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Abstract

In this paper we present geometric algebra as a system for analysing the geometry of
multiple-view images. The power of this approach is illustrated by giving purely geometric
derivations of the constraints for point and line correspondences in n-views and via a discussion
of projective structure.

1 Introduction

Geometric algebra is a coordinate-free approach to geometry based on the algebras of Grassmann
[5] and Clifford [3]. A basic introduction to the algebra is given in the accompanying paper in
these proceedings [9] and in [1, 8], while a more complete treatment can be found in [7]. [9] also
outlines the formulation of projective geometry using geometric algebra, the associated linear al-
gebra framework and the interpretation of projective transformations. Using these basic results,
this paper will discuss the algebra of incidence and then use this to formulate multiple view con-
straints and address projective reconstruction. Throughout the paper the summation convention
of summing over repeated indices will be used unless stated otherwise.

1.1 Algebra in projective space

This section will use the notation established in [9]. Consider three non-collinear points, Py, P, Ps,
represented by vectors ®1, &5, 3 in £ and by vectors X;, X5, X3 in R*. The line L5 joining
points P; and P, can be expressed in R* by the following bivector,

Lo = X1 AXo. (1)
Any point P, represented in R* by X, on the line through P, and P, will satisfy

XALpy = XAX;AXy = 0. (2)

This is therefore the equation of the line in R*. In general such an equation is telling us that X
belongs to the subspace spanned by X; and Xs. Similarly, the plane @123 passing through points
P;, Py, P3is expressed by the following trivector in R*

D195 = X AXAXS. (3)



In £3 there are generally three types of intersections we wish to consider, a line with a plane, a
plane with a plane and a line with a line. We will look at two of these cases as an illustration
and for these we will require the following general result, giving the inner product of an r-blade,
Ar = ai1AasA.....Aa,, and an s-blade, B; = by AbaA.....Abs (for s < 7)

B;-(a1AasA...Aay) =

Ze(jle....jr)Bs (aj, Naj, A Aaj)a; 11 A Aaj, (4)
J
where we sum over all combinations 7 = (j1, j2, ...., jr) such that j; < ja < ... < jr. €(j1j2...3r) =
+1 or —1 according as j is an even or odd permutation of (1,2, 3, ...,7). See [7] for further discussion

of this result.

1.1.1 Intersection of a line and a plane
Consider a line A = X; AXj intersecting a plane ® = Y;AY3AY3 — all vectors are in R*. The
intersection point is expressible using the meet operation

AVP = (X AX3) V(Y1AYAYS). (5)

Using the definition of the meet given in [9] we have

AVO=—A"d (6)

since the pseudoscalar for R* (which we call I or sometimes I4) squares to —1. This leads to

A ® = (AT71) @ = —(Al)-®. (7)

Using equation 4 we can then expand the meet AV ® as

{(AD)-(Y2AY35)} Yy + {(AD)-(Y3AY1)}Y
+ {(AD)-(Y1AY2)}Y5. (8)

If [A{A3A3A4] is taken to be the magnitude of the pseudoscalar formed from the four vectors,
then with some manipulation the meet reduces to (neglecting an overall minus sign)

AV = [X1 XY, Y5]Y) + [XiXoYsY )Y, + XX, Y Y] Y5 (9)

giving the intersection point (vector in R*). Note that this is precisely the expansion of the meet
given by the Grassmann-Cayley algebra [2]. We must identify the r-extensors of the Grassmann-
Cayley algebra with r-blades in our geometric algebra.

The equivalent bracket in £3 is formed by evaluating the following volume

(2152—5151)/\(:153—151)/\(154—:151)[3_1, (10)

where we use the idea of the projective split discussed in [9], ®; = }}%—AJ“ If the X; - 74 =1, we

1 V4
can summarize the above relationships between the brackets of 4 points in R* and &3 as follows

[X1X5X3Xy] = (X1 AX2AXAX ) [0

= {(152 — 2151)/\(2153 — 5151)/\(5154 — 151)}[3_1



1.1.2 Intersection of two planes
The intersection of two planes ®; = X;AX3AX3 and &3 = Y1 AY3AY3 is given by the meet of
®, and P,;

D VP = (X1AX2AX3) V(Y1IAY2AYS). (1

As before, this can be expanded using the definition of the meet and the fact that (®,7)-Y; =
—[X1X2X3Yi], to give

—_
~—

By V By = XXX Y1 ](YoAYs) + XX X5 Y] (Y3AY)

+[X1X5X5Y5)(Y1AYs), (12)

producing a line of intersection (bivector in R*). Identifying 2-extensors with bivectors , the above
expansion is seen to be the same as the expressions given in [2].

The intersection of two lines can be similarly discussed. The 4D algebra described above has
been implemented using the computer algebra package MAPLE.

2 Point and line correspondences

We will now look at point and line correspondences between two, three and n- cameras. For the
analysis, let (a1, as, as) (b1, ba, bs), (c1,ca,¢3),..., (11,19, n3) define the image planes in views
1, 2, 3,..n and let ag, by, cg,...,ng be the corresponding optical centres. We start with the
well-understood case of two cameras.

2.1 Two cameras: the bilinear constraint

The projections of a world point P; (represented by @; and X; in £ and R*) will be a/} and b} in the
two image planes and the R* representations of these quantities will be denoted by the uppercase
vectors, A} and B}. A} can be expressed as the intersection of a line and image plane 1 (see figure
2, [9]:
Al = (Ao AX;) V(A1 A A AAj) (13)
= [AoX;AsA3]A; +[AoX;A3A1]Ar + [AoX;A 1 Az]A;

and similarly for B} and C}. We can define three planes through the optical centre of each camera,
for example, ®1;, j = 1,2, 3 are planes through Ay defined by

(I>11 = AQ/\AQ/\Ag, <I)12 = Ao/\Ag/\Al, (I>13 = AQ/\Al/\AQ. (14)

Taking two views, say 1 and 2, the epipoles are defined as the intersections e; and es of the line
joining ag and by with the image planes. In R* E; and E; are found easily as pointed out by
Carlsson [2], for example;

E; = (AgABg) V (A1AA2AAS) (15)
= [AoBoA2A3]A; +[AoBoA3A1]As + [AgBoA 1 As]As.
Since E; lies in the plane defined by AgABgAB; for any i, we have

E.1A(AgABoAB;) = 0. (16)

Expanding this equation leads to FTe = 0, where € = (¢1,2,63) if E1 = 1A +e63A54+c3A5 and F
is the well known fundamental matrix ( F;; = [A¢BgA;B;]). The coordinate vector of the epipolar



Figure 1: The trilinear constraint in terms of intersecting lines and planes.

point of view 1 therefore corresponds to the null-space of the transpose of the fundamental matrix
F. Now, the epipolar constraint is simply that ag, bg, @, b} are coplanar if a} and b} are projections
of the same world point. This can be concisely written as L4 A Lp = 0 where Ly = Ag A A;» and
Lp = Bg AB; or [A¢BgAB}] = 0. Expressed in terms of the A}, B] this gives

[AoBo(ait A1 + ai2Ag + ai3A3)(6i1B1 + 5i2Bs + £isBs)]

=o; T FpB; = 0. (17)

The epipolar or bilinear constraint has also been expressed [4, 6] in terms of intersections of the

planes ®;;. For example, lines Ly = Ag A A;» and Lg = Bg A B;» intersect if Ly A L = 0. Since

LA = ail(Ao A Al) + leZ'Q(A.O A Az) + aig(Ao A Ag) and AO A A1 = (1)12 \Y (1)13 etc., we can write
LoaANLg =0 as

(@1®12 V @13+ a;a®13 V @11 + ajz®Pr1 V Pyo)A (18)

(Bi1®az V Bag + Fia®Paz V @a1 + BisPar V Pay) = 0.

This is equivalent to equation 4 of [4]. If we had a 3rd camera we would have two further constraints
from La A Lc =0, ([AgCoAjC}] =0) and Lg A Lc = 0, ([BoCoB;C}] = 0).

2.2 Three cameras: the trilinear constraints

For point correspondences in three views we also have constraints of the following form;

LA/\{(I)Bi \Y (I)Cj} =0 ,LB/\{(I)Ai \ (I)Cj} =0,

L(j/\{(bAi\/(I)Bj}:O (19)
where ® 45, ®pr and Py are planes defined by @4, = Ao/\Ak/\A; etc. The first constraint in
equation 19 is simply saying that line L4 and the line of intersection of planes ®p; and ®¢; must
intersect at a point — this point being P (drop subscript i on P, A’ etc.), see Figure 1. Let us
express this first constraint in terms of R* vectors

LA/\{’JI)BZ'\/@CJ'}: (20)
(AgAADNA{(BoAB; AB')V(CaAC; AC')} = 0.

The points A’, B’, C’ can also be expanded in terms of R* vectors; A’ = a;A;, B’ = 3;B; and
C’' = §;C;. We can therefore write

BoAB;AB’ = f§(BoAB;AB)) = 3,08

CoAC;AC" = §m(CoAC;ACy) = 6m®5,,, (21)
where we have now renamed the planes ®1; etc. as given above. The constraint in equation 20 can
now be written as

ak(AoAAR)A{Bibm (Rf V 85,)} =0 (22)

which can be put into the form



Té{makﬂldm =0 (23)

where

Tiim = [AoAK(®] v @5, (24)

This is a trilinear constraint. There are obviously 9 possible choices of the pair (ij). However, by
expanding the bracket in equation 24 it can be shown that only 4 of these are independent — say
(1,1), (2,2), (1,2) and (2,1). Since we had three original constraints, this leads to a total of 12
trilinearity constraints as noted by [4]. Our tensor 7}], . is related to Hartley’s tensor, Tpq. [6], via;
Tt — Trar (25)

where p = 1if (4,1) = (2,3), p=21if (4,!) = (1,3) and p = 3 if (¢,{) = (1,2),(2,1). Similarly,q =1

if (j,m) = (2,3) etc.. We also note that for given (i, j) only certain values of (I, m) give non-zero
expressions for T'.

2.3 Line correspondences between three cameras

Here we outline the derivation of the trilinear constraints for lines. We will not need Plicker
coordinates or indeed any constructions that we have not already discussed in the point case.
Given world points P, and P,, whose R* representations are Py and P, the line L5 joining P,
and Ps can be expressed as L1s = P;AP5y. Lys projects down to lines in the three image planes,
these are
LY, = AIAAL LB, =BIAB, L§, = C/AC. (26)
As before, we can expand A} as a?Aj. L4, can then be expanded in terms of the ‘basis bivectors’
Lf as follows
LY, = L (27)
where Lf = AsNAj3, Lg‘ = A3AA; and L4 = AjAAs and ) = a%a% — aéa% etc. Similarly we
have
LJ182 = ll/LBa L1cz = l;rllchr;' (28)

Note here that the coefficients which describe the lines I and !}/ have been denoted as such to
coincide with Hartley’s notation. To arrive at a constraint between the lines in the image planes
we note that the line L13 can be expressed as the meet of the planes (BoABjABY) and (CoACIACS).
Also L#, = A/ AAJ, can be written as the meet of planes (AgAP;AP3) and (A AAsAA3). We
therefore have the identity

AINAL = {AA{(BoAB{ABY) V (CoACIACYH) )}V (A1 AAZAAS). (29)
Using the expansions in terms of the line coefficients this reduces to
LLi = {AoN {9 VI, 851}V (AL AANAS). (30)
This can then be simplified using the definition of the meet;
Ly = Ul {[Ao{® v &, AL]LL . (31)

;, From this it is clear that the relationship between the I’s is



Figure 2: The quadrilinear constraint in terms of pairs of intersecting planes.

Figure 3: Invariant projective depth using n-uncalibrated cameras.

L = LU {[Ac{®] Vv BF, 1 Ax]
U {[AcAR{D] v @ ]]
= LI Thim (32)

from the definition of 7' in terms of Hartley’s tensor. This is precisely the constraint obtained by
Hartley, but here it is arrived at via purely geometric reasoning.

2.4 Point correspondences between n cameras: n-linear constraints

In £3 there are just three important intersections; the intersection of a line and a plane, a plane
and a plane, and a line and a line and it is therefore unlikely that taking more and more cameras
will continue to give more constraint information. Using the condition that two lines intersect in
space we can relate 4 views; we do this by joining two sets of intersecting planes, see Figure 2. If
we have n views let us choose 4 of these views and denote them by A, B, C and N. ®,4; V ®p;, gives
a line passing through world point P as does ®¢; V ®n . We therefore have the condition

{@Aj\/q)Bk}/\{(I)Cl\/q)Nm}:O. (33)
If N =9, N1 4 n3N5 + n3N3 then this condition can be written as

arﬂsdtnU{(q)?r \ (kas)/\(q)l(i \% (b%u)} =0. (34)

The bracketed quantity above can be expanded in terms of the bilinear and trilinear constraints in
a similar manner to that given by [4]. Therefore for a set up of n cameras or a moving sensor the
general equation for computing bi-, tri- and quadri-linear constraints is

{Pri VLA {Paxm VEONL} =0 (35)

where K,LLM and N are any four cameras of the n-cameras or any four views from a moving
observer. Note that this equation subsumes the two and three camera cases, i.e. for two cameras
use Lg instead of {®kg V ®r;} and Ly, instead of {®prp, V @y} and for three cameras use Lg
instead of {®gy V @i} and {®r; V ®arpn} instead of {Darpm V Onn e

3 Projective structure using n uncalibrated cameras

Here we will use the geometric algebra formulation of projective geometry to compute the projective
depth discovered by Shashua [10]. Projective depth is simply the cross-ratio of projected points
lying on an epipolar line of any of the n cameras.

3.1 Homomorphic transformations

In this section we continue to use uppercase bold for vectors in R* (or in R® or R? when we have
2D or 1D configurations). Consider a world point P and 4 other distinct points P;,7 = 1,2,3,4
defining a tetrahedron. Let mp = P1AP3AP4 and 7 = P;AP3AP3 and assume P does not lie on



either of these two planes — see figure 3. Let R; and S; be the intersections of the line joining the
optical centre of the ith camera with point P with the planes 7 and 7g, e.g. BR1 = mrV (AgAP).
Let R} and S be the projections of the points R; and S; onto the nth image planes — e.g.
R% = (BoAR1)V (B1AB3ABs3) ete. Note that Rﬁ and SZ: are simply the projections of the world
point P onto the ith image plane, e.g. R% = S% = A’ = P! Let us call the ith image plane ;.
In order to compute a cross-ratio which will be defined later, we must be able to calculate
the image coordinates of R, S?. We can do this by finding the homomorphic transformations
or homographies relating projected points in one image plane to the projected points in another.
Consider the homography between ima_uge planes 1/22 and v; due to the plane 7g. If the projections
of Py,Py, P53 onto ; and v; are {P}} and {P]}, for k = 1,2,3, then the linear function LS]

representing this transformation must satisfy
5 (®5) =P] fork=1,2,3. (36)

Here we are working in R? so that the non-linear projective transformations in £2 (plane to plane)
become linear — the above linear-function representation is outlined in [9]. Similarly, the corres-
ponding homography due to the plane mg is represented by the linear function ii given by

JE®y) = P/ fork=1,3,4. (37)

If four point correspondences from each plane are known then these linear functions can be recovered
up to a scale factor by simple linear techniques. Since the homographies must map the epipole in
one image plane onto the epipole in the other, we can choose the epipoles as the fourth point if
these are known; iﬁ(E“) = E;; etc.

3.2 Computing the projective depth
The fundamental projective invariant in 1D is the cross-ratio. We can form a cross-ratio from the

collinear points P, Ry, S1, Ay (now working in R?), namely

_ (S1AAQ) L (RAP)T! (38)
P (RINAD LT (S1AP) ;L

See [9] for a discussion of the formation of invariants in the geometric algebra framework. p will be

invariant when projected onto any other image plane. Consider this cross-ratio in the image plane
of the second camera;

(SIABw)I; (RIAPY)I;

- . 39
r (RIAEq5)I; (SIAPHIS! (39)

If we know the linear functions ff2, ifz’ then we can write this ratio as

_ U(POAEL) I (f],(PYAPY L

T URPOAELL T (ST E)AP LT (40)

Recall that the homographies were determined only up to a scale factor, therefore we are free to
choose the scale factors for is and iR such that

(f7,(PYAEL) L . (41)
(fEPYAEL)

Assuming that each homography found between planes i, j, is scaled in this way, we have a general
form for the ratio, which we write as k, given by



(f5, (P AP
T PR

(42)

This is the invariant termed projective depth in [10]. If we have a number of views available then,
in this framework, a more robust estimate of £ would be given by

| (S (PP

k=— - —, (43)
where n is the number of estimates used.
We can write equation 42 as
(F1(P)APY) = k(£5 (P)APY), (44)
which can then be rearranged to give
(£7(PY) + kg5 (P) AP = 0. (45)

This tells us that P7 is parallel to (ii(PZ) + kLS](PZ)) Therefore, if the linear functions sz,ii

and the invariant k are known, we can projectively reconstruct P7.

4 Conclusions

This paper shows how the constraints relating point and line correspondences in multiple views
are formed in a geometrically intuitive manner using the geometric algebra framework. For the
case of three views, the derivations of the trilinear constraints are derived using nothing more than
the intersections of planes and lines — there is no introduction of matrices or Plucker coordinates.
Finally, we illustrate how to form a useful projective invariant [10] in this framework.
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