢,¢. This is easily demonstrated by direct calculation.

Similarly, we can show that the covariant 3-momenta P v — 18‘%77/) — €Ayt are also

-2, and H.,(t) are however not gauge invariant.)

It is worth noting now that although all physical predictions are independent of the

gauge invariant. (Operators such as

choice of gauge, the states themselves do of course change under a change in gauge, and
in this respect the vacuum state is no exception. The fact that the vacuum state in this
construction is not gauge invariant is a fact that differs from conventional treatments, and
is at first sight quite alarming. However, there are two reasons why this does not matter.
The first is of course that since physical predictions are all independent of gauge, then the
dependence, or otherwise, of particular states is of no significance. The second comforting
point is that if we so desired, we could still enforce gauge invariance on the vacuum state.
To see this, note that the generator of changes of phase in Fx(#H) is just the Hermitian
extension of the generator in H, so that by replacing this with the vacuum subtracted
Hermitian extension, we could define a (physically equivalent) phase transformation under
which the vacuum was invariant. In this way we would conclude that the generator of
global phase changes was indeed the charge operator.

Lorentz Covariance

To investigate Lorentz covariance, consider the Lorentz transformation!®:

Y(e) = ¢'(@) = S(Lyp(e)  A*(x) = A¥(2") = 1", A (x) (5.2)

where z'# = L* z¥ Notice that n’ A (z') = n,A”(z) for any vector n, which trans-
forms appropriately under Lorentz transformations, so that if n, = ¢° is the normal to
the hypersurfaces ¢ = ¢y, then n/, = L ° is the normal to hypersurfaces ¢’ = ¢y, and
n' A" (z') = A°(z) as expected. Notice also that knowing the value of A”(z') on the
hypersurface ¢’ = to only requires knowing A”(z) on the hypersurface ¢t = .

Now, demonstrating the Lorentz covariance of my construction requires verifying three
facts:

1. If ¢ (z) is a solution of the Dirac equation in background A*(z) then ¢'(z') is a
solution of the Dirac equation in background A(z'). That is, if ¢)(z) solves (2.4),
then ¢'(2') satisfies
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M(@; + z'eA;(;z;’))@//(:L") = my'(z') (5.3)

To show this, start with (2.4), and substitute A,(z) = L" Al ('), ¥(x) = S™ (L)' (2')
(from (5.2)) and 9, = L 0, (from =L z") to get:

iL” (0, + ie A (2")STHL)Y (¢") = mSTHL)Y(2) (5.4)
(5.3) then follows if we multiply through by (L) and use the identity:
LY A" = S7HL)y"S(L) (5.5)
which defines the matrices S(L).
. For all ¢(z),¥(x)
('(2")[¢(2"))r=tg = ((2)[B(2))1=1, (5.6)

where 1), ¢ are related to 1, ¢ by equation (5.2) and the subscript ¢’ = ¢ denotes
that the inner product on the left hand side is over the hypersurface ¢’ = {3 while
on the right hand side the integral is over the hypersurface ¢ = ;.

To show this, simply substitute (5.2) and use (5.5) to deduce that:
W'y (2') = L' (x)y" d(z) (5.7)

so that, with n, = &) and n], = L,° we have n;ﬂ/;’(x')fy“qé'(x') = n,(x)y () so
that:

/dSX'n; 7’($')7“¢’($') = /d3xnﬂ¢(x)'y“¢(fc) (5.8)

as required. It is important to note here that this result does not depend on whether
or not ¥ or ¢ actually solve the Dirac equation. Of course, if they solve the Dirac
equation then the inner product becomes independent of hypersurface, and we can
drop the subscripts in (5.6) - this is important for unitarity, but is not directly
relevant to Lorentz Covariance. However, (5.6) will hold (with the subscripts) re-
gardless of the dynamics of ¢ and ¢. The presence of the subscripts in (5.6) is just
a reminder that when we transform the system we must also transform any initial
conditions that were applied to the system. This can be made clear by considering
a simple analogy - say the temperature distribution across a metal plate, when one
edge of the plate is kept at a certain temperature. We would certainly not expect
this distribution to change upon rotating the plate a fixed amount, although it is
clear that the boundary condition is still to be applied to the edge of the plate (in
its new rotated position) not to the line in space where the edge used to be!
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3. HY¥(t' = to) = H*(t = tg). That is, the particle interpretation of the trans-
formed system on the transformed hypersurface is equivalent to the original particle
interpretation on the original hypersurface. To show this, consider first the energy-
momentum tensor 7%, () formed from the state ¢(z). A straightforward calcula-
tion, similar to the derivation of (5.7) gives T“;w,(:z:') = L*, LT, ,(x) from which
we obtain:

/ PXT™ (o'l = / EXT" (z)n,n” (5.9)
That is:

(W' (") H () (2)) = (@) [ H (1) () (5.10)

That Hi/(t’ = to) = HE(t = to) now follows directly from the alternative definition
of H*(t = t,) given on page 13.

So, I have shown that the Lorentz transformed system, as observed by the Lorentz
transformed observer (i.e. in the Lorentz transformed reference frame), is identical to
the original system as observed by the original observer. This is precisely what is meant
by Lorentz covariance, as discussed in Bjorken and Drell® for instance. Notice that
it contains no statements about the relation between results of local measurements (at
a point) made by observers in relative motion (at that point). Indeed, in Bjorken and
Drell’s discussion!® of Lorentz covariance, they require only “that there must be an
explicit prescription which allows observer O', given the ¢(x) of observer O, to compute
the ¢'(z') which describes to O’ the same physical state”, and that “'(z") will be a
solution of an equation which takes the form of [(2.4)] in the primed system”. Questions
such as how two observers in relative motion would relate measurements of the Energy
momentum tensor (7, (z) and T, (z")) at their point of crossing, which are commonly
asked of classical systems, can not be asked of quantum mechanical systems. This is
because the 4-momentum operators p, (the expectation value of which is the spatial
integral of the energy momentum tensor) do not commute with the position operators z:#,
so we cannot simply ‘knock off the spatial integral’ in order to get a measure of T, (z).
This is also demonstrated at the ‘second quantized’ level, by the fact that, even when we
can define a finite quantity <Tw(:1c)> to be interpreted as the ‘expected energy momentum
tensor’, we find that the fluctuations of this quantity at a point are infinite, and can only
be made finite by averaging the quantity <TW(:1;)TW(y)> over a finite region about the
point z.

5.2 Parity Reversal

Define the (linear) parity reversal operator PiH—H by:
Py p(x) = Yot (—x) (5.11)

By substituting this into the inner product, (2.5) it is easy to see that
B P
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so that Py is unitary. We can also substitute ]51@/)(){) into equation (2.8) to see that:

~ A (X) A

PEM = gir™ (5.12)
where A%(x) = A°(—x) and ARh(x) = —AF(—x, 1) (5.13)

That is: A%(x) = A,(—x). ]:]fw(x) is the Dirac Hamiltonian in the presence of the
background A*(x), and the same result holds for H.,.
This has a number of consequences:

e If ¢)(x) is an eigenstate of ]:]fw(x) with eigenvalue F, then ]51;/)()() is an eigenstate
A © N

of HlAP(X), also with eigenvalue E. In particular P, : HE(A#(x)) — HE(AB(x)), so

that parity reversal maps particles to particles, and antiparticles to antiparticles.

Note that I have used the notation H*(A#(x)) here, (rather than H*(¢)) to denote
()

the positive/negative spectrum of [-A[fw .

e If y)(x,1) is a solution of the Dirac equation in potential A*(x,t) then E;/J(X, t)isa
solution of the Dirac equation in potential A%(x, ). To see that this is a consequence

of (5.13), operate on (2.7) with P, and use (5.13) to deduce that i%pﬂ/}(x,t) =

A

Hip(x’t)pﬁ/)(x, t) as required. (We could also deduce the same result by substituting
Prip(x,t) directly into the Dirac equation (2.4).) In terms of the evolution operator
Ui (t1,to) this can be written as:

pllA]lA(tl,to) — UlAP(tl,to)pl (514)
In terms of S-matrix elements (on H) this is

Sty (t1:10) = (S0, | U7 (11, 10) [ty
= (¢, |p1TlA]1AP (tlyto)p1|’é/)t0> from (5.14)

= (P07 (1, ) ) = SAT L () (5.15)

Combined with the fact that P, : HE(A(x, o)) — HE(Ap(x,10)) this gives:

A A A A

g, i (t1,%0) = O‘pf¢tl7pl¢t0 (11, t0) Boe, g (t1,t0) = ﬁplitppmo (11, 0)
A A A A

7@1 Wig (tl’ to) - 71512n Prabe (tl’ to) 6@1 WPeo (tl’ to) - 615125“ Prapeg (th to)

A A

To extend the action of P, to Fa(H) simply define P Fa(H) = FA(H) by P= Py

This is also unitary, and satisfies
PUA(ty,to) = UAP (14, 10) P (5.16)
where UA(tl,to) is now the full evolution operator on F,(H). Again we see here how

straightforward it is to move from the first quantized to the second quantized treatment of
symmetries, something which is quite non-trivial in conventional formulations of quantum
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field theory. A consequence of (5.16) is of course that (5.15) holds on all of state space.
Also, since Py : HT(A(x,t0)) = HY(Ap(x,1o)) we get:

P|UCLCA¢0> = 77vac|vacAP¢0>

where 7 is some unknown and ummportant phase. I will assume 7,,. = 1 from now on
(we can easily redefine Pphys =n’,. P to achieve this anyway ).

Now, since parity reversing a solution of the Dirac equation in a background A*(x,t)
gives a solution of the Dirac equation in a different background A%(x,t), I refer to the
Dirac equation in an arbitrary electromagnetic background as Parity-reversal Covariant.
This is again slightly unconventional, since the term ‘Parity-reversal Invariant’ is often
used for this. I prefer to define the term ‘Parity-reversal Invariant’ more restrictively.
Namely “ The Dirac equation in an electromagnetic background A*(x,t) is Parity-reversal
Invariant IFF A%(x,t) = A#(x,t).” Thus, in a parity-reversal invariant theory we can
use parity-reversal invariance to deduce relationships between the S-Matrix elements of
the system. If the theory is just parity-reversal covariant, then we can use this to deduce
the S-Matrix elements of the parity-reversed system from those of the original system.
For instance, in section 7.4 1 consider a constant electric field in the negative z-direction,
the parity reverse of which is a constant electric field in the positive z-direction. Hence,
although this theory is not parity-reversal invariant, we can use parity-reversal covariance
to allow us to deduce everything we need to know about the ‘positive z-direction’ case,
from the corresponding results in the ‘negative z-direction’ case.

It is also worth noting:

1. T could easily have included an arbitrary phase in (5.11), by writing ]%@/J( ) =
Yoo (—x)n5. Notice that then pf@b(x) = ]51_1¢(X) = vo(—%)np so that P, would
still be unitary, but would not be Hermitian (this of course has no effect on any of
its physical properties, except that its eigenvalues would be +np rather than +1).
Also, if we expanded state space at some time ¢y in terms of a set of normal modes
Yo t,(x), then we could even allow np to be different on each normal mode. This
would be slightly cumbersome however, since then to find the action of P on some
state ¢;(x) defined at some later time ¢t we would have to expand it in terms of the
evolved normal mode solutions t, 4 (X, 1) and use Np (Yo .t,(X, 1)) = Np(Ya,1, (X)) -

2. In the case of free Dirac theory (which is of course parity reversal invariant) , we
can define the plane wave states (in the Dirac representation):

S+ m 10 _2. o
Upt1/200(X) = ST { Eafi;/im } et (5.17)
and
E,+m [ -2 : o
Up1/2it(X) = F ZT [ Ep;mi?” } ¢!(Bpto—px) (5.18)
P F
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where o-p = pFo*, o are the 2 x2 Pauli matrices, Gy1/2 = [ (1) ] and ¢_q/; = [ (1) ]

From these we can define the 1-particle states:

|(p,)\) inl‘0> = 7137)\;750 A |Uac7f0> |(p,/\) inf0> = iT)p,k;tO |Uacl‘0> (519)

At the first quantized level, up 11/24,(X) represents states of momentum p and spin
‘up’ or ‘down’ respectively, while v 11/9,,(X) represents negative-energy states of
momentum —p and spin ‘down’, or ‘up’ respectively. Then, at the second quant-
ized level, |<p’i1/2) ing, ) represents particles of momentum p, and spin up/down
respectively, while since 7p7i1/2¢0 (x) is removed from the vacuum in order to get
the l-antiparticle state, |<p,:l:1/2) iny ), then this state represents antiparticles of

momentum p, and spin up/down respectively, as required. It is straightforward to
verify that wup 11/2;¢(X), Vp 21 /2;8(X) satisfy:

Prup ito(X) = top aio (X)1p Prop aito(X) = —v_p e (X)1p

where | have included an overall n5 as in the previous note. In terms of creation
and annihilation operators this gives:

A A

Pay(p) = npax(=p)P Pbi(p) = —npbr(—p)P

in agreement with conventional treatments.

5.3 Time Reversal
Define the time reversal operator Tv:H—H by:
Ty - (x) = To*(x) (5.20)

where in the Dirac representation the matrix 7" is given by T' = ¢y;v3. Since this operation

is antilinear, then its adjoint is defined not by <AT¢|¢> = <¢|A¢>, but rather, by:

(S| Tvp) = (T1glv) = (w|TTo)

That is, although we still have <¢|T1|77/)> = <¢|T177/)> we now have <¢|T1|77/}> = <T1Tqb|77/)> It
is now straightforward to verify that

Th=—-T =77

so that 7} is antiunitary. We can substitute Tﬁ/}(x) into equation (2.8) as before, to see
that:

Ty HM ™ = F0OT, (5.21)
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and the same result holds for H.,. This means that 7} maps particles to particles, and
antiparticles to antiparticles, just as with P;. However, because of the antilinearity of T}
we now have:

Ty (=i ™Y = — (=i 0N T, (5.22)

This is why time-reversed solutions of the Dirac equation evolve backwards in time! To
examine this in more detail, it is convenient to treat the cases of time-reversal invariance,
and time-reversal covariance separately.

Time Reversal Invariance: We say that the Dirac equation in a background A*(x,t)
possesses a time-reversal invariance if for some tg and ¢; we have:

AM(x,lo+ 1) = Au(x,ty — 7) for 7 € [0, T] for some T'> 0

Notice that a particular background can possess many time-reversal invariances, and that
a time-reversal invariance is useful even when it exists only for a finite period of time.

Now (5.21) gives
TlﬁlAM(x,to-H) _ [:IIAM(x,tl—T)Tl
so that T} : H* (to + 1) — H*(t; — 7). That is, Ty maps particle/antiparticle ‘in’ states
to particle/antiparticle ‘out’ states, and vice-versa. Now (5.22) gives:
Uy(ty — 7, 4)Ty = TyU, (Lo + 7, 1o) for 7 € [0, T (5.23)

In particular, if t; > {g and T' > t; — 1 then Ul(to, tl)Tl - T\, (t1,10) or in a more familiar
form 1,07, (11, to)TlT = U{r(tl, to). In terms of S-Matrix elements, we can now write:
Sttgarsing (fo + T t0) = (Dror| Ur(to + 7, 1) by,
= <¢to+f|TA1TUI(t1 - Tatl)T1|¢to>
= ( ¢to+T|Ul(t1 - Tat1)|TI¢to>
= (Tyibio | U (1, 11 = )| T ig -
= St 7T1¢t0+7(t1,t1 —7) (5.24)

From which we get

Oy prtbey (L0 + T5 Lo

( OFy gy g (15 11— T)
(to+ 7,10

(

(

ﬁ¢t0+r,¢t0 Hllto T1ig+r t1,11 — 7‘)

) =
) (
Vbrg+r g ot 7 to) - 5T1¢to 7T1¢to+r(t1’t1 T)
) = (t

—7)

We can extend the action of 7} to Fr(H) by defining T = TLU just as with parity reversal.
T is still (anti)unitary, and (5.23) and (5.24) both hold on all of state space. We then
have

€hto+r it to+ 7, to eTﬂlJto 7T1¢t0+‘r

T|vact0+7> = Nyac|vacy,_,) and T|vact0(t0 + 7)) = Nuac|vacy, (t — 7))
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where 1,,. i1s some unknown, and unimportant phase, which I put equal to 1 for conveni-
ence.

Time Reversal Covariance: Since the time-reversed system will be different to the
original system now, there is little use in keeping arbitrary tq, ¢1, etc, so [ will just consider
time reversal about ¢ = 0 now, as in conventional treatments. For this purpose, define
the time-reversed background A% (x,t) = A,(x, —t) so that (5.21) becomes:

Tl HA“(X t) _ Hi‘l?(xv—f)jﬂl
Then Ty : HE(A¥(x,1)) — HE(A%(x,—1)) and Ty U (11, 10) = U7 (=ty, —to)Ty. That is,
if ¢(x,1) is a solution of the Dirac equation in potential A*(x,t), then Tiy(x,—t) is a
solution of the Dirac equation in potential A%(x,¢) In terms of S-Matrix elements we now

have:
A A
‘Sy(btl ﬂpto (t17 to) SYle,;pto 7T1¢t1 ( t07 _tl) (525)
so that
A
bty %tg (tl’ to) = Tlll)to 7T1¢t1( to’ _tl)
A
ﬁ(btltho (tl’ to) - FYTld)to 7T1¢t1( lo, tl)
A
7@17%0 (tl’ to) - 1¢to 7T1¢t1( to, tl)
A _
6@1’%0 (tl’ to) o Tﬂbto 7T1¢t1 ( to, _tl)

Defining T = TLU as before, (5.25) follows over to all of state space, and we have

Tlvaca,) = uaclvacar —io) and Tlvaca (1)) = nuaclvacar -, (1))

as expected.
Now, just as in the previous Section, it is worth noting:

1. 1 could have included an arbitrary phase in (5.20), just as with P earlier, by writing
fl ¥(x) — T*(x)n7 as before. Due to the antilinearity of Ty we would still have
TJr =-T = T_1 so we would still have T2 —1. On FA(H) this gives T? = (—1)F
(Where F counts the number of fermions in a given state, and 1 assume that the
number of degrees of freedom in the vacuum is even', so that these can be ignored)

as expected.

2. Considering the action of Ty on the plane wave states of free Dirac theory, as defined

n (5.17) and (5.19), we find:

. 1 . . 1y, .
Tiup (%) = (=12 iup a7 Trvp e (x) = (=1)2 0oy e (X)17

1Since the grade of the vacuum is generally infinite, it may seem unreasonable to refer to it as even.
However, this is justified by the fact that we have two (negative energy) spin degrees of freedom for each
momentum, so that the grade of the vacuum is an infinite multiple of two. I will use this assumption
again in the charge conjugation Section.
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where A = :I:% for spin up/down respectively. In terms of creation and annihilation
operators this gives:

A A

Tar(p) = (in) (1) T a s (—p)T Tba(p) = (ing) (=1)2"b_s(—p)T

which agrees with conventional treatments, except for the overall factor of ¢, which
can easily be absorbed into 5, so has no physical significance.

5.4 Charge Conjugation

Define the charge conjugation operator Ch:H—H by:

A

Ch 1 h(x) = Cap(x)" (5.26)

where in the Dirac representation the matrix C is given by C' = iyyy2. (So C’ﬁ/}(x) =
—1y2p*(x) in the Dirac representation.) We see here that this operation is also antilinear
on solutions of the Dirac equation. However, the action of C on multiparticle states
is generally linear. We will see soon how this difference will be resolved, leading to an
operator C Fr(H) — Fa(H) which is indeed linear.

It is easily checked that:

Cl=C =C (5.27)
so that (' is antiunitary. Substituting C’l¢(x) into equation (2.8) as before, we see that:
CrHM ™ = gm0 (5.28)

That is, A%(x) = —A*(x), so although the Dirac equation is charge-conjugation covariant,
it is only charge-conjugation invariant if A = 0! However, charge conjugation covariance
is very useful, since A* — — A" is equivalent to e — —e, so we can relate the charge-
conjugated S-matrix elements to the originals simply by substltutmg e — —e. We can also
see from (5.28) that Ch HE(A*) — HF(—A*) so that () maps particles to antiparticles,
and vice versa. Also, due to the antilinearity, (5.28) leads to

Cy(—iHMY = (=i H A" Gy (5.29)

so that
Ollle(tl,to) — UI_A(tl,to)Ol (530)

That is; if ¢(x, ) is a solution of the Dirac equation in background A*(x,t), then C’l¢(x, t)
is a solution of the Dirac equation in background —A#(x, ). In terms of S-matrix elements
on H this is:

S(ftlywt (ti,l0) = SOlAﬁbtpOld)tO (t1,t0) (5.31)
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which gives:

tlvtO 7t0)

t1,10)

01¢t1 ,Clll)to(
(

B4 t1,to
Bty e ’ 01 ¢t1701¢t0

L1, 1o (5.32)

(t1,t0) =
(t1,t0) =
A _
7@1 W (tl’ to) B 1¢t1701¢t0( )
(t1,10) = clqbtl,clwto( 1 to)
The extension of é’l to FA(H) is slightly more subtle than for ]51 or Tl, since notice that
the state C |vacy, ) is the Slater determinant of a basis of H*(—A#), which is certainly
not a vacuum state!

Before describing how 1 fix this problem, it is convenient for the moment to return
to the case where H has finitely many degrees of freedom Then we can introduce a

basis {uf, ;v ;i =1... N} as in Section 2.3, and let {u;;} 1=1. N} be a basis

’Lto? Zto?
for the charge conjugated system, defined (for convenience) such that Crud, = Ui_’t?

and Clvi,to = u,tfol (It is easy to check that in the case of free Dirac field theory this
requirement is satisfied by the choice of up r.4,(X), vp 1.4, (X) given earlier.)

Define:

Zto? Zto’

Z?fo

It = uflto AR uﬁto = Chulvac_ay,) (5.33)
and I =TT A |vacay,) (5.34)
So I is the outer product of a basis for H. Hence it only differs from IT, A [vacy,)_4 by

an unimportant phase.

Now, define C Fa(H) = FA(H) by:
CF =g, 1

Notice that the antilinearity of the map ' — 1y cancels the antilinearity of C’l, so that €
is now linear on state space. To consider the action of C' in more detail, consider a state:

|(;112]22 ZJ’:) At0>:(—)Juﬁto/\...uf‘m7t0/\vﬁt0/\...ﬁA ---/\ﬁf-}“ C A VN,

as in (2.68). Then

CrolCEzmYina ) = (=) iy A 0y AUTi A GG NG AR
So that:
A J- T . .
ClG ) imar) = (=)iza o (fsing) - iurpivza,

—A —A -4
/\zz_l,ato(u” A Ny ANoTi N Aoyl )

( )J-|—E1 (tr— k)l A ( Jnedi )Z

auy A /\uNﬁ{ /\v;g/\ A feedm )/\v;vj%o

un, T \missing/ Tup t missing
_ P URHR)+ T (Gr=k)+ 22T (G —k)+n, —A —-A nTA L A pTA L —A
= (=) ! uiA N A A OTA A Lo AT A
— J1j2-- ]n
- (_) |<2122 Z )Zn At0> (535)
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where I have again assumed that grade(|vac)) = even. A consequence of (5.35) is
that C? = (=)F so that C~! = (=)FC = C(—)F. In terms of creation and annihilation
operators (5.35) is

Cat()C = bH(Chap) Cbl(y)C = —a(Cryp)
Y

a()C = =b(Cry) Ch(y)C = a(Cry) (5.36)
The consistency of these is easily checked by using C? = (—)F, which anticommutes with
all creation and annihilation operators, (and squares to 1). To demonstrate the agreement

between (5.36) and (5.35) insert 1 = C’Q(—)F between each creation and annihilation
operator, and use (5.36) to write:

(3*|(;‘.11';22;f]:)z'nA> (— )C’aZ M C(=)F ...éaij(j*(—)F(j*b}mAé(—)F...C*b}l’A(Z*(—)mec@
n+m 1
= (=)= F=)r b:rl _A...b:»rm_Aa}m_A...a}17_A|vac_A>
= (- )naT ;rn _Ab:rm 4 6317_A|vac_A>
= (= )”I(iiij Z::) in_4)

as required. ) ) )

To show that C' is unitary, we must show that (Fy _4|CFy a) = (C7'Fy _4|F3 4). Using
the notation of (2.67) and (2.38), we can write CA'FZA = (—)”QG*_'AJL2 A (z'F_—A lvac_a4)),
so that : o

(F1-alC Faa) = (=)™ (i

—A,mg

G:A,nl )O(iFj’A GtA,ng )0

1]

while
(C7 B Al o) = (<) (<) s Fr iy o
Now, since CA'LU is antiunitary, we can deduce that:
(iFjA,ml Gi—A,ng)O = (iF;ml GZ,nQ)O = (iG_ FA_,ml)O
G:A,nl Jo

So that <F17_A|CA'F27A> = <CA'_1F17_A|F27A>, and (' is unitary, as required.

and (Z.GXHI F;tm)o = (%:Am1 FZymy)o = (ZF_A -

Now, from (5.30) we have C’luﬁ) (1) = vt_OA(t), so that using similar methods to (5.35)
we get:

ClC ) inag (1)) = (=) Muaeaa (D] (2707 Yinoagy (1))

where I have used conservation of the inner product to write [fA A lvac_a+,) = Nuacto (t)[fA t0 (A
|vac_ 44, (t)) where 17,404,(t) is an unimportant phase factor. Thus, up to this time-

dependent phase factor we have C’UA(t, ty) = U"A(t, to)é on all of state space, as required.
This of course means that:

Sra(tiyto) = Scﬁcg(th%)
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on all of state space.

Some notes are again in order:

1. To demonstrate that the action of ' on Fa(H) is consistent with equations (5.32)
(defined by the action of ¢, on H) it is instructive to expand |vaca,(t)) in terms of
Bogoliubov coefficients, and to demonstrate explicitly using (5.32) that CA'|vacA7t0 (1)) =
lvac_a4,(t)) as expected. From equation (2.106) we have:

racan(®) = det(€ (o) {eaca) + 3 VAL WIouta  (G37)
‘/il 1 ‘/il j2 11,02
_' Z ; det |: %2;1 %222 :| |(j17j2>OUtA7t> T }
11 <22,71 <72

SO

Cloacas, (1)) = det(e? (1, o) {lvac_as) — 3 VAL 10)](F)out_.)
,J

‘/il'l %1'2 1,72
_ Z det [ Vigj'l V-]~ ]|<§17Z2)0ut_&t>—l—...}

. . . 272
21 <22,71<J2

Substituting (5.32) and using (2.111) to write V 4(¢,%0) = V _4(t,10)T we get:

CA'|vacA7t0(t)>:det(a—A(t,to) {|vac_a,) —}—Z tto )out At)

‘/jl’il ‘/jlig i 2
_' Z j det |: ‘/j2’51 ‘/jziz :| |<Zl’g2)OUt_A’t> + .. }

11 <12,51<J2
= Nuacy (1) det(€™ (1, to) {|vac_a,) + Z At t0)|<;)out_A,t>

7]

—A -4
5 Vit Vit ]
- det [ V“]/ll Viﬁ |<]‘1:]‘2)OUt—A,t> + .. }

11<12,51<J2 21 t2J2

= TNvac,to (t) |Uac—Aﬂfo (t)>

det(Qx—4(t,t0))
det(€=4(t,t0))
Bogoliubov conditions. A similar calculation to this can also be used to verify that
the action of C' on any chosen state in Fx(#H) is consistent with (5.30). We could
also carry out a similar verification for parity-reversal and time-reversal, but these

cases are more trivial, and are omitted.

where Nyact,(t) = which is easily shown to be a phase by using the

2. As with P, and Tl, we can {nclude an arbitrary phase 1o into the definition of C’l,
by defining Cy : ¥(x) = C¥(x)Tns = Cne(x)T. We can then either absorb this

into our definition of particle/antiparticle (so that we still put Clu” = v; tf} and
Clvl b = ulfol) in which case it has no further effect, or we can keep the original
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A
i to

sy ) ) A _ . —A A A
definition for the w;4,’s and v;4’s, so that we get Chul, = Vi o TC and Cv:

ul_fgné Then (5.35) would become:

é|(ili2mim)in;}7to> — (_)nng—m (Z;Zji:)zn—;l,to>

.71]2]n

while (5.36) would become:

Cal($)C = neb(or) and  CbI($)C = —nzal(von)
Ca()C = —nib(Yoy)  and  Cb(¥)C = nea(ioy)

and we would still have (2 = (—)F
—i0 0 o 0

so that C’d) = 110* in this representation. Hence, by a suitable choice of n¢, we can
have CY = ¢* in the Majorana representation. This is of course what allows us to

— 02 2
. In the Majorana representation, we have C' = [ 0 2 ‘7 ] and 4% = [ 02 g

%0 -

define Majorana spinors to be ‘spinors invariant under charge conjugation’ or to be

‘spinors which are real in the Majorana representation’.

. It is now a straightforward exercise to combine C’, P and T to form © = C’pT, and

to investigate the effect of this transformation on S-matrix elements, Bogoliubov

matrices etc.
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Chapter 6

Some Perturbative Calculations

Given the non-perturbative treatment of S-Matrix elements and expectation values presen-
ted in Section 2.3, and the strong connection it makes with the ‘first quantized’ treat-
ment, we see that performing perturbative calculations simply requires expanding the
“first quantized’ solutions 4, (x, 1) in powers of the coupling constant e. In this Chapter I
will describe briefly how this is done, and will perform some perturbative calculations, to
verify that the results of this agree with conventional®!! methods. Again I will consider
only the case of an electromagnetic background (as viewed by an inertial observer), and
will not consider back-reaction. In order to make connection with conventional techniques,
I start by assuming that the background electromagnetic field tends to zero sufficiently
quickly as ¢ — +oo that the ‘in” and ‘out’ states up r.400(X), Up r.400(X) can be approx-
imated by the plane wave states of free Dirac theory, as given in (5.17) and (5.18) (for
asymptotically early/late to respectively).
Now, start by writing equation (2.4) in the form:

(17"(2)0y — m)ip(z) = ex" Ay (2)¢b(2)

A straightforward iterative procedurel®" 41 34 allows us to write a solution ¥ (x, ) to

the full Dirac equation in terms of a solution ¥/ (x, t) of the free (A(z) = 0) Dirac equation,
as:

= 0f(a) e [ G0 AN ) + (61)
/d4 ’/d4 "Gz, )y AL ()G (2 2 A (") (") + ... (6.2)

where the ‘Greens function’ G/(z, 2') must satisfy:
(iv"8, —m)G(z,2') = §(x — ') (6.3)

There are an infinite number of possible choices for G(xz, z'), some of which were described
in Section 4.5'. As also mentioned in Section 4.5, the conventional choice is G(z,2') =
Sr(z,z'), since this avoids the possibility of positive energy states evolving to include a

!Notice however, that in Section 4.5 I was describing Greens functions for the full Dirac equation,
whereas G(z,z') is a Greens function for the free Dirac equation.
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negative energy component, although it has problems with causality, which are reflected
in the fact that ¥/(z) cannot be identified with the ‘in’ state or with the ‘out’ state. I

will instead choose:
G(z,2") = —iSr(z,z") (6.4)

T / (z;ifgij D (0 G (1) s (s (0} (6

With this choice we can obtain up .- (X,?) simply by substituting ug/\(X,t) for o/ (z)
(which would not have been the case with any of the other Greens functions) Substituting
this into (6.2) allows us to calculate, for instance:

ap A0 (00, —=00) = (Up Ai400(X)[Uq,0i-00 (X, 00)) (6.6)
+oo
= (27)°2E40,,0(p — q) —z‘/ dtHTY (1) (6.7)
+o0 ¢ Pp’
! ! — — /
- /_OO dt /_Oo dt / (27T)32Epl EAI:{H;—[})_,/\;p’,)\’(t)H}_;—[};’,/\’;q,a(t ) —I_ H;_;p,/\;p’,/\’(t)HI;:;’,/\’;q,cr (t )}
(6.8)
+ higher order terms (6.9)

where | have defined:

Hif () =c¢ / d*xul | (x, )" Au(x, )l ,(x,1) (6.10)
Hip \q0(t) =€ / d*xul, | (x, 17" Au(x, v, (x,1) (6.11)
Hil L) = e/d?’xvl’;k(x,t)fy“A#(X,t)uég(X,t) (6.12)
Hipvao(l) =€ / d*xv], (%, D)y A(x, 1o, (%, 1) (6.13)

B (00, —00), Yprqe (00, —00) and €p .q.0 (00, —00) can be calculated using the same
method, and we get, in matrix form:

apniq.e (00, —00)  Bp g (00, —o0) _ (27)°2Ep63,6(p — q) 0
Tpriae (00, —00)  €p nq0(00, —00) 0 (2m)°2Ep05,6(p — q)
Y e Hit (1) HfZ, .. ]
— i dt Lphae Lipdiae 6.14
/—oo |: Hf;-]la_,/\;q,a(t) HI;p,A;q,cr(t) ( )

B /OO dt /t dt/ |: H}EEJ\;p/’/\’(t) H}i:E’A;pl’/\/(t) :| |: H}EEI’A/;q’U(t) H}Eg;)\/;q’g(t) :|
- — HI;p,)\;p’,/\’(t) HI;p,)\;p',A’(t) H (t) H (t)

o0 I§pl7>\/§q70’ I§p/7’\/§q70’
+ higher order terms

o0

where the [ (27:;3;712)%/ >y of (6.7) is now implicit in the definition of matrix multiplication.
P
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By substituting these expressions for ap y.q.0(00, —00), Bprq.0 (00, —00), Yprq.e (00, —00)
and €p r,q.0(00, —00) into the various formulae of Section 2.3, we can now calculate any
S-matrix elements or expectation values, to any order of e, and in any background A(x,t)
which satisfies the assumption made at the start of this Section.

As an example of this, I now turn my attention to the calculation of the total number
of pairs created by an arbitrary electromagnetic background A,(x,t), to lowest order in
the coupling constant e.

After this, I will demonstrate the general equivalence of this procedure with conven-
tional methods.

6.1 Pair Creation To Lowest Order

Now, from (2.115) we have:

d*q &*p
N, air — Q,0 s T ? d
wie = | G T 2o a0, =) (6.15)
oA

where
Ypiqe (00, —00) /d4xv (;L’)u{lg(:c) + 0(62) (6.16)
—ic [ A U ) Aehunl@) + O() (61)
where 1 have written u{w(a:) = uy,(q)e™?, and have introduced the ‘Feynman slash’

A = ~4*A,. Substituting (6.17) into (6.15) and using > u,(q)u.(q) = ¢ + m and
Yoyua(p)oa(p) = B — m we get:

2 d’q d’p 4 14
Nowir = ¢ / (27 P2, (27)2E, ;/d vy (6:18)
D Trace((d 4+ m) Aly)(h — m) A=) (6.19)

Now define a,(k) by:

Au(z) = / d%é“fr];z et (6.20)

Substituting this into (6.19) gives:

N =2 [ @stp-4a-1) [ SR Tracel(d+ ) M= m) 4@ (621)
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where a = 4— is the fine structure constant. This equation can be identified with equation

(4.102) of Ttzykson and Zuberl*!). The rest of the derivation is exactly as in Itzykson and

Zuber*, and leads to:

?

Vi = 5 [ 0 06 —am® (B - Bl - Zi0+ 25y (62
where:

1B(q)I” — |E(q)|* = ¢’alq) - a(—q) — q- a(q)q - a(—q) (6.23)

= 5 Fu(q) F* (—q) (6.24)

and F, = —i(qua,(q) — qau(q)) (6.25)

is the Fourier transform of the electromagnetic field strength.

6.2 Equivalence To Conventional Methods

Start by writing the Dirac equation in the form:

d . R
i 19(8)) = Holyp (1)) + Hi(t)[$(1)) (6.26)
where Hy(x)yp = (—iv°y*0), + mA°)e (6.27)
and H;(x, 1)1 = eyoA(x, 1)) (6.28)
Write )
g (6, 1) = € g o (x)
where the ‘in time’ {g is in the asymptotically distant past, the ‘in state’ up x4, (X) is given
by (5.17), and e~*o (*=%) 5 the free propagator, from #y to t. Write vg \(x,t) similarly.
Let [¢(t)) be an arbitrary solution to the Dirac equation, and expand [i(t)) as:
901 = [ Gy, S Ons) s Oa)} (629
where ¢p (1) = <u£/\(t)|77/)(t)> and dp \(t) = <v{)7k(t)|¢(t)>. Differentiating this gives:
d dgp d f f dcp /\(t)
) = [ Sl (t ¢ 1)) P
0= [ Gy SAGE A e+ 1)
d ddp (1
o] s a(1) + [ (1)) 222y (6.30)

/ 2r) 32E ZH dcpk( ) + |U£,/\(t)>ddpA( )} + Ho|77/J( ) (6.31)
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so that (6.26) gives
o) = [ GBSt o ey e

This motivates defining the Interaction Picture by

d® -
9= [ s 2 (man)ea(0) + om0} = i@ (639
]:]u(t) _ e—iﬁo (t—to)lﬁh(t)eiﬁlo (t—t0) (6.34)

Notice that the matrix entries of the operator ]—A[U(t) are:

(tp xito| Hri( D)o ) = (ud \ (1) Hi(t)|uf (1)) = @/dgxuﬁ,,\(X,t)’Y“AM(XJ)ué,U(X,t)

t) (6.35)

and similarly <up7A;t0|[:[H(t)|vq7U;t0> = H+_ .
<vps>‘§t0|HIi(t)|u%U§fo> = H;;:)_,/\;q,cr
(Opsto H1i(1) [vag0it0) = HEp viqo

That is, they are simply the matrix entries of [—A]I(t) with respect to the freely comoving
basis {|u£ L (1)), |v{) \(t))}. The equivalent fact in conventional treatments is to notice

that [:[U(t) can be obtained from [:]I(t) by replacing the field operator @/AJ(X,ZL) with the
interaction picture field operator 1;(x,t). Now we can write equation (6.32) as

i—|9()i = Hrs (D)l (1)): (6.36)

So far we have only considered the evolution of ‘first quantized’ states. We can now
extend equation (6.36) to all of state space, where it will clearly be:

d .
i | F()i = Hrim ()|F(1): (6.37)

where ]:]H’H(t) is the Hermitian extension of [A{[i(t), and the interaction picture states
|F(1)); = etfon(t=t0)| F, ). are just Slater determinants of ‘first quantized interaction pic-
ture states’ This can be solved in the conventional way, giving |F(t)); = U;(t,t0)|Fy,)
where:

Ui(t, to) = i—z / diy / dty - / di, Hyi () ... Hyog(tn) (6.38)
i /dtl/ dly- - /dt T(Hpig(ty) ... Hyg(l,)) (6.39)

= e o A (6.40)
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in agreement with conventional methods. However, it remains to show that the operator
Hyi g (1) above is the same as the operator of conventional approaches. To see this, first
use (6.35) to write:

0 = [ G 2 = 5 Cmaa (O

up it g (D H (1 )|v (t)><vq,ato|+|vp,mo>< AOH) e o (6)) (ot
+opxia) (V5 ()IHz(t)|vq,a(t)><vq,a;to|

Now use the fact that the Hermitian extension of |¢)(¢] is ? A (i to convert
[tuprito) (Uquoste | — a§7in(p)aa7in(q), and similarly for the others. This allows us to write

the Hermitian extension ﬁli’H(t) in terms of the standard expression for the interaction
picture field operator 1;(x, 1) as:

A

Hrin(t)=e / dPxp;(x, )" AL (%, 1) i(x, 1) (6.41)
as required.

Finally, it is worth noting one minor difference between (6.40) and the equivalent con-
ventional equation. Namely, that I have |F(¢));, = eiHOVH(t_t°)|FtO>Z' (where [:[07H is not
normal ordered) whereas conventional methods use the normal ordered free Hamiltonian
here. This difference is only an overall phase, so has no effect on S-Matrix elements or
expectation values. There is also of course a slight difference, as mentioned in Section
2.2.3, between the vacuum subtraction scheme employed in Section 2.2.3 for defining phys-
ical operators at finite times, and the normal ordering prescription used in conventional
methods*!l. This will have no effect on expectation values calculated at asymptotically
early or late times, (under the assumption made at the start of this Section) but would
affect the calculation of expectation values at finite times.
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Chapter 7

Application to Uniform Electric
Fields

This Chapter is devoted to a simple application of the formalism introduced in Chapter 2.
I consider particle creation in time varying, spatially uniform electric fields, with specific
results presented for the case of a constant (in time and space) electric field.

Particle creation in a constant electric field was originally studied by Schwinger
[16, 14,11, 66, 65, 85] " and has proved to

[28] in

1951. It has since been rederived a number of ways
be a useful testing ground for ideas in semiclassical physics.

The ‘Schwinger mechanism’ for pair creation, which has found many applications,
such as in heavy ion collisions®" ' and in astrophysical plasmas®®, is based on a pair
creation rate which has been averaged over an infinite period of time. The problem of
pair creation after a finite evolution time has only been considered quite recently!'® 4. In
these cases, an electric field was considered which was constant over a certain time range
(say for 0 < t < T'), but was zero outside of this time range. The ‘in’ and ‘out’ states
were defined in the ‘free regions’ before the field had been turned on (¢ < 0) , and after
it had been turned off (¢ > T'), where the solutions were simple plane wave states. They
then investigated the dependence of their results on 7'

In this Chapter I show that, by using the finite time particle definition introduced
in Chapter 2, we can derive the amount of pair creation in a state which has evolved
from vacuum for a finite time, and we can do so without having to ‘switch off the field to
measure the particles’. That is, I consider the background E = (0,0, £) for all time, and
I ask the question. “Suppose the system is in the vacuum state at some time ¢5. What
will be the properties of the system at time tq + 7.7 Obviously, if my particle definition
is correct, then the answer to this question will be the same as the answers found by
previous authors!'® 'Y to the question above. I show in this Chapter that this is indeed
the case. Although the difference between these two questions is quite academic here, it is
vitally important if we wish to consider pair creation in strong gravitational fields, which
cannot simply be ‘switched off whilst making measurements’.

I also consider in this Chapter the pair creation rate, as a function of time, in a time
varying electric field, a result which is much more difficult to achieve by other methods.
Also, unlike all previous ‘Bogoliubov coefficient” methods!* the methods employed here
are (as demonstrated in Chapter 5) completely independent of gauge.
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Sections 7.1 - 7.3 are devoted to calculating the finite time Bogoliubov coefficients
in an arbitrarily time varying electric field, in terms of the solution of a simple linear,
second order equation. In Section 7.4 I solve this equation in the case of a constant
electric field, and use this to explicitly calculate the number density of created pairs, after
a finite evolution time At¢. This is the first time that this result has been calculated
without having to ‘turn off the electric field when making measurements’. My results
agree with the results obtained for an electric field that was only on for the time At, thus
demonstrating the consistency of my particle definition. Also calculated in this Section
is the current density due to these created pairs, as a function of the evolution time. I
demonstrate that using the vacuum subtraction procedure introduced in Section 2.2.3
gives a finite result for this current density, which is in agreement with that calculated in
Mottola et. al.B7l, by other methods.

7.1 A Complete Set of Solutions

Consider a time varying, but spatially uniform, electric field in the z-direction, E(t) =
(0,0, E(t)) (and B(t) = 0). This can be described by a vector potential of the form
A,(t) =(0,0,0,A(t)) where A(t) = FE(t). Thus, in order to use the procedure described
in Chapter 2, we first need a complete set of solutions to the Dirac equation in this
background. That is, we need a complete set of solutions to:

iy (0, +ie A )Y (x, 1) = mip(x,t) (7.1)
with
A, =1(0,0,0,A(t)) (7.2)

I have chosen a specific gauge in 7.2, but have demonstrated thoroughly in Section 5.1
that all physical predictions are indeed independent of gauge. To solve (7.1), consider
solutions () of the form:

Yp(x, 1) = Pp(t)eP™ (7.3)
where p - x = 377_, pFa*. Substituting this into (7.1) gives:

Ay (t _ _

S (1) + Brinlt) + (5 + A orn() (7.4
where o1, = 7°v* = 4170 and p, = p'ay + p*,. Using the standard ‘Dirac representation’
of the Dirac matrices we have:

0 0 1 0 000 z
. 00 0 —1 . 00 2 0
3= 1 0 0 0 PL=10 20 0 (7.5)
0 =1 0 0 200 0
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where z = p' + ip? and z is the complex conjugate of z. A convenient choice of basis
spinors is:

1 —1 1 —1

brrP) =% | | o) =% Pl | e =%| Pl | e-m)=%| T
gl B e E
(7.6)

These are orthonormal, and satisfy

o304 (P) = +¢d1a(pP) for A =+ and all p (7.7)
YoP+1(P) = ¢z:(p) for A\ =4 and all p
PLPsx(p) = sAIpL|d—s—r(p) fors=+, A==, and all p

where |p.|* = (p')? + (p*)?. We can now expand tp(t) as:
Z{¢+A + ¢-a(p)oa(1)} (7.8)

The inner product of two solutions ¢} (x,1),12(x,t) expanded as in (7.3) and (7.8) is
given by:

(G (x, )ga(x,1)) = (27)°6(p — @) Y (A (1) + gh(H)gi(t) (7.9)

A

Substituting (7.8) into (7.4) gives:

Y 4 eAW) e = mas + Dl
ig—; —(p* +eA(t)f- = mg- — [pLlg+
dg; + (07 + eA(t))gr = mfy — |pLlf- (7.10)
l% + (07 + eA())g- = mf- + |ps|f+

In anticipation of the constant electric field case, I now write A(t) = Kt + \/%a(t) where

a(t) is some dimensionless function of time, which represents the deviation of F(t) = A(t)
from the constant . Since e in (7.1) is the actual charge of the electron, e = —|e|, then
it is convenient to consider £ < 0 (an electric field in the negative z-direction) so that
el > 0. We can now define the dimensionless quantities:

fzeE?f‘HU3 w=_" , Pl

= TPLL a2 (7



so that (7.10) becomes:

L (61 a @)1+ (6) = Mga(6) + pg-(©)

d¢
<zj—§ (€4 al€)]-(6) = Mg_(€) — pgs(6)
(i ;g (6 + a(€))gs (6) = MF1(€) — pf_(©) (7.12)
(i jf (€ + a(€)))g—(€) = MF(€) + pfe(©)

where a(§) = a(t(¢)). From this we get:

d? [ da
%2+(%+wf+q®)+41+dgﬁ’ 0 (7.13)
d? g, da
de? + (A + (€4 a(f)) — (1 + df)) =0 (7.14)

for all A. In order to construct a complete set of solutions to (7.12) let f(£) be any solution
of (7.13). The we can find a solution of (7.12) by putting f_(£) = 0, f+(§) = f(&) and
use (7.12) to get:

0(6) = Soh()  and g (6) = Ln(e) (7.15)
where h(§) = (ij—g —(E+a(8))f(€). From this we get:
: + Mé-+(p) + po--(p) ipx
Pp (X, Clo++(p \/7f \//\»p h(&)]e (7.16)

where C' = (A, |f|* + |R]?)” 2 is constant by virtue of conservation of the norm. Similarly,
b2(%,t) can be found by putting f,.(§) = 0 and f_(§) = f({), and using (7.12) to get

g+ (€) and g_(&) (in terms of h(£)). ¥p3(x,1) is found by putting g_ (&) = 0, g4 (¢) = f(€)
(which solves equation (7.14)) and using equations (7.12) to specify fi(£) in terms of

h(€), while ¥y, 4(x,t) is found similarly, by putting g4 (£) = 0, g_(£) = f(£). This allows

us to generate the complete set of solutions:

Poa(x,1) = = (M5 (5,0) = it o, 1)

= Cl(M14(P) — pba—(P))F(E) + 64 (PIR(E)]

Ppa(x,1) = jrp@zb;,l(x, 1)+ M), (x.1))
= Clpbas(p) + Mbs_(p))F(€) + 6 (p)h (f)]e"‘”‘ (7.17)
¢p73(X,t) — O[(_M¢++(\/)gp¢+ (p))il ‘|‘§9 + \/>f sz (718)

Yoa(x,1) = C[(—P¢++(Pi/—rM¢+—( )) )+ 6 (p)y/ N, F(6)]eP
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It is easy to verify that these solutions are mutually orthogonal, and are each norm-
alised to (27)36)(0). The choice of ¥, and tp 5 here (in terms of ¥r, 1 and @) is for

later convenience.

7.2 Energy Eigenstates

In order to define H* (o) at a given time ¢, we need to decompose the space of all spinor-
valued functions 9 (x, o) (of space, at time #y) in terms of the spectrum of the operator

A

H(ty) given by:

H(to) : o(x,t0) = =i ¥ owOptp(X, o) + €A(to)ast(x, to) + myoh (X, to) (7.19)
k

For this, consider the action of ﬁ(to) on plane wave states of the form of (7.3). It is
easy to see that:

H(to)p(X, to) = Epstp(X, Lo) if and only if
myotp(to) + Prtvp(to) + (° + eA(lo))Tstp(to) = Epithp(to) (7.20)

Substituting ¢¥p s = >\ {P+2(P) [t + P=2(P)gr s } and using (7.11) allows us to turn
this into the eigenvalue problem:

o+ a(o) 0 @) M P J+to T+ ko
0 o + a(&o —p M feo | _ Tt
VeE M —p —&o — a(&o) 0 It | Epo G+ to
p M 0 —&o — a(&o) 9—to 9-to
(7.21)

This matrix squares to e (A + (& + a(&))?) s = (m? + |p1|* + (p* + eEA(t0))?) 4. Hence
its eigenvalues are Ep i = +1/m? + [pL|? + (p® + eEA(L))? = £VeEEg, where I have
defined the dimensionless quantity K¢ = /A + (€ + a(€))2. Consider the following cases:

Case 1: I, = VeE Ly,

We need two independent solutions of (7.21) with £, = VeEFEg,. Desiring a sim-
ilarity between these and the ¢p (%, 1) motivates choosing up 1,4, (x) such that g =1
and ¢g_ 4, = 0. Substituting into (7.21), this gives:

D
upao(X) = Eey — & — a(&o)

{M¢4(p) = pds—(P) + (Eey — b0 — a(&))d—+(p) JeP™
(7.22)

where D = constant, and we have used the identity (Fey — & —a(&0))(Fe, +&o+a(&)) = A
Requiring that up 4, (x) have norm (27)2§%(0) gives D = \/W
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Similarly, up 24,(x) can be found by putting g4+ =0, g—+, = 1, and then normalising

o (27)%63(0). This gives:

Moy4(pP) — pp+-(P) + (Fe, — &0 — a(&o))o—+(P) e

Up,1,to = 7.23
) V2B (B, — & — aléo)) 2
PP++(P) + Moi_(p) + (Fey — &0 — a(0))P-—(P) ipx
Up,2.to = e'P 7.24
pl) V2Fe(Fy o~ alG0) .
Case 2:F,,, = —VeEEy,

A similar procedure to above gives:

vyt 1o (X) = Moy (p) + ppe—(p) + (B, + o + a(f@))¢—+(P)eip.X (7.25)
¢2E50(E + & + a(&))

) = ZPOeB) = MO (B) + (B 460+ al6)éee(B) o (1.

\/QE&(E@ + & +a(bo))

Before proceeding, some comments are in order:

1. We could have found H*(ty) by writing v+, = [ q:p’to ] in the similar way to that
Psto
used to deduce the plane wave solutions to the free Dirac equation. In this way we

see that the positive energy eigenstates are of the form:

Epﬂfo —|— m

U X)) = ———
p7)\7t0( ) 2Ept0 7Ep7t0+m¢)"p/

’/\7 ' x
a'.gbp' g ] e'P (7.27)
and the negative energy eigenstates of the form

FE,;, +m
Vpate(X) = ;Zjit
P.,to

ag.p’ , )
Frg NP | ipx (7.28)
¢>\,p’

where! o - p’ = p'c!' + p*a? + (p* + eA(to))o® and the ¢, are 2-spinors, chosen

for convenience. Although these expressions are less convenient than (7.23) - (7.26)
for our purposes, they do reveal that these eigenstates are just like the plane wave
states of free Dirac field theory, except that the momentum in the spinor does not
match that in the exponential. These states are eigenstates of the gauge invariant 3-
momentum operator —idg + € Ay of momentum, p’ = (p', p?, p* + € A(to)). Hence the
l-electron state W' p 1 4, A [vacs,) has physical (gauge invariant) momentum p’, while
the I-positron state iz, |vacy,) has physical momentum —p’. With this choice of
gauge, p represents the physical momentum only at ¢ = 0. Also, by acting on these
states with the current operator J*¥ = eqy, we find that, although none of these states
are eigenstates of J* (this is only possible if m = 0, or £, = o0) their expected

2
'The o* are the 2 x 2 Pauli matrices. They are related to the &5 by &5 = [ ;]k O(-) ] .
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current is jk(upA%) =
so that:

F (P P A (), T (o) = — (90 P+ eA(Lo))

A

T p e N vacy)) = =", 9% 0% + eAlto)) = JH it Jvacy,))  (7.29)

e

Ep/ ( ’ ’ v P,Atg

just as one would expect classically for an electron of momentum p’ (and charge €)
or a positron of momentum —p’ (and charge —e).

2. Suppose that A(ty) — Foo as tg — F+oo. This is certainly true for the constant
electric field A(t) = Et (E < 0) and is also true of many other electric fields. In
this case we have jk(up7,\7_oo) = (0,0,¢e) = —jk(vp7,\7_oo), while the reverse is true
at t = +o00. That is:

5‘3up7)\7_oo(X) = up7,\7_oo(x) 5‘3Up7,\7_oo(X) = —Up7)\7_oo(X) (730)

Similarly, as tg — +o00 u and v become such that:

5‘3up7>\7oo(X) = —up7)\7oo(X) 5‘3Up7>\7oo(X) = Up7,\7oo(X) (731)

This signifies the fact that any electron (of charge €) in this electric field, that has a
finite velocity at finite time, will at late times be moving in the positive z* direction
with infinite momentum (i.e. at speeds approaching that of light), while at very early
times it will have been moving in the negative z* direction at speeds approaching
that of light, whereas for a positron, with charge —e this situation is reversed. We
see here how important it is to keep track of what constitutes particles/antiparticles
at different times, since not only does this change with time in an electric field, but
we see here that between early and late times the spaces H* have been completely

reversed; H¥(—o0) = HF(o0)! The fact that H*(—oc) = HF(oc0) is also mentioned

n [,

7.3 Finite Time Transition Probabilities

In order to use the methods described in Chapter 2 we wish to calculate the matrix
elements of the evolution operator on H:

{ aprao(ti; to)  Bpraelt;to) ]

Tp.Nsa,0 (tlv tO) ep,A;q,U(tlv tO)

_ { (upain (X )|Z{1(t1,t0)|uq7g;t0(x)> <Up,A;t1(X)|(:J1(t17t0)|’Uq,a;to(X)>
(Vpai (X) ULt T0) [Uquoi (X)) (Vp it (X)[UL (15 80) [0q,0:0 (X))

where Ul (t1,10) ds / Zf 1 pri(t))(¥pri(to)| is the evolution operator on H, written
in terms of the comp(lete set of solutions derived earlier. That is:

Spaae(ti, to)

d?) I
Sponan(f1sfo) = / ZM w1 Mg (o) (7.32)
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where:

_ _ <up7>\;t(x)|¢p’,i(xa t)>
Mo xiprill) = [ (vmone(20) [ty (. 1)) }

which is unitary for all time, since it describes the overlap between two orthonormal sets
of states.

We can now use (7.23) - (7.26), (7.17) and (7.18) to calculate M(t), and we find:

(7.33)

Mp (1) = (27)°6(p — P') { ggggg;g l?(f(;;)b } (7.34)
where
AO) = e (B MO T A1) (7)
SO E2 il kil _;Eg ©); ;@; + B¢ f) (7.36)
BE) = <E§i o (et £ alEDh(E) ~ A/ (6) (7.37)
_ o [P +2£EJ£ a(f)( %_E /) (7.38)

and Iy is the 2 x 2 identity matrix. The unitarity of M(¢) can be verified by using
1
= (Alf|* +|h[*)"2. From (7.34) we get:

3 a(€(t), E(to BE(t1), E(to)) 12
A9p7)\;q,0'(t17t0) = (27r) 5(}) — Cl) |: —é(é(tz),é( B) E Etlg7é_gt0;§[2 (7.39)
where:
a(ér, &) = A(&)A(é) + B(&)B(&) (7.40)
A&, &) = A(&) B(&) — B(&)A(%) (7.41)

We can now use the formulae presented in Section 2.3 to extract from (7.39) any
information that we desire about this system of electrons evolving in a background E =
(0,0,A(t)), expressed in terms of an arbitrary solution to equation (7.13). It is worth
noting at this point that although M(¢) will in general depend on the initial conditions
chosen for f(£) in (7.13) the elements of S(¢) calculated in this Chapter are completely
independent of this.

In the following Section I will consider the time evolution of an initial vacuum state,
and will consider specifically the example of a constant electric field.
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7.4 Constant Electric Fields
In this case we a(§) = 0, so (7.13) becomes:

& f N
d—§2+(Ap+§ +1i)f=0 (7.42)

Comparison with 8.2 (1) of [*¥ reveals that solutions of this are linear combinations
of Dy,_1(£(1 —1)§) and D_,, (£(1 + 7){), where v, MTP, and D,(z) are Parabolic
Cylinder Functions. For convenience we choose f(¢)

= Dy, (—(1 —2)§). This gives
(using properties of the parabolic cylinder functions) h(£) = (1 +4)D,, (—(1 —1){) and

—7TAp
C=¢c \/85 .
The convenience of this particular choice of f(¢) is that |f(£)] — 0 as £ — —oo, while

|h(€)| remains finite in this limit. This results in:

i M(©) = 2nip ) | ) L, ] (7.43)

E—=—o0 0 e_iclg
where (' is a physically unimportant phase factor. This allows us to identify M (£(¢)) with

S(t,—o0) (up to this phase factor).
From (7.34) we have

Al, —BI, }

Span(oe,—o0) = (2nfdp - a) | JE (7.44)

/\ —mAp
where A = E?o A(E(t)) = \/\/geT tliglo F(&() (7.45)

—TAp

and B = lim B(£(1)) = - ﬂ lim A(£(1)) (7.46)

(since | f| and |A| are both bounded above for all time). This gives B, \.q, (00, —00) =
(27)%6(p — q)dr, B so that

—mA

lim BEO) e (747)

€

(ﬁTﬂ)p,A;q,a(ooa —00) = (27r)35(p —q)

An asymptotic expansion of the parabolic cylinder functions gives lim. |h(£(1))|* =
3

2¢=7> so that

(5Tﬂ)p,>\;q,a(ooa —00) = (27)35(13 - Q)e_m\p(ska (7.48)

which would correspond to a number density of created particles (not including anti-
particles), per unit volume, of:

Ny =e ™ (7.49)
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This agrees with the result given in '], However, a closer analysis of S(1;, 1) reveals that
it is wrong to interpret S(oo, —00) as representing the infinite time transition amplitude.
I explain this here.

For the physical significance of S(¢1,%0), and its dependence on p* we must take into
account the fact that p* appears in S only in the form of £ = % where p* = eFt + p°
is the physical ‘z-zmomentum’ at time ¢ of the state denoted by the subscript p. Hence,
the most physically appropriate representation of S(1,%9) is in terms of the ‘elapsed
time’ At =t —ty = {\1/33 (= \/% say) and the gauge covariant ‘in” and ‘out’” momenta
Pin = (p', p?,p° + eFly) and pow = (p', p%, p* + €Et1) = pin + (0,0, e EAL). In this form

we have:

Spout7/\§pin70'(7—) = (2ﬂ)36(2)(p0utL - pZnJ_)(S(pg’ut - pf’n - eEAt)

( T)[Q _B(pzypz - 7-)[2
(pzapz - T)[Q @(szpz - 7_)]2 (750)

where I have defined the dimensionless quantity p, = - i"é for convenience. Understanding
these subtleties allows us to recognise that the physically relevant infinite-time scattering
matrix is not S(oo, —o0), but rather:

lim Spout,\,pm,o'(T) = S(pza _OO) (751)
T—>00

The result of this is that the probability of creation per unit volume N° is not e —™\p as
often quoted, but rather:

Npin = |B(p:)[? (7.52)

—mAp
e 4

a 4Epz(Epz —I_ pZ)

By, + p2)(1 4 ) Disg (=1 = i)ps) = 2Dy, (~(1 = i)p.)
(7.53)

Graphs of this, for various values of ;—E2 are shown in Figures 7.1 and 7.2. We see that
Ny, is effectively zero for negative p. while tending towards e~™r for large p,. This
result agrees with that found in 1998 by Kluger, Mottola et. al.’”]l, and is of course much
more reasonable than (7.49) when we consider that any particle, once created, will be
accelerated to ever increasing p, by the electric field. The number density of created
antiparticles is identical, but with the sign of p, reversed. A more relevant result than
(7.49), which allows Schwinger’s formula to be derived in the large time limit, will be

described soon.

7.4.1 Number Density In The Evolved Vacuum

If we start the system at some initial time in the vacuum state, and let this state
evolve for a time At = \/f’ then this evolved state will in general contain created

particle/antiparticle pairs, and we can now investigate the distribution of these pairs.
Figure 7.3 is a graph of the expected number density in the evolved vacuum, for eF/ = m?
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0.19

0.08

. 3
Figure 7.1: Number density in an infinitely evolved vacuum, as a function of p, = 5‘;”—5 for M = 1 and

p =0 (top curve) ,0.5 (middle curve), 1 (bottom curve).

and |p.| = m, as a function of p,, for At = \/e— (right), \/—E, @ and \/—— (single peak).
A graph for At = oo is also included, which is seen to fit the left peak of the At = 7V eF

line, while becoming constant at large p,. The finite time behaviour demonstrated here
agrees with that presented in 4. The physical interpretation of Figure 7.3 is quite in-
teresting. We see that at early times, particles are created mainly with p, close to zero
(Figure 7.2 shows that p close to zero is also favoured) as would be expected, since these
pairs require the least creation energy. At later times, the right peak represents the same
early time particles (which have of course been accelerated by the electric field) while the
left peak represents recently created pairs, again at low momenta. The low oscillations in
between (about e~ ) are due to quantum interference effects.

Summing over all spin and momentum channels gives the total number of pairs created:

d’p %
N — v N, d\dp|B(payps — P (754
ToT(T) /(%)3; pA(T) = / /M2 pAB(pzyp- — T)IF (7.54)

In Figure 7.4 we have graphed NT(OT)(? for M? = 1,1 and 2.

To help put this in perspective, it is worth considering the units involved here. The
value of K for which M =1is —K =FE. = nlflf ~ 1.3 x10'%V/cm |, where we have substi-
tuted the mass and charge of the electron. This is too large to be produced on a macro-
scopic scale in the laboratory (it corresponds to an electromagnetic energy density of ap-

proximately 137 electron rest mass energies per Compton volume), although astrophysical
examples® % have been considered. Also, on a microscopic scale fields of this strength

are present in superheavy nuclei, with charges greater than 137]e|. To see the time scales
involved, note that 7 = 1 corresponds to At = 2/\761/ ~ 1.288 x 107",/ L= —£& seconds.

The length scale corresponding to \/— is Al = 4/ e]; = ;7‘; E° A 3.862 x 10711, / Lo ~& cm.
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. 3
Figure 7.2: Number density in an infinitely evolved vacuum, as a function of p for M = 1 and :77”—;3 =
—1 (bottom curve) ,0 (outermost curve), 1 (top curve) and 5 (innermost curve). A plot of e~™*» is also

3
included, which coincides almost exactly with the curve for f/‘% =5.

Now, from Figure 7.3 we see that for large 7, NpA(7) = |Bpr(ps, p- — 7)|* can be well
approximated by

Npa(r) = €77 (0(ps) — 0( — p.)) (7.55)

where 0(p.) is the Heavyside step function. This allows us to approximate:
/Np)\(T)dpS ~ VeETe ™ (7.56)

from which we get the total number of pairs created:

E)iVT o
Nror(r) =~ we <& for 7 large (7.57)
4m3
This correctly predicts the final gradient of the graphs in Figure 7.4 and is the result
most commonly referred to in the literaturel'® ' 211 However, we see in Figure 7.4 that

for |E| << E. the dominant contribution to the total number of produced pairs comes

from the initial burst of pair creation (the late time rate of creation is exponentially small
in this case). Even for |E| = 1E., we have ~ 0.44 particles created in a volume A? in
the first 107%° seconds (i.e. up until 7 = 4), with only ~ 0.005 particles every 1072

seconds after that. For |E| = % we have ~ 0.014 particles created in a volume A? in the

first 2.5 x 1072° seconds (up until 7 = 6) with only 8.6 x 107'® particles created every

2.5 x 1072° seconds after that. This difference becomes exponentially more pronounced
E.
E
This fact could possibly help in the experimental detection of this effect, although it

increases.

as the ratio
should be pointed out that this initial burst of particles will accelerate out of the region of
interest soon after the electric field is ‘switched on’ (in any finite laboratory experiment)

so it may be difficult to detect.
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Figure 7.3: Number density in the evolved vacuum, as a function of fz“—é, for M =1=p,and 7 =17
(right), 4, 2 and .5 (single peak). A graph for 7 = oo is included, which is seen to fit the left peak of the

3
7 = T line, while becoming constant at large :7”—5

Similarly, we can use equation (2.101) to calculate the vacuum - vacuum transition
probability:

p
Prac—svac(T) = eXp(V/ @y Z:log(l — Npa(7))) (7.58)
E % o0 o0

= exp(u/ / dXpdp. log(1 — Np (7)) (7.59)

42 oo J M2 7

Substituting (7.55) and writing log(1 — e™™) = — 52>, ™ gives:
N —(GE)%VT R

Pracsvac(T) & eXp(T ; € < ) for 7 large. (7.60)

in agreement with Schwinger’s original calculation?® (also in 1, [16] 1) and others ). In
Figure 7.5 we show the exact vacuum - vacuum transition probability, and the large time

approximation of (7.60) for |F| = E, and V = 10A2.
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Figure 7.4: Total particle number (in a volume (Al)?) in the evolved vacuum, as a function of r, for

;—b; = % (bottom curve), 1 and 2 (top curve).

7.4.2 Vacuum Current, and Induced Electric Field

From Section 2.3.2 we have:
<vact0(t)|jphys(t)|vact0(t)> = Trace(BB' I —~~x1 T~ + €8T~ + BelT™)  (7.61)

for any operator .J,,s, where we have defined:

T = (wnal 1)) (7.62)
e ORI (763
T = (upal T(0)vja) (7.64)
and Jiit = (oral i (1)) (7.65)

= ij_ if J; 1s Hermitian

and jl is the operator on ‘H from which jphys is defined. Taking jl to be the z-component
of the current density (so that J; = ed3d(x —y) as in Section® 2.4) we can evaluate these

2T acknowledge here that strictly speaking this is not well-defined (for the reasons mentioned at the
end of section 5.1 for instance), although since the problem is spatially uniform, then we can interpret
the results as being total current divided by total volume (rather than the current density at a point).
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2 4 6 8

Figure 7.5: Vacuum - vacuum transition probability for |E| = E. and V = 10A3. The initial burst
of pair creation cause the exact transition probability (bottom curve) to be significantly lower than

Schwinger’s prediction (top curve) at early times.

matrix elements easily using (7.9) and (7.7). Then, using

(B8")pra0(t 1o) = (27)8(p — @)drs|B(t: o) |* = (v97)pxia (t: To) (7.66)
(BN priac(t,to) = (21)*6(p — @) (1, to)a(t, to) (7.67)

we find the current density in a vacuum that has evolved for a time At = \/Z—E to be:

(vacy, (to + A1) Jonys|lvacy, (to + At))

JowaclT) = T o A vace (fo + A1) (7.68)
— 4e/ %(pzlﬁ(pz,pz —)* = VARB(pz,p. — T)alps,p. — 7)) (7.69)

e(eB): [ [ d)\,dp. )
= (W) / . /M 2 Ep—pf@zw(pz,pz—r)l — VAMR(B(ps, p- — T)a(ps, - — 7))
(7.70)

where R denotes taking the real component.

To compare this with the current before vacuum subtraction J5 ,4i0.(7) =
Yo (it (x,t0 + At)) and with the alternative definition JéMC(T) = %Zi{‘](mﬂfo (x,%0 +
AL)) — J(u;10(x, 10 + At))}, as mentioned in Section 2.4, notice that:

I (vige(x, o + Al)) = ;—:[pz(lﬁ(pz,pz — )2 = 1) = V/NR(B(pay ps — T)a(payps — 7))
Z (7.71)
(g (%, b £ A)) (7.72)
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Hence:

J30ae(T) = 3 naive(T) (7.73)
E)s [ [ d)\,dp,
= e(; 2) / / g P 0. (18(peyp- — 7)[* = 1) = V/AR(B(ps, p- — T)ax(pay po — 7))]
s (7.74)
E)? L\, dp.
= Jonac(r) = e(: 2 / / Sh (7.75)
T M? p7

The final term in (7.75) corresponds to the vacuum subtraction. It is easily seen to
be independent of time, as claimed in Section 2.3.2. Also, as mentioned in Section 2.4,
although it is clearly divergent, it is often discarded due to being odd in p,.

-0.01}

-0.02¢

-0. 03¢

-0.04;

Figure 7.6: Current density in an infinitely evolved vacuum, as a function of p,, for A, = 2. The |3|?
contribution is also shown (the smoother of the two curves). The R(fa) term produces rapid oscillations

about the mean contribution.

In Figures 7.6, 7.7 and 7.8 we have graphed the integrand of (7.70), as a function of p,,
for various evolution times, and have included on these a graph of the |3|? contribution.
We can see from these that at late times the dominant contribution to the integral comes
from the |3|? term, while the other term simply generates rapid oscillations about the
|B|* value. The |3|* contribution is the obvious, essentially classical contribution, of
the form ‘sum over created particles of the current of each particle’, while the R(G«)
term represents quantum interference effects. These oscillations are on a time scale of
Lou ~ ;;:c = %, and a length scale of Az ~ A, as are the smaller, more strongly damped
oscillations already present in the |3|* term. These can also be seen in Figure 7.9, which
plots the integrand as a function of 7, for p, = 5 and A, = 2. Although the total integrand

here deviates noticeably from the |3|* contribution at late times, the amount (and sign)
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0,02

-0.02 +

—-0.04

Figure 7.7: Current density in an evolved vacuum, after a time At = 7v/eE, as a function of p,, for
Ap = 2. The |B]? contribution in also shown (the darker curve). Again, the %(B8a) term produces rapid

oscillations about the mean contribution.

of this deviation is sensitively dependent on the chosen value of p,. These oscillations on
the time scale of #,, can be identified with those mentioned in [l and ! which play an
important role in the quantum decoherencel®' and effective dissipation processes discussed
in these papers. Mottola et. al.®l comment that when studying the back-reaction problem
(where the effect of the created particles on the electric field is taken into account) for
scalar electrodynamics in 141 dimensions, neglecting these rapid oscillations results in
the reversible Hamiltonian evolution being replaced by an irreversible kinetic evolution.
Figure 7.10 shows the total vacuum current density as a function of 7, along with the
|3|* contribution, and the approximation that results from not only ignoring the R(3a)
terms, but also using (7.55).

The |3|* contribution shows strong agreement with Figure 5 of Kluger, Mottola et.
al.B7 (although a different scale is used in [71). We also see that, although the ‘semiclas-
sical’ [3]* term dominates in all but the first 107%° seconds, the ‘quantum interference’
term is significantly more important in this first instant. Finally, it is worth noting that
due to symmetry, we have Ji 14.(7) = 0 = J3,44.(7), although the integrand of .Ji ,4.(7)
and J3 q.(7) will still display rapid oscillatory dependence on p,.
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Figure 7.8: Current density in an evolved vacuum, after a time At = v/eFE, as a function of p,, for
Ap = 2. The |B]? contribution in also shown (the darker curve). We can no longer say that the R(8a)

term produces rapid oscillations about the mean contribution.

The large time approximation is:

E)IT —am?
JS,vac(T) ~ Me 22 (776)

23

This would generate an induced electric field in the positive z-direction:

2 2 )

Eina(T) = %e"ég‘ (7.77)
Since we have not taken back-reaction into account, then our results can only be considered
realistic during times when F;,; << |E| That is, when 7 << \/gea%'. Thus, although
for small electric fields ( where eE << m?) the above approximation is valid for an
exponentially long time, we see that it is never valid for an infinite time! To calculate
infinite time pair creation effects without including back-reaction is meaningless! Also,
for |E| ~ E. this approximation is only valid for At ~ 107" seconds!

7.4.3 Non-Vacuum Initial Conditions

So far we have only considered the properties of an evolved vacuum state. We could easily
have considered an initial state which is not vacuum. For instance, consider an initial state,
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Figure 7.9: Current density in an evolved vacuum, as a function of 7, for p, = 5, and A\, = 2. The |3|?

contribution in also shown.

at time {g, consisting of N particles, of momenta py,...pny and spins Ay,...Axy. Then
from equations (2.86) and (7.39), the expected number of out particles (after evolving for
a time \/Z—E) is:
N
Nous7) = 3 (s () = 1B (7)) + Now7) (7.78)
i=1

which is less than N,..(7)+ N, due to Pauli exclusion. The probability that the out state
would contain exactly N particles is:

,Pvac—wgc (7-)

N
Hi:l |O‘pz‘7/\i(7_)|2

which again shows the well-known fact that particle creation is less likely in a state that
already contains particles (recall that |ap, 5, (7)]* 4+ |Bp;r;(7)|> = 1). The current density
of this evolved state is:

PN%N(T) = (779)

Tout(T) = Y I (up (X, 1) + Juac(7) (7.80)

=1
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0.02}
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-0.01;

Figure 7.10: Total current (in a volume (Al)3) in an evolved vacuum, as a function of 7. The |3]?
contribution in also shown, which provides an accurate approximation except at very early times. The
late time approximation of (7.76) is also included, which gets the final gradient correct, but misses the

initial ‘burst’ of creation, just as was the case with the total number of created particles.

where
|Upinisto (X, 1)) = Ul(t7t0)|upw\mo (x)) = apa(ts o) [upa (X)) — Bpw\nt(x)|va\nt(x)>
(7.81)
which gives (for the constant electric field)
e , : :
T (upirto (%,1)) = 2—{(1 = 218(p; + 7,22 ) (P2 4+ 7) + (7.82)
Pz
2y /\péR(a(pZLi + 7, pzznz)ﬁ(p;nz + 7, p;nz))} (7.83)

Note that J(up, 1 (X,1)) does not represent the current of 1 particle. Rather,
I (Up; pito (X, 1)) + Juac(X, 1) represents the expected current at time ¢ in a state that at
time o contained one particle. It will contain contributions not just from the 1-particle
component of the evolved state, but from the entire evolved state. If, before measuring
the current of the evolved state, we measured the particle number, and found exactly one
particle present, then the current we would measure would be that of the ‘collapsed state’
Up; 2;t(X) A [vacy) (which is the one-particle component of the evolved state, appropriately

out
normalised). This current is easily deduced to be J = eg“ which is simply the classical

result for a single particle, accelerating in this electric field. This is, to the best of
my knowledge, the first time that ‘collapse of the wave-function” has been applied to a
relativistic system, and it provides a simple example of the insights that can be gained
from working directly with the Schrodinger picture states of the system, rather than via
a field operator.

J(tp; 2;.10(X, 1)) is graphed in Figures 7.11 and 7.12, as a function of 7 = Vel (t — 1),
for N =1, pin = 0, and |F| = F. (Figure 7.11), and % (Figure 7.12). Also included
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in these graphs is the classical current for a single particle, accelerating from rest in the
relevant electric field. We see from these that for || = F. the classical result differs
significantly from the quantum result, even when the vacuum contribution, J,..(x,1),
from Figure 7.10, is included. However, for |F| = % the quantum result agrees well with
the classical prediction. The result for |E| = 1EO°0 was also calculated, but the graph is
not included here, since in this case the quantum result was indistinguishable from the

classical result.

0.8}

0.6

0.2

2 4 6 8 10

Figure 7.11: J(up ato(x,t0 + \/Q—E)) as a function of 7, for p;, = 0 and |E| = E.. Also included is the

classically expected current for a particle accelerated from rest for a time —%=)).

VeE
l,
0.8}
0.6}
0. 4!
0.2
2 4 6 8 10

Figure 7.12: J(up ato(x,t0 + \/%)) as a function of 7, for p;, = 0 and |E| = %. Also included is the
classically expected current for a particle accelerated from rest for a time \/%)) We see, as expected,
that the full result more closely resembles the classical result in this case. We also calculated the result
for |E| = FTC(J’ and found no discernible difference between the full result and the classical result in this

case.
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Chapter 8

Bosonic Systems

In this Chapter I present a description of some of the work that has been done in an
attempt to extend the formalism of the previous Chapters to include quantized bosonic
systems. Although this extension is far from complete, there are some important results
that are worth presenting here.

I restrict my attention to the case of a charged scalar field in the presence of an
electromagnetic or gravitational background. The main results of this Chapter are an
extension of the particle definition and vacuum subtraction scheme to the bosonic case.

However, since the bosonic equivalent of the formalism of Chapter 2 is not yet com-
plete, then I will use the conventional, field operator based formalism analogous to that
used in Chapter 4.

In Section 8.1 I introduce the equations relevant to a charged scalar field in an elec-
tromagnetic background, and I show how the particle definition introduced in Chapter 2
can be applied in the bosonic case. In Section 8.2 I define the ‘in” and ‘out” Fock spaces,
Bogoliubov coefficients, etc, and derive the general S-Matrix Element of the theory. Sec-
tion 8.3 is devoted to the discussion of expectation values, and the introduction of a
vacuum subtraction scheme, while gravitational backgrounds and arbitrary observers are
considered in Section 8.4.

8.1 The Equations

The Lagrangian for a charged scalar field in an electromagnetic field A*(x, 1) isl®Z:
L =D,¢"D'd—m*d* ¢ (8.1)
where D,¢ = (0, +ieA,)¢ .
Dy¢" = (Dy¢)" = (0, — ieA,)¢" (8.3)

and e is the charge of the bosonic particle. This leads to the governing equation:
(D*D, +m*)¢ =0 (8.4)
and the conserved current density:

J' = i(§" D' — (D'¢*)p) = id* DM (8.5)
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from which we can deduce that the inner product:

Gx e, ) =i [ dxir Do = [ @xlivTo—2eax.000°0) (39

is conserved, but not positive definite. Notice also that now the norm of a state at a given
time is dependent on the value of A°(x,t) at that time.

We now wish to express equation (8.4) in Hamiltonian form, with respect to a linear
Hamiltonian operator. Start by defining @ = Dy¢ (so 7* = Do¢*). The ‘state at time ¢’ is

then defined by the doublet ¥(x,t) = o(x,1) , and equation (8.4) can be written as:
m(x,1)

i3 =) |50 | = L b Sty | = B0 [ 3] 6

where & = 1,2,3, and the gauge invariant, Hermitian® ‘first quantized’ Hamiltonian op-
erator Hi(x,t) can be written in matrix form as:

Hy(x,1) =i { 5, Dg ) (1) ] (8.8)

Note that 7(x,t) defined above is not the ‘conjugate variable’ to ¢(x,t). That is, 7(x,t) #
g—i. It is well-known[*” that defining a Canonical Hamiltonian is unreliable in gravitational
backgrounds, since not only is it sensitively dependent upon a choice of time coordinate,
but it also has little to do with the energy-momentum tensor.

o(x,t
WEX,t; ] as

(U (x,1)|Wy(x,1)) = i/dSX(quﬂg — T ) (8.9)

The inner product can be written in terms of [

and the expectation value of the Hamiltonian in the state U(x,?) is

(U (x, )| Hy(x, )| ¥(x, 1)) Px(mm = ¢* (Y Dy —m?)¢) (8.10)

/d3x T+ Y Ded™ D+ m’¢79) (8.11)
k

which is easily seen to be the Hamiltonian of classical field theory. We can now define
H*(t) to be the span of the positive spectrum of the operator lfll(x,t), and define
H~(t) to be the span of the negative spectrum of H, (x,1), just as in the fermionic case.
To see how this relates to the conventional choice involving spaces of positive defin-
ite/negative definite norm, notice that an eigenstate W; of H(x,t) of eigenvalue F; has
norm 2FE; [ d®x|¢;(x,t)[?, which is positive for E; > 0 and negative for F; < 0. From this
we can deduce that:

(P (1) UIPF (L) W) 2 (VW) > (P (o) W] P (o) V) (8.12)

1This is Hermitian despite the definition of inner product being time dependent, since the time de-
pendence of that definition is balanced by the eAg(x,?) term present in the left hand side of (8.7).
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for all ¥ € H, where ﬁi(to) : H — H*(15) projects out the positive/negative energy
components of the state U. Hence, the definition of H*(#;) in terms of the spectrum
of H, (1o) is consistent with the conventional requirement* 22 (namely, that H* (i) be
orthogonal spaces, spanning H, with positive definite/negative definite norm respectively)
but has the advantage of being unique®. To see how this definition of H*(¢y) can be
expressed in terms of initial conditions on ¢(x,t), notice that the equation H, (to)|Wy,) =
+Fy|Vy,) can be rewritten in terms of ¢ and its time derivative as:

—ZDM (x,to) = (B, — m*)$(x, o) (8.13)

—1 B p(x,t9)  eigenstate Fy >0

o . (8.14)
i By (%, 10) eigenstate — F;, < 0

D0¢(X7 t) |7f=7f0 = {

This allows us, if we desire, to express our definition of H*(¢y) completely independently

o(x,1)
of the [ m(x.1) ] system.

8.2 Bogoliubov Coefficients and S-Matrix Elements

As in the fermionic case, let {u; 4, (x,1),v;4(x,1);7 € I} be a basis of solutions of the ‘first
quantized’ equation (8.4), where [ is some index set, which is assumed for convenience to
be countable. Also, let:

Ui7t0(x,t):{ Uit (%, ) ] Vmo(x,t):[ viso (X, ) ] (8.15)

Douiﬂfo (X, t) D(ﬂ)iﬂfo (X, t)

and let these be such that, at time to, the set {U, ;,(x,%0),? € I} provides an orthonor-
mal basis for H*(ty), while the set {Vi, (x,t0),i € I} provides a negative orthonormal

basis for H™({o). So’:

(Uito (36, ) Ujo (3, 1)) = 63 = = (Vigy (3, ) Vi (%, 1)) (Uigg (3, 1) [V (%, 1)) = 0
(8.16)

Let {w;+ (X,1),vi4,(x,1);1 € I} be similarly defined with respect to some ‘out time’ ¢; > 1.
We can expand the ‘in’ basis in terms of the ‘out’ basis as:

g 7fo X, t Z{aﬂ tlvtO uj, fl(X t) 7ji(t17t0)vj7f1(xat)}

Vit (X, 1) Z{Bﬂ by, to)uge (X, 1) — €i(t, Lo)vje (%, 1)} (8.17)

2To see that the conventional requirement is not unique, consider the simple case where H has only
one positive norm and one negative norm degree of freedom. This is equivalent to 1+1 dimensional
spacetime, which certainly does not possess a unique split into ‘space’ and ‘time’.

3Notice that we are switching between two different spaces here, one being the set of all (finite norm)
solutions of (8.4), with inner product (8.6), and the other being L%(R?)?, with inner product (8.9).
Hopefully it is clear in context which is being referred to.
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which defines the Time-Dependent Bogoliubov Coefficients:

a@ij(t1;to) = (Ui (D)|Ujao (1)) 7ii (b5 to) = (Vi (1)U (1)) (8.18)
Bii(tto) = (Uin Vi (1)) €ij(tas to) = (Vi (D)[Vieo (1)) (8.19)

(8.17) can then be inverted to get:
gty (X7 t) = Z{a;kj(tla to)ujﬂfo (X7 t) - ﬁ;j(tla to)vjﬂfo (X7 t)}
J

Uity (Xa t) = Z{V;j(tla to)ujﬂfo (X7 t) - 6;(j(t17 to)’Uj,tO (X7 t)} (820)
J

and the Bogoliubov conditions can now be written as:

325 2L s ] e

for all £; > ty. The field operator qg(x, t) can be written in terms of these as:
A, 1) =Y {uti gy (X, )i g + vigo (X, )DL, )} (8.22)

where a; 4, 1s the annihilation operator of the Heisenberg picture state representing the
solution U4 (x,t), and similarly for b;4 5. By requiring that ) (x,t) satisfy the (equal
time) Canonical Commutation Relations, we can deduce that a;y, n, b;s 5 must satisfy

(for all #g):

[ai7f07h7 a;r‘,to,h] = 5ij = [bi7f07h7 b;r',to,h] (823)

with all other commutators zero. Requiring that qg(x, t) be independent of tg, we deduce
that

tign =Y {aij(ti, o) ajion + Bijti, to)bl, 1} (8.24)
;

bisnn = > {=v5(tto)al, , — €5(tr,to)bjan}
;

and that:

Aitg,h = Z{a;i(th to)a]ﬁ‘hh + 7;i(t17 to)b},tl,h} (825)

J

bitgn = Z{_ﬁji(tlato)a;thh — ¢€i(t1,%0)bj 1 1}

J

The ‘tg vacuum’ |vacy,, h) is defined (for each tg) by the requirement that

Wiggnlvacy, h) =0 = b4 p|vacy, h) (vacy, hlvacy, h) =1 (8.26)
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The ‘ty Fock space’ is spanned by the set of all states of the form:

(aj’l,to,h)rl te (ajm,to,h)rm(b;n,to,h)sn tt (bjl ,to,h)51

Vrilraloornls! o s,)

lvacy,, h) (8.27)

1

where the factor of (rilra!...rulsi! .. s,!)72 is included to ensure that these states are
all of unit norm. Notice that although the norm on H is not positive definite, the norm
on the 1y Fock Space is positive definite. It is useful to denote these states by

|(;}1;22522]"5n)Znt07 h> (828)
which we abbreviate to |<;Z)znt0, h). With this notation, define
¢y = (vacy, hlvacy, h) (8.29)
o 1 o
V(;-s) = g<<;s)0uttl,h|vacto,h> (8.30)
iy AW
A(js) = g<vactl,h|<js)znto,h> (8.31)

in analogy with the treatment of fermions described in Chapter 4. We can now calculate
¢y, A, and V using the same basic procedure as in Section 4.2. We find

per(A (%) (1, 10))

A(%) = 6., 8.32

<-7 ) Vrilrl oo lsi !l s,] ( )

where r = Zrk 5= Zsk Ati,t0) = —€ ' (t1,t0)¥(t1, o) (8.33)
k k

and A(;Z) (t1,10) is the s by r matrix composed of n by m blocks, where the kI block

is the s; by r; matrix all entries of which are A;,;. ‘per’ denotes the permanent of this
matrix?,

per(V (5) (1, 10))

V L) = Ors 8.34
<-7 ) Vridrl e lsil o s,) ( )
where V(tl,to) = —ﬂ(tl,to)ﬁ_l(tl,to) (835)

and V(;Z) (t1,%0) is the r by s matrix composed of m by n blocks, where the [k™ block is

the r; by s, matrix all entries of which are Vj,;,. Finally,
| = | det(€(ti, 0))] ™" = | det(a(ti, o))" (8.36)

Note also that by using the Bogoliubov conditions we can deduce AT = —a~'8 and
Vi = —~a~'. We will now prove (8.34) and (8.36). (8.32) can be proved similarly. For

4The formula for the permanent of a matrix is just like that for the determinant, but without the
factors of the sign of the permutations.
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this purpose, it is convenient to slightly modify the notation. Implicit to the notation used
in (8.28) was the fact that only those i), are included for which r; # 0, (and that there are
m such ;). However, we will find it convenient for these proofs to include all possible 1,
(from 1 to N) and allow some of the r; to be 0 (so m = N now) Similarly, we will include
all possible j (from 1 to N) and allow some of the s; to be 0. For instance, the state

261y . 0602240140 0\ .
|<3 5 )mto,h> = %a;tmha;tmha;tmh|vact0,h> would be denoted |<1 2 :1)’0;10?.]?,0"']\7 )znto,h>

here. (This is clearly an inefficient notation in practice, but is convenient for the purpose
of these proofs.)

Now, as in Chapter 4, expand |vacy,, h) in terms of the various |<Zs) outy,, h) as

J

T

lvacy,, h) CUZV (t1,10) ( )outtl,h> (8.37)
Acting on this with a4, , and using (8.25) gives:

Z Z V tlatO {O‘Im\/—|<1rl ka - )OUttm > —I_ V*kz\/ Sk —I' 1|(1S1,,,]§Sk+1m)OUtt17h>}

k=1 r,s

(8.38)

which is true for all 7. Consider now the coefficient of |(1012?)20 {Y.?\,O)outtl,m in (8.38), for

some j. This gives

. * 10 N0 10...k1...N0
0 =7;V( )+ E: @iV (10751 vo)

Vi; as expected Lookmg at the coefficient of |( )outtl,h> (8. 38) (for any u ) allows
us to deduce that V(10 N0> = 0 whenever r # 0, Whlle similarly V( oV ) = 0 whenever

s # 0.
Looking at the coefficient of |< )outtl,h> in (8.38) gives

0= Z{V<1“1...k“.};.tl,..N“N>azi /Fk T 1 + V<1v1vaji:llvaN)’Y*ki\/ﬂ}
k

Multiplying through by (af)7!, summing over i, and relabelling, gives:

Ji

Vi) = —wa () (8.39)

Equation (8.34) now follows by induction. That is, if r # s then we can use (8.39)

repeatedly to erte V( ) as a sum of terms in which the smallest of r or s is zero, and

this will give V( ) = 0 since V(o FNO) = 0 for r # 0 and V( i ) = 0 for s # 0.
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Alternatively, if r = s and we assume that (8.34) holds for all r, s up to some value n then
for r =s=n+1 we can use (8.39) to write:

- 1 7 ra—1 r
1) : 1", 577 L NN
V<J ) Vel ls o osad Zk:Sk‘/]kper(v<151...k5k_1...N5N) (8.40)
ir
_ per(V (5¢) (11, 1o)) (8.41)
Vel oratsi!sy!

which can be seen by expanding the evaluation of per(V(}s)) along one of the rows in

the jth block (the factor of s; is because there is s; copies of the same column in the

7k Block).

Now we proceed to the proof of (8.36). For this, simply use (8.37) to write:

1=¢, ZV (t1,10) <vact0h|( r)outtl,h>

= [e,|? ZW

bert¥ VG
v A2
=lef ZT1'T2 Nlsiho syl (8.42)
zkﬁ&ﬂU—VVU) (8.43)
= |e,[* det(aat) = |c,|*| det(a)|? = |e,[*| det(€)]*  as required. (8.44)

(8.44) follows from (8.43) from using the Bogoliubov conditions. Obtaining (8.43) from
(8.42) is rather more difficult®. To do this, use MacMahons Master Theorem (see corollary

Al
9.4.2 of ) to write det((1 — A)™!) = >, %w for any N by N matrix A. Then

put A = VVT and notice that A(Z:) = V(IIZ}I)(V(NZ’;\H))T. (8.42) now follows by

using the Cauchy Binet Theorem for permanents®¥ to write per(V (11.1.;\,1) (V (11.1.;\,1) ) =
mmV(M2
s1l.sp!

Flnally, before proceeding to the next section, it is Worth pomtmg out the curious fact

that, although all the ‘relative’ S-Matrix elements A(js) and V(Js) can be expressed in
terms of permanents of first quantized solutions, the vacuum - vacuum S-Matrix element
is an inverse determinant! This fact is quite counterintuitive, and it is peculiar that this
could follow from a completely symmetric state space. Another intriguing fact is that,

5Special thanks are due here to Jim Reeds of AT&T Labs, USA, for his help in proving this result.
Curiously, although a similar matrix identity is necessary for DeWitts[24] proof for real scalar fields, he
seemed to consider the result to be obvious enough to need no justification, and makes no mention of any
proof!
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if we relate the bosonic Bogoliubov matrices to their fermionic counterparts by ap
(a})_l Bg < —Vi ~p ¢ Arp €p < €5, then the bosonic Bogoliubov conditions
are satisfied whenever their fermionic counterparts are satisfied, and the vacuum - vacuum
S-matrix element maps over appropriately from the fermionic to the bosonic system. This
is an interesting result, which is worth pursuing further.

8.3 Expectation Values and Vacuum Subtraction

We will not present a general treatment of vacuum expectation values, but will simply
illustrate the procedure with an example. The example we choose here is the vacuum
expectation value of the ‘second quantized’” Hamiltonian operator. The ‘naive’ (not nor-
mal ordered) Hamiltonian is given by equation (8.11), with the functions ¢(x,t), 7(x,1)
replaced by the field operators:

(%(X7 t) = Z{uiﬂfo (X7 t)aiﬂf‘o,h + Vit (X7 t)b;r,to,h} (845)

and 7(x,1) = Y { Dot 15(X, 1)1 + Dovigy(x,1)b], )} (8.46)

Since (%(X, 1), (x,t) are independent of the chosen value of ¢4, then so is [:[mwe(x, t). The
vacuum expectation value of H,i.(X,1) is easily found to be:

<Uac7f07 h|]:]nflive(xv t) |Uac7f07 h> = Z<‘/iﬂfo (X7 t) |]:]1(X7 t) |‘/i77f0 (Xv t)> (847)

where (V] 4, (X, t)|ﬁ1(x, )| Vit (x,1))is given by (8.11), with W = Vj 4 (x,t). This represents
the total energy (before normal ordering) at time ¢ of the state that was vacuum at time
tg. The insights gained from Chapters 2 and 3 allow us to realise that the appropriate

normal ordering scheme is not : :, or: i ., but rather:

With ]:[phys(x,t) = I{Inam(x,t) : we get:

(vac 05, Dl k) = S 4{Via 0, O (5, Dl Vin 3, 00 = (Vs DL, Vi, )
(8.48)

Substituting (8.17) and expanding gives:

<vacl‘07h|f{phy5(x7t)|vacl‘oah> (849)
= Trace(BTH™" B -3 H e —e'H "B+ e'H ~€) — Trace(H ™)

(8.50)

= Trace(BBTH + vy H™~ —eBTAT™™ — Be'H™) (8.51)
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where we have used ee' — y~" = I, and we have defined, for any operator Ayt H — H:

A = (Ui, DA%, )| Uka(x, 1))
A5 = (Via 06 O] Au(x, )] Via(x, 1)
AT = (U )| A (3, 1) [Via(x, 1))
and A7F = (Vi (x, 8)| Ay (x, )| Ur(x, 1))

= A;:j_ if A, is Hermitian (8.52)

Now, by the definition of H*(#) we have H*~ =0 = H~", so that:

(vacy,, h|1{[phys(x,t)|vact0, hY = Trace(BBTH™ + ~y~TH™™) (8.53)
and it is worth noting that, as in Section 3.3, it is only by using : :; that we can use

eel — 4~ = T to cancel the divergent ee! H™~ term in (8.50) in favour of the vy H ™~
term. Despite this we find that (8.53) still diverges in general, and further renormalisation
is necessary to render it finite.

8.4 Gravitational Backgrounds

The Lagrangian for a charged scalar field minimally coupled to a gravitational background

ist22.

L=V=g{g"' V"V — m’$" ¢} (8.54)

where V, denotes the covariant derivative, and g = det(g,, ). This leads to the governing
equation:

9"V, V6 +mip =0 (8.55)
and the conserved current density:
Ty = i($V,p — (Vug™)g) = i" V 0 (8.56)

from which we can deduce that the inner product:
(plo) = Z/ Vg™V pdsr (8.57)
b

is independent of ¥. We now wish to describe this system in Hamiltonian form. For this
purpose, suppose we have chosen an observer, with radar time 7(z), and time-translation
vector field k*(z) defined as in Chapter 3. Introduce two scalar fields ¢(z) and ¥ (z)
satisfying the governing equation:
'V, 0=m (8.58)
BV = — (VR + m?)6 — KV - By + (V) 756
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where | have defined

ar or kH

k]2 = k'k, = (— py=1 T

| | K (&c# 8:17”9 ) n |k‘|
H"™ = g" — n'n¥ (8.59)

Vig=H"V,p and Vip=g"“V,V5¢

Is it easy to see that if ¢(x) and w(z) satisfy (8.58) then ¢(z) satisfies (8.55). Hence,
the system described by (8.55) and (8.57) can also be described by the governing equation
(8.58) along with the inner product:

(0, |0,) = ““I

where d¥* = n*dV, and we restrict ourselves to hypersurfaces ¥, here. We have used the

(pimy — Tl ha)dV (8.60)

symbol |W¥) to represent the doublet [ igg ] just as in Section 8.1.

The energy momentum tensor can be written (in the minimally coupled case) as:

Ty =V, Vh+ V"V, — 5’%/: (8.61)

in terms of which we may write:

H.(6) = / Tk d5 (8.62)

= [ G5 sk e+ 9,6 .0)

)

\II|H1( )W) (8.63)
where
. yis 0
H \II = . 2 — )
(7)) [—z|k|2<v;+m2>¢—g%ng%ﬁ] Z[—|k|2<v%+m2>+%w LgevE 0
(8.64)

and we have used m = k*V ,¢. This can be proved by direct substitution, although
the proof does rely on the assumption that ¢(z) falls off sufficiently rapidly at spacelike
infinity, so that boundary terms can be ignored. We can now write (8.58) in terms of the
Hamiltonian [:[1(7') as:

0

. ,U» _ i
k"N, |U) = Hy(7)| W) +4 G (V ke, + YV k) VG — |K|(V - k)m

(8.65)

Now that we have a well-defined operator ]:]1(7') representing the first quantized
Hamiltonian ‘at time 7’ (according to our chosen observer) we can use it to define H*(7)
in terms of the positive/negative spectrum of H, (7), just as in Section 8.1. This definition
is, as might be expected, equivalent to diagonalising the second quantized Hamiltonian
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[:[mme(T) obtained by substituting the field operator qg(;n) into (8.62). Notice however,
that there is no analog of (2.29) for bosonic systems, since <\I/|1T:]1(T)|\I/> is positive definite
now.

Also, just like at the end of Section 8.1, the condition that |¥(7)) be an eigenstate of
]:]1(7') can be rewritten in terms of boundary conditions on ¢(x) as:

V3(els,) = <<%>2 ~m)d(als,) (3.66)

—1F.¢(x]y) eigenstate E; >0

o ‘ (8.67)
iE.o(z]y) eigenstate — £, <0

K'YV ,.o(z)|s, = {

This allows us to define u,, (), vy, (z), s, (2), vs,(z) and to define Bogoliubov
coefficients o (Tyut, Tin ), B(Tout, Tin) €tc, which can be substituted into the various formulae
of Sections 8.2 and 8.3 to yield S-matrix elements and (non-renormalised) expectation
values just as desired.

Now, consider the case when k*(z) is Killing. The extra terms in (8.65) disappear
in this case, giving ik*V,|0) = H,(7)|¥), while (|, (7)|¥) becomes independent of
7. Hence, (8.65) takes the form of a time-independent Schrodinger equation, and no
particle creation will be observed in this case. There is however, the possibility of two
different observers travelling along the integral curves of two different Killing vector fields.
Although neither of them will observe particles as ‘being created’ they will each have
different definitions of particle, so that the vacuum according to one will not be the vacuum
according to the other. This is the situation in the Unruh effect for instance, where the
accelerating observer observes the inertial vacuum as containing a thermal distribution
of particles. The study of quantum field theory in situations where the time-translation
vector field is a time-like Killing vector field was first investigated by Gibbons!™! in 1975,
and the particle definition presented here can be viewed as the generalisation of his work
to an arbitrary observer in an arbitrary spacetime.

Finally, it is worth noting that the case of electromagnetic and gravitational back-
grounds can be handled straightforwardly by replacing V, with D, =V, 4+ ieA, in the
Lagrangian. We do not present this case in any detail here. Also note that in the ab-
sence of any electromagnetic background the solution space is invariant under complex
conjugation *, and further, that * : H*(7) — HT(7), so that * performs the role of Charge
conjugation. Hence, we could require that v; ., (z) = u}, . (z) if we desired. We could
then consider Hermitian scalar fields simply by putting b; -, » = @i, 1. For the details of

Hermitian scalar fields in gravitational backgrounds, the reader is referred to DeWitt[24,

or to any of the standard texts?* 23,
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Chapter 9

Discussion and Outlook

In this dissertation I have presented a formulation of fermionic quantum field theory in
electromagnetic or gravitational backgrounds that is precisely like the methods used in
multiparticle quantum mechanics, the only difference being that the particle interpretation
requires us to consider the entire Dirac Sea, as well as any particles which may be present.
Rather than working with a field operator 77[)("17), and an abstract Fock space constructed
solely from creation and annihilation operators acting on some postulated vacuum |0),
I work directly with the Schrodinger picture states of the system, described in terms of
Slater determinants. This provides a close link between the ‘first quantized” and ‘second
quantized’ systems, providing numerous conceptual and computational advantages, such
as:

e The derivation of S-Matrix elements follows trivially from the definition of inner

product on Fa(H).

e Unitarity of the full evolution equations follows directly from conservation of the
inner product on H.

e Charge conservation follows trivially from conservation of grade.

e The action of ‘second quantized’ (i.e. Hermitian extended) operators is well-defined
regardless of whether or not we possess a complete set of orthonormal modes (see
Section 4.3 for a discussion of this), and provides an extremely simple derivation of
the general expectation value of the theory.

e Discrete symmetries can be treated in a way that does not rely on momentum
eigenstates, or on the ‘asymptotically free theory’.

e New approaches are suggested to problems such as quantum anomalies, vacuum
fluctuations and finite volume measurements.

This close link between the ‘first quantized’ and ‘second quantized’ systems was also
invaluable in the development of a new definition of particle, some advantages of which
are:
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o [t provides a particle interpretation in an arbitrary electromagnetic or gravitational
background, and for an arbitrary choice of observer.

e It depends only on the choice of observer (and the background present), not on their
choice of coordinates or their choice of gauge.

e It not only specifies a ‘Hamiltonian diagonalisation condition’, but it also provides
a procedure for satisfying this condition in arbitrarily difficult situations.

o [t agrees with conventional results in those situations where the conventional meth-
ods are well-defined (I have considered the Unruh effect, spatially uniform electric
fields, and exponentially inflating universes) but is much more general, so allows
many more situations to be studied.

e Although it is necessarily non-local on small scales (no local definition could be
consistent with the Unruh effect), it is ‘effectively local’ on scales larger than the
Compton wavelength A\, = % of the particle concerned.

Also, by placing the observers hypersurface of simultaneity at the heart of their inter-
pretation of the system, and by working entirely within the Schrodinger picture, I have
provided a relativistic environment within which such non-local issues as entanglement,
collapse of the wave-function, and other ‘EPR-motivated’ issues can be investigated.

Notice that although my particle definition depends on the motion of the observer,
it does not depend on the detailed working of their particle detector. This means that
implicit in this definition is the conjecture that all ‘suitable particle detectors’ will behave
similarly under acceleration (or in the presence of a gravitational field). It is clear from
the literature on this subject?* 234533, 65 that various people are sceptical about this
conjecture, despite there being as yet no experimental evidence against it. This situation
seems analogous to the situation which existed in the middle of last century regarding
the relevance of proper time in general relativity. As already mentioned in Section 3.2,
Bondil® firmly believed that “how a clock reacts to acceleration is utterly dependent on
how the clock is constructed”. Thus, although in theory the proper time of an acceler-
ating observer, even in curved spacetime, was perfectly well defined, Bondi believed that
this was of little importance, since it could not reliably be related to the actual ticking
of that observer’s watch. Due to various experiments, we are now quite confident (see
[59] [60] pgs 144,145, and the references therein) that this belief was wrong, and that
all ‘suitable clocks’ behave similarly under acceleration. As for particle detectors, we now
have a mathematically well-defined definition of particle which depends only on the mo-

, Oor

tion of the observer, and the question of whether or not this can reliably be related to
the ‘actual ticking of the observers particle counter’ can only be verified or disputed by
experiment. Hopefully future experiments will (as with the case of proper time) choose to
agree with the mathematical definition. Should we wait until these experiments are done
before we use the definition? That is a matter of opinion. However, if the theoreticians
had refused to use proper time until after the experimental evidence was in, then over 50
years of valuable research time would have been lost!
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This formalism (equipped with its particle definition) has been applied to Dirac
quantum field theory in time varying, spatially uniform electric fields. Various expecta-
tion values have been calculated for a state that evolved from vacuum for a finite time.

16,18, 1] " which involved ‘turn-

These results were shown to agree with other approaches!
ing off the electric field” and calculating the expectation values in the free regions. Since
gravitational backgrounds cannot simply be ‘turned off when making measurements’; then
this particle definition provides significant improvements here. I have discussed how the
particle definition would apply to the case of a uniformly accelerating observer in flat
space, and of a comoving observer in DeSitter space, and I have found that the definition
reduces to accepted definitions in these cases.

I have also pointed out, in Section 2.4, that should one wish to study the semi-classical
back-reaction problem, then it can be studied within my formalism just as easily as within
any other formalism. However, I have not added any new insights regarding the back-
reaction problem, so will not discuss this issue further here, except to point out some
general concerns (which I tend to share) regarding attempts to associate the right hand
side of the back-reaction equation with the ‘expectation value of the energy momentum
tensor’ as measured by any particular observer. First of all, as mentioned in Section 5.1,
the 4-momentum operators p,, the expectation value of which is the spatial integral of
the energy momentum tensor (at least at the ‘first quantized’ level), do not commute with
the position operators z*, so one cannot simply ‘knock off the spatial integral’ in order
to get a measure of T}, (). This is manifested at the ‘second quantized’ level by the fact
that, even when we can define a finite quantity <TAW(;E)> to be interpreted as the ‘expected
energy momentum tensor’, we find that the fluctuations of this quantity at a point are
infinite, and can only be made finite by averaging the quantity <TW(;L')TW(y)> over a finite
region about the point z. Secondly, if we allow our expectation values to be dependent
upon the motion of the observer who is calculating them, so that different observers will
calculate different expectation values, then we surely cannot allow the evolution of the
system as a whole to depend on this. (Gibbons and Hawking?®! were also concerned about
this point, although they felt that it could be solved by using an appropriate interpret-
ation of quantum mechanics, such as the many worlds interpretation!) Thirdly, we have
no evidence that expectation values should have any relevance to the results of individual
measurements. Indeed, conventional quantum mechanics points strongly to the belief that
the result of an individual measurement is not an expectation value but rather an eigen-
value, with the expectation value only gaining meaning in terms of the ‘average result’ of
performing the measurement on an infinite ensemble of identical systems. Hence, although
we have evidence that the back-reaction problem!'® % 9! provides a useful approximation
to the fully interacting case, and that an appropriate source term for this equation can be
obtained by ‘knocking off the spatial integral’ to obtain a (prenormal ordered) <TW(:E)>,
and renormalising this using methods which explicitly preserve its covariant conservation,
there does not appear to be any reason to require that this quantity be interpreted as
the ‘expectation value of the energy momentum tensor, as calculated by any particular
observer’. However, given that I have not actually considered the back-reaction problem
in any detail in this dissertation, it would not be appropriate to discuss this in any further
detail here.
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Having already discussed in some detail the new particle definition presented in this
dissertation, and the clear physical advantages that it lends to the study of QFT in
gravitational backgrounds, I would like now to discuss a little further the advantages and
disadvantages inherent in the formalism itself. Technically of course, a new formalism
does not in itself constitute new physics. It can only hope to provide us with a fresh
viewpoint on existing physics. In this sense we could claim that, since Heisenberg was
first, then it was only his approach to quantum mechanics that constituted ‘new physics’,
while the approaches of Schrodinger, and later of Feynman’s path integrals, were simply
new formalisms, providing new approaches to old physics. Although this is technically
true, it is hard to deny that those ‘new formalisms’ were of revolutionary importance, and
hence, that the ‘new physics’ requirement is not always immediately relevant in theoretical
physics. (Of course a good test of the worth of a new formalism is provided by how much
new physics the new viewpoint will lead us to, although that test can only be applied
retrospectively.)

Also, we are all well aware of the connection between the three complimentary ap-
proaches to quantum mechanics, and the three main approaches to classical mechanics,
as shown (in the left and middle columns) here:

Classical ‘First Quantized’ ‘Second Quantized’
Lagrangian mechanics < Path Integrals <+ Functional Integrals
Hamiltons Equations ¢ Heisenberg Picture <+  Canonical Formalism
Hamilton-Jacobi equation Schrodingers equation >

Also, although the Heisenberg picture can be related to Schrodinger’s simply by mul-
tiplying all states by U and all operators by A= UAU , we are aware that in the way in
which we use these two approaches, the kind of questlons we might ask in each approach,
and the way we would tackle these questions, these two approaches are certainly more dis-
tinctive than is suggested by this simple unitary transform. For instance, the harmonic os-
cillator, due to its nice symmetries, lends itself to a Heisenberg picture approach, whereas
the double-slit experiment, with its boundary conditions, and its subtleties involving ‘col-
lapse of the wave-function’ is much easier to consider in the Schrodinger picture, in which
the wave-function plays a more dominant role’.

I have also included the relativistic multiparticle (i.e. ‘second quantized’) analogs of
two of the three approaches above. The functional integral approach to QFT is quite
clearly analogous to the path integral approach to quantum mechanics, while the Canon-
ical approach to QFT is based almost entirely on Heisenberg picture ideas. The states of
the system, described in terms of representations of the Poincare symmetry group, play
a relatively passive role, while the dynamics of the system are described in terms of oper-
ators and commutation relations. Although we can technically transform this description
into the Schrodinger picture, by multiplying these abstract Fock states by the appropriate
Unitary evolution operator, (while acting on operators by A UAUT) this is far from

1The Schrodinger picture also proves more useful in situations where we only require one particular
solution to the governing equation (subject for instance to one particular initial condition) rather than
requiring a complete set.
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the spirit of the Schrodinger picture? (while it also leads to some technical mathematical
difficulties when applied to infinite dimensional systems[). It would also be extremely
cumbersome to consider ‘collapse of the wave function’, or any other non-local issues,
within such a framework. A true multiparticle analog of Schrodinger’s approach should
be capable of working directly in terms of the states of the system, without having to work
via the field operator. At the non-relativistic multiparticle level, this Schrodinger picture
is clearly provided by the multiparticle Schrodinger equation, acting on Slater determin-
ants. However, this has never before been carried through to the relativistic multiparticle
regime.

The gap in the bottom right hand corner of the table above has, I believe, been left
for such a theory. As Dirac so poignantly mentioned in this respect in his 1966 lecturesl?!
“I don’t want to assert that the Schrodinger picture will not come back; in fact, there are
so many beautiful things about it that I have the feeling in the back of my mind that
it ought to come back.” The approach presented in this dissertation, although clearly
in its infancy (and currently only capable of tackling problems at the level of zeroth-
order Hartree Fock) has, in the author’s opinion, the potential to fill this gap. However,
whether or not it can successfully fill this gap will be dependent in no small part upon
the successful solution of various issues that I hope to investigate in future work. These
include:

e Developing a bosonic equivalent of the state space of Chapter 2. [ have already
presented the bosonic equivalent of the particle definition and vacuum subtraction
scheme, but there is still much work to be done on the formalism, to find a concrete
representation of the vacuum state, and of the multiparticle inner product. Although
we can proceed in analogy with Section 2.1, to develop a state-space based on
‘Slater permanents’ of first quantized solutions, we cannot (unless we use the same
trick referred to in the first note of Section 2.1.2, which jeopardises the Schrodinger
picture) find within this state space a suitable representation of the vacuum. That is,
there does not seem to exist any solution to the bosonic equivalent of equation (2.37).
In essence this is just the statement that you can’t fill the bosonic Dirac Sea! Hence
new ideas are required if we are to provide a concrete representation of the vacuum
of relativistic bosonic systems. Other curious facts regarding bosonic systems, as
mentioned in the last Chapter, are the fact that the vacuum - vacuum S-Matrix
element is an inverse determinant, and the mapping between bosonic and fermionic
Bogoliubov coefficients, which preserves not just the Bogoliubov conditions, but also
the vacuum - vacuum S-Matrix element. These are both interesting results, which
are worth pursuing further. Also, the consideration of non-linear self interactions
will be important for bosonic theories.

e Investigating a possible formulation of fully interacting systems, which continues the
strong connection with standard multiparticle quantum mechanics. Such a formu-
lation could provide a whole new approach to the understanding, and possibly the
teaching of quantum field theory. An approach which, given the vast success of its

2To appreciate this point, consider for instance how these ‘representations of the Poincare group’ could
manoeuvre themselves through a double slit apparatus!
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non-relativistic cousin, would be reason for some excitement. Also, if such a formu-
lation could be found, then it could facilitate a cross-fertilisation of ideas between
the fields of QFT and multiparticle quantum mechanics, allowing the numerous ad-
vances in multiparticle quantum mechanics to be carried over into the relativistic
theory, and providing numerous possible applications. These could include a fully
relativistic approach to quantum chemistry, based on the Dirac equation, where
vacuum effects such as Lamb screening would automatically be included in the for-
mulation. It could also provide a framework within which relativistic bound states
(such as the quark structure of nucleons) could be studied using similar techniques
to those already employed in quantum chemistry.

Other avenues for future research include:

e Purely classical considerations. Radar time and radar distance provide us with
a unique global concept of simultaneity in curved spaces, and also with a way of
calculating the distance between an event and an observer (i.e. a worldline), rather
than just between two events. There are many interesting calculations that can be
performed to investigate the properties of these concepts, and their relation to more
familiar concepts.

e Applications of the particle definition, to situations such as cosmology or black hole
evaporation. My definition should allow these subjects to be put on a more solid
footing, and should enhance their predictive power. An interesting aspect of such
situations is the possibility that certain classes of observer may (in spacetimes con-
taining singularities) observe a loss of unitarity, due to not being able to observe
entire Cauchy surfaces. As well as being of relevance to the ‘information loss prob-
lem’ in black hole evaporation, this loss of unitarity may also have an important
part to play in cosmological decoherence processes much like those that invoke the
‘onset of classicallity’ in open systems. Investigating such issues in non-relativistic
systems is already a very active research area, while decoherence in a cosmological
setting is a young, but rapidly developing field. The formalism in this dissertation
should provide an ideal environment within which to investigate these issues. Its
possible connections with the ‘quantum causal histories’ and ‘consistent histories’
approaches to quantum cosmology may lead to a new understanding of the cosmo-
logical back-reaction problem, and may also allow us to investigate more closely
non-local issues such as the role of time, and of an observer, in quantum field theory
and cosmology.

Although the prospects for this future research are quite speculative, one cannot help
but be excited by the possibilities.
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