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Abstract

We discuss a coordinate-free approach to the geometry of computer vision problems. The
technique we use to analyse the 3-dimensional transformations involved will be that of geomet-
ric algebra: a framework based on the algebras of Clifford and Grassmann. This is not a system
designed specifically for the task in hand, but rather a framework for all mathematical physics.
Central to the power of this approach is the way in which the formalism deals with rotations;
for example, if we have two arbitrary sets of vectors, known to be related via a 3-D rotation, the
rotation is easily recoverable if the vectors are given. Extracting the rotation by conventional
means is not as straightforward. The calculus associated with geometric algebra is particularly
powerful, enabling one, in a very natural way, to take derivatives with respect to any multivector
(general element of the algebra). What this means in practice is that we can minimize with
respect to rotors representing rotations, vectors representing translations, or any other relevant
geometric quantity. This has important implications for many of the least-squares problems in
computer vision where one attempts to find optimal rotations, translations etc., given observed
vector quantities. We will illustrate this by analysing the problem of estimating motion from a
pair of images, looking particularly at the more difficult case in which we have available only 2D
information and no information on range. While this problem has already been much discussed
in the literature, we believe the present formulation to be the only one in which least-squares
estimates of the motion and structure are derived simultaneously using analytic derivatives.

Categories: Physics-based vision; structure and motion estimation; geometry.

1 Introduction

Geometric algebra is a coordinate-free approach to geometry which, unlike conventional vector
algebra, has available a fully invertible, associative product between vectors. This is achieved via
a Clifford product and entails the adding together of objects of different type, such as scalars and
vectors, in much the same way as a complex number is built out of real and imaginary parts. The
new product gives the algebra tremendous power, and its applications spread across many areas
of physics, mathematics and engineering. In the following sections we describe several geometric



techniques particularly suited to computer vision problems and illustrate their use for estimating
object or camera motion and scene reconstruction.

We will begin by illustrating a method by which the 3-D rotation which takes a set of three known
vectors to another given set of three vectors can be easily found. In a conventional approach,
one method would be to solve for the rotation matrix, R, from a set of simultaneous equations.
In the geometric algebra approach one can construct the rotor R (the entity which performs the
rotation) in a coordinate-free manner using the known vectors. This will serve as an example of
how geometric manipulations can be simplified and extended to higher dimensions with little extra
effort. While it is often useful to solve directly for a rotor R, it is usually the case that observations
are corrupted by noise. In such cases minimization of some least-squares expression is generally the
preferred technique. We will show that we are able to minimize with respect to certain multivector
quantities — in particular the rotor R — to simplify the optimization procedure.

In order to show how these techniques can be applied we will look at the area of motion analysis.
One approach to deriving motion and scene structure is to invoke the idea of ‘optical flow’. This
method attempts to set up a system of differential equations relating position and spatial velocities
in the scene to position and velocity of intensity structures in the image. Another approach is to
estimate camera or object motion and scene parameters from token matching — i.e. using the exact
geometrical relationships between the same points and lines in a series of scene projections. It is the
second approach which the examples will address. Throughout, we will assume that the matching
of points or lines between scenes, which may often be the hardest part of the procedure, has been
achieved and will therefore only concern ourselves with the estimation problem given these matches.
The problems of estimating camera motion or object motion from two images are easily shown to be
equivalent. Two recent reviews, [Sabata and Aggarwal 1991], [Huang and Netravali 1994] provide
comprehensive overviews of the techniques currently employed to recover the motion of an object
and the scene structure when two images are available. In this paper we firstly discuss the simplest
case in which the range data is known in both images. The harder case, where no range data
and only 2D projections are available, is also discussed. We will illustrate the geometric algebra
solutions to both cases. We believe that our approach to estimating structure and motion from 2D
data via point correspondences is the first algorithm which obtains a least-squares estimate of all
quantities simultaneously using analytic derivatives. As pointed out in [Huang and Netravali 1994],
all current algorithms can be essentially split into two categories, structure first or motion first
techniques. The errors in estimating structure will affect the subsequent estimation of the motion
(and vice versa) in an unpredictable way. The motivation for our approach is the desire to estimate
all quantities simultaneously in a straightforward least-squares sense and so avoid the inevitable
problems of obtaining different results according to whether structure or motion is estimated first.
A comparison of our results with another commonly used motion first algorithm shows that the
improvements in parameter estimation are considerable.

The so-called eight-point algorithm [Longuet-Higgins 1981] is a technique whereby the relative
orientation of two projections and the structure of the scene can be computed if there are at
least eight point matches in the two projections. Subsequent work [Faugeras et al. 1987] exten-
ded this method to handle a situation in which errors or some form of uncertainty is present.
An analysis of these techniques in the geometric algebra framework has been presented elsewhere
[Bayro and Lasenby 1995]. There it was shown that many of the quantities introduced in estab-
lishing the algorithms have direct geometrical relevance. The unwrapping of the rotational ele-
ment of the general displacement is also made easier by this approach. In the presence of errors,



[Faugeras et al. 1987] adopt a least-squares solution which can be solved via quaternionic methods.
Section 3 of this paper will illustrate how the geometric algebra formalism for rotations can be used
in such least-squares problems.

One notion we would like to stress is that the framework presented here to analyse a particular
computer vision problem is precisely the same framework that one could use for relativity, quantum
mechanics and other problems over a large range of mathematical physics. We believe that the
reformulation of the problem in purely geometric terms will give greater intuitive insight and will
perhaps enable more complicated problems to be successfully addressed.

As we will use a mathematical system which is not familiar to most people, a few preliminaries are
necessary. There follows a brief introduction to the history and the basic elements of geometric
algebra. More detailed accounts are given in [Gull et al. 1993],[Hestenes 1986al,

[Hestenes and Sobczyk 1984]. Throughout the paper we adopt the convention that repeated indices
are summed over unless stated otherwise.

2 An Introduction to Geometric Algebra

The late 19 century saw the creation of many new algebraic systems. Amongst these were the
algebras of Clifford and Grassmann [Clifford 1878], [Grassmann 1877], and although there was much
interest at the time, both were soon abandoned by physicists in their search for an algebra to deal
with real problems in space and time. Gibbs’ vector algebra, which used a system based on scalar
and vector products, had many deficiencies but appeared to be successful in dealing with some
areas of physics (particularly electromagnetism). This system was widely adopted and, indeed, is
still the one that is most commonly used today. Over the years physicists and mathematicians have
largely abandoned the search for a new unifying algebra and have instead created a series of novel
algebraic systems as and when they were needed to cope with new problems (e.g. spinor algebra,
tensor algebra etc.).

Since the late 19*" century, Clifford algebras have been ‘rediscovered’ and reapplied many times
[Hestenes 1986b]. However, the approach which is used here was pioneered in the 1960s by David
Hestenes [Hestenes 1966], and will be referred to as ‘geometric algebra’. For 30 years Hestenes has
worked on developing Clifford algebra into his version of geometric algebra with the aim of providing
a complete unifying language for physics and mathematics. Recent developments in various areas
of mathematical physics are proving that genuinely new and exciting results are emerging from
the reformulation of problems in geometric algebra terms [Doran et al. 1996], [Lasenby et al. 1995],
[Lasenby et al. 1993b].

2.1 Multiplying Vectors

This section introduces the basic elements of Hestenes’ approach to geometric algebra. In conven-
tional vector algebra there are 2 standard products available:

The scalar product: a-b: produces a scalar

The cross or vector product: axb: produces another vector



Figure 1: The directed area, or bivector, aA\b.

The scalar product (also known as the inner or dot product) of two vectors @ and b is a scalar
with magnitude |a||b| cos 6. Here, |a| and |b| are the lengths of vectors @ and b and 6 is the angle
between them. The cross product, a xb of two vectors a and b is a third vector with magnitude
|a||b| sin @ in the direction perpendicular to the plane containing @ and b. The scalar product tells
us something about the relative direction of any two vectors while the cross product recovers some
of the absolute directional information lost in taking the scalar product.

Although the cross product is fundamental to standard teaching of mathematical physics, it is
particularly deficient. For example, in 2 dimensions, a direction perpendicular to a and b has no
meaning and in 4 or more dimensions, what is meant by such a perpendicular direction is ambiguous.
It is apparent that there is a need for a more general product which conveys directional information
and is generalizable to all dimensions. Thus we shall cease to use the vector cross-product and
instead introduce a new product: the outer (also called wedge or ezterior) product.

The outer product of vectors a and b is written
alAb (1)

and has magnitude |a||b| sin#. But what is aAb 7 It is not a scalar or a vector; we think of aAb as a
directed area in the plane segment containing @ and b, and we call this quantity a bivector. More
precisely, aAb is the directed area swept out by displacing vector a along vector b as illustrated in
Figure 1.

Similarly, bAa is the directed area swept out by displacing vector b along vector a. If a and b are
as shown in Figure 1, then we define the orientation of aAb to be anticlockwise and that of bAa
to be of the opposite orientation, i.e. clockwise. Thus, the outer product is anticommutative,

aAb = —bAa. (2)

So, while the outer product has the same magnitude as the vector product and shares the same
anticommutative property, we must stress that it is a fundamentally different quantity, a bivector
rather than a vector. The attraction of this geometric interpretation of the outer product is that it is
immediately generalizable to higher dimensions. For example, according to the previous definitions,
we interpret (aAb)Ac as the oriented 3-dimensional volume obtained by sweeping the bivector aAb



Figure 2: The oriented volume, or trivector, aAbAc.

(or directed area) along the vector ¢: we call this oriented volume a trivector. This is illustrated
in Figure 2.

From this approach it is intuitively obvious that the outer product is associative:
(anb)Ac = aN(bAc) = aNbAc, (3)

since we obtain the same volume if we sweep the bivector a A b along the vector ¢ or sweep the vector
a along the bivector bA e. In a rigorous approach to geometric algebra [Hestenes and Sobczyk 1984]
the associativity of the outer product follows directly from the structure of the algebra imposed by
the axioms (see next section). Thus, there is no ambiguity in writing a AbAe. In 3-dimensional
space we are unable to sweep our trivector along any 4th dimension and therefore we cannot go
beyond a trivector, so that the outer product of any four 3-D vectors must be zero. We can see
this mathematically by noting that if a, b and ¢ are not coplanar then any other vector d can be
written as a linear combination of them. Wedging these 4 vectors together will therefore result in
zero since every term will contain the wedge product of two identical vectors — which is zero;

aNbAeAd = aAbAcA(Aa+ Apb + Acc)
= MaAbAecAha + paANbAeAb+ AcaNbAcNe (4)
= 0. (5)

In general, the principles outlined here can be extended to however many dimensions, n, there are
in the space — for example, ajA@2A. . . A@y, (n > m) would be an oriented m-volume or an m-vector.

In what follows we will sometimes refer to the dimensionality of an m-vector as its grade: for
example, a scalar has grade 0, a vector grade 1, a bivector grade 2, etc. As we will see shortly, it
is possible to manipulate expressions containing quantities of any grade, for instance we can add a
scalar to a bivector in a perfectly well defined way. A multivector will mean a sum of quantities
of any grade and a multivector is said to be homogeneous if it contains terms of only a single grade.
We will adopt the convention of using bold-face type for vectors (with a certain straightforward
exception discussed below) and ordinary type for all other multivectors.

Now that we are familiar with the inner (scalar) and outer products, the next important step is
the introduction of a new product.



2.2 The Geometric Product

The inner and outer products of two vectors a and b, together give us information about the
magnitudes and directions of the vectors. It would thus be desirable to combine this information
into a single product. This is precisely what is done in forming the geometric (or Clifford) product
of a and b which is written ab and defined as

ab=a-b+anb. (6)

The geometric product ab is the sum of a scalar, a-b, and a bivector, a Ab. If @ and b are
parallel, then @ A b = 0 and ab is a scalar containing only magnitude information. If @ and b
are perpendicular then a-b = 0 and ab is then a directed area. For a and b neither parallel or
perpendicular it is therefore natural to expect their product to contain both scalar and bivector
parts.

When we take the inner product of a vector b with a vector a, a-b, we are lowering the grade of b
by 1, i.e. producing a scalar (grade 0) from a vector (grade 1). Similarly, taking the outer product
of a vector b with a vector a, aAb, raises the grade by 1 — i.e. produces a bivector (grade 2) from
a vector (grade 1). This is an example of what we shall see later is an important principle, namely
that inner and outer products with a vector respectively lower and raise the grade of an m-vector
by 1.

The inner and outer products have opposite commutation properties:
a-b=>ba
a/Ab = —bAa.
Thus, suppose we consider the sum and difference of ab and ba:

ab+ba= ab+arb+ba+brha= 2ab (7
ab—ba= ab+arb—ba—-bra= 2aNbd. (8)

Equations (7), (8) make it possible for us to define the inner and outer products as the symmetric
and antisymmetric parts of the geometric product:

(ab+ ba) 9)
(ab — ba). (10)

ab =
aNb =

N N[

In a rigourous mathematical approach [Hestenes and Sobczyk 1984] one defines a geometric algebra
in the following way. Let V,, be an n-dimensional space defined over the real numbers. We can
then generate a geometric algebra G, by defining a geometric product between two vectors, ab,
such that for all vectors in V,,, the geometric product is associative and distributive over addition,
multiplication by a scalar is well-defined and every vector squares to give a scalar. These properties
are summarized below

a(bc) = (ab)e (11)
alb+c) = ab+ac (12)
(b+c)a = ba+ca (13)

a\ = Ja (14)
a’> = +lal? (15)



where X is a scalar and |a| is the scalar modulus of the vector a. Given these definitions one
can then introduce the inner and outer products through equations (9), (10). We note here that
expressions in the geometric algebra will be interpreted so that the inner and outer products take
precedence over the geometric product; for example, abAc¢ is understood to mean a(bAc).

In a space of dimension n we can have homogeneous multivectors of grade 0 (scalars), grade 1 (vec-
tors), grade 2 (bivectors), etc... up to grade n. Multivectors containing only even-grade elements
are termed even and those containing only odd-grade elements are termed odd. The geometric
product can, of course, be defined for any two multivectors. Considering two homogeneous mul-
tivectors A, and B; of grades r and s respectively, it is clear that the geometric product of such
multivectors will contain parts of various grades. It can be shown [Hestenes and Sobczyk 1984]
that the geometric product of A, and B can be written as

AB,=(AB), , +(AB),,, 5+...+ (AB) (16)

|r—s|»

where (M), is used to denote the ¢-grade part of multivector M. For non-homogeneous multivectors
we again simply apply the distributive rule over their homogeneous parts. Using the above we can
now generalize the definitions of inner and outer products given in equations (7),(8). For two
homogeneous multivectors A, and Bj, we define the inner and outer products as

A, AB, = (A, By) (17)

|r—s|

A,-By = (A, By) (18)

r+s°
Thus, the inner product produces an |r — s|-vector — which means it effectively reduces the grade
of Bs by r; and the outer product gives an r + s-vector, therefore increasing the grade of B; by
r. This is an extension of the general principle that dotting with a vector lowers the grade of a
multivector by 1 and wedging with a vector raises the grade of a multivector by 1. The symbol
(AB) is used to denote the scalar part of the product AB. Taking scalar parts of a product of
multivectors satisfies the cyclic-reordering property

(A...BC) = (CA....B). (19)

The operation of reversion reverses the order of vectors in any multivector. The reverse of A is
written as A, and for a product we have

(AB) = BA. (20)

In manipulations with multivectors we are simply keeping track of different-grade objects — precisely
as we do when we manipulate complex numbers, keeping track of real and imaginary parts.

For an n-dimensional Euclidean space we can introduce an orthonormal frame of vectors {o;}
i = 1,.,n, such that 0;-0; = §;;. This leads to a basis for the entire algebra; i.e. any multivector
of the algebra can be expressed as a linear combination of the following basis elements:

1 A{oi} A{oino;} {oinojhor} ... o1Ao2A.. Aoy, (21)

Note that we shall not use bold-type for these basis vectors. The highest grade element is called
the pseudoscalar and is given the symbol I, or 7 in 3 or 4 dimensions — this use of ‘.’ for the
pseudoscalar will be addressed further in the following section. We can express any multivector
in terms of this basis. While such an expansion in terms of the basis is often essential, we stress



that one of the main strengths of geometric algebra is the ability to do many manipulations in a
basis-free manner.

The conventional vector product takes two vectors to produce a third and is not easily generalizable
to more than 3 dimensions. In 3 dimensions we can relate the vector product to the outer product
using a duality operation;

axb= —iaAb. (22)

Thus, multiplication by the pseudoscalar i interchanges lines (vectors) and planes (bivectors) in
3-space. This concept of forming duals via multiplication by the pseudoscalar is extendable to
any dimension and is important in the formulation of projective geometry in geometric algebra
[Hestenes and Ziegler 1991].

2.3 Rotations and the geometric algebra of 3-D space

For 3-D space our basis has 23 = 8 elements given by:
1, {0’1,0’2,0’3}, {0’10’2, 0903, 0'30'1}, 010903 =1. (23)

Note that o;A0; (for ¢ # j) can be written as o;0; since the vectors are orthonormal so that
0;-0; = 0;;. The trivector or pseudoscalar 010203 squares to —1 and commutes with all multivectors
in the space, it is therefore given the symbol 7;

010903 = 1.

Note that this ¢ is a pseudoscalar and should not be confused with the commutative scalar imaginary
used in quantum mechanics and engineering. By straightforward multiplication we can see that the
3 bivectors can also be written as

0109 = 103, 0903 =101, 0301 = 109. (24)

These simple bivectors rotate vectors in their own plane by 90°, e.g. (0102)02 = 01, (0102)01 = —09
etc. In order to find out more about rotations in the geometric algebra we note that any rotation can
be represented by a pair of reflections. Consider a vector a reflected in the plane perpendicular to a
unit vector n. Let this reflected vector be a’. If we writea = a | +a) where a | and a respectively
denote the parts of a perpendicular and parallel to n, then we clearly have '’ = a, — a). To see
how we express a’ in terms of a and n we write

a,=n2a

n(n-a +nAa)
= (n-a)n+n(nAha). (25)

Thus, @) = (n-a)n and a; = n(nAa). This now enables us to write

a' = aJ_—a”

n(nAa) — (n-a)n

—(n-a)n — (nAa)n = —nan. (26)



The above uses the fact that n(nAa) = —(nAa)n. The result of reflecting a in the plane
perpendicular to n is therefore —man. A reflection of a in the plane perpendicular to n, followed
by a reflection in the plane perpendicular to m results in a new vector

—m(—nan)m = (mn)a(nm) = RaR.

The multivector R = mmn is called a rotor, contains only even-grade elements and satisfies RR = 1.
We note here that general even elements of the space which transform one-sidedly under rotations
are called spinors, i.e. under a rotation R, a spinor ¥ becomes Ri. The transformation a RaR
is a very general way of handling rotations and works for spaces of any dimension. In addition,
it works for objects of any grade, not only vectors. In 3-D we use the term ‘rotor’ for those even
elements of the space that represent rotations.

Let us consider the problem of rotating a unit vector n; into another unit vector ng in 3D space,
where the angle between these two vectors in . What is the rotor R which performs such a rotation?
To answer this question let us consider the scalar plus bivector (spinor) quantity (1 + noni). If R
is the rotor we require then it must satisfy no = RnqR, which under multiplication on the right
by R gives

’I’I,QR = Rnl. (27)

Since 112 = n9? = 1 we see that we have
ny(l+nony) = ns+n (28)
(1 + ngnl)nl = n;+ne (29)

and therefore that equation (27) is satisfied if R o (1 + ngn;). It remains simply to normalize R
so that it satisfies RR = 1. If R = «(1 + nani) we obtain

RR = o?(1+ngni)(1+niny)
202(1 + ng-my), (30)

which gives us the following formula for R

R= 1+ non, . (31)
2(1 +n2-n1)

Noting that \/2(1 + ny-nq) = 2cos(g), the rotor R can be written as

_ 0 noAn; . 0
R = COS(E) =+ m Sln(i)
B 0 naAn,
= exp(§|n2/\n1‘) (32)

Indeed it can be shown that for a Euclidean space of any dimension all rotors can be written in the
form

R=¢eB/?, (33)

where B is a bivector representing the plane in which the rotation occurs. In particular, in 3-D we
can write equation (32) as

.0 .. 0
R= exp(—zﬁn) = Cos 5 —insing, (34)



which represents a rotation of # radians about an axis parallel to the unit vector n in a right-handed
screw sense. This is precisely how 3-D rotations are represented in the quaternion algebra. If the
rotor Ry takes the vector a to the vector b then

b= RlaRNL
If the vector b is rotated by Rz to the vector ¢, then
CcC = Rgbéz,

and therefore
C = (R2R1)G(R2R1 )~,

which implies that rotors combine in a straightforward manner, i.e. ¢ = RaR where R = RyR;.
This also tells us that rotors form a subclass of spinors.

Now, using nothing other than simple bivectors we can illustrate how the quaternion algebra of
Hamilton is simply a subset of the geometric algebra of space. We explicitly identify the 2, 3, k of
quaternions with

i =101, J=—ioy, k=ios. (35)

Since (io1)? = —1, (—ioy)? = —1, (io3)* = —1 and (io1)(—ioy)(io3) = io1o903 = —1, the famous
Hamilton relations

=52 =k?=ijk=—1, (36)

are easily recovered. Interpreting the 2, 7, k as bivectors, we see that they do indeed represent 90°
rotations in orthogonal directions and will therefore provide a system particularly suited for the
representation of 3-D rotations. It is worth noting here that in the geometric algebra our bivectors
101,109,103, are derived from a proper right-handed set of basis vectors o1, 09,03 and represent
90° rotations in the same sense about each of the basis vectors. However, the quantities ¢, 3,k
in the quaternion algebra are not derived from any basis and there is therefore no control on the
handedness of the rotations — this explains the appearance of the minus sign in the middle relation
of equation (35). Even now, in cases where quaternions are used in research applications, authors
often incorrectly regard the ¢, j, k as vectors [Weng et al. 1989], indicating that there is some degree
of confusion in their use.

If a quaternion A is represented by [ag, a1, ag, as], then there exists a one-to-one mapping between
quaternions and rotors given by

A= [a(), ai,as, a3] <~ ag + al(icrl) — GQ(’iO’Q) + a3(i03). (37)

Another concept which will be used in subsequent sections is that of the reciprocal frame. Given a
set of linearly independent vectors {e;} (where no assumption of orthonormality is made), we can
form a reciprocal frame, {e’}, which is such that

e'-e; = 6. (38)

For details of the explicit construction of such a reciprocal frame in n-dimensions see
[Hestenes and Sobczyk 1984]. In three dimensions this is a very simple operation and the reciprocal
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frame vectors for a linearly independent set of vectors {e;} are as follows

e = —ieg/Nes
«
2 1.
e’ = —ieshep (39)
«
3 _ .
e’ = —iejey,
o'

where 1o = egNegNe;.

There are many other interesting results regarding the geometric algebra of 3-D space but those
given above are sufficient for understanding the discussions to follow in subsequent sections.

3 Geometric techniques for computer vision applications

In Section 2 we claimed that rotors are a very natural way of expressing rotations in any dimension.
In three dimensions any quaternionic means of dealing with rotations can be replaced by a simpler
method using rotors. In this section we will look at some general techniques and methods involving
rotor manipulations which can be used in many computer vision problems.

3.1 Differentiation with respect to multivector quantities

Here we will give a brief discussion of the process of differentiating with respect to any multivector
— we will omit a number of the proofs of the relations we write down but refer the interested reader
to [Hestenes and Sobczyk 1984]. Having available such differentiation means that, in practice, it
is easy to take derivatives with respect to rotors and vectors and this makes many least-squares
minimization problems much simpler to deal with. In computer vision and motion analysis one
tends to draw frequently on an approach which minimizes some expression in order to find the
relevant rotations and translations — this is a standard technique for any estimation problem in the
presence of uncertainty.

If X is a mixed-grade multivector, X = > X,, and F(X) is a general multivector-valued function
of X, then the derivative of F' in the A ‘direction’ (where A has the same grades as X) is written
as A x OxF(X) (here we use * to denote the scalar part of the product of two multivectors, i.e.
A x B = (AB)), and is defined as

A% Ox F(X) = Tim ZXHTA) = FX)

7—0 T

(40)

We impose the constraint that A must have the same grades as X so that the differentiation in terms
of the limit makes some physical sense. If X contains no terms of grade-r and A, is a homogeneous
multivector, then we define A, x 9x = 0. This definition of the derivative also ensures that the
operator A x Jx is a scalar operator and satisfies all of the usual partial derivative properties. We
can now use the above definition of the directional derivative to formulate a general expression for
the multivector derivative dx without reference to one particular direction. This is accomplished

11



by introducing an arbitrary frame {e;} and extending this to a basis (vectors, bivectors, etc..) for
the entire algebra, {e;}. Then Jx is defined as

BX = Z e‘]eJ * ax, (41)
J

where {e’} is an extended basis built out of the reciprocal frame. The directional derivative,
ey * Ox, is only non-zero when e; is one of the grades contained in X (as previously discussed)
so that dx inherits the multivector properties of its argument X. Although we have here defined
the multivector derivative using an extended basis, it should be noted that the sum over all the
basis ensures that Ox is independent of the choice of {e;} and so all of the properties of dx
can be formulated in a frame-free manner. One of the most useful results concerning multivector
derivatives is

Ox(XB) = Px(B), (42)

where Px(B) is the projection of the multivector B onto the grades contained in X. We can see

this as follows. Since
Ox(XB) =) e’e;x0x(XB) (43)
J

and ey x Ox = 0 if ey is not a grade of X, we see that

ox(XB) = Y e lim X FTe)B) ~ (XB)
JI

= > e’(esB) (44)
-
= Px(B)

where the sum over J' is over those grades contained in X. Using this result the following relations
can be shown to hold

x(XB) = Px(B) (45)
0:(XB) = Py(B)=Px(B) (46)
Op(Myp™'y = —p7'Py(M)yp~! for general multivectors ¢ and M. (47)

It is often convenient to indicate, via an overdot, the quantity on which dx operates. For example,
dx AB means that the derivative part of Ox act on B. A complete discussion of the geometric
calculus is given in [Hestenes and Sobczyk 1984], where the results in equations (45) and (46) are
proved. The result in equation (47) is discussed in [Doran 1994].

One often wants to take the derivative, d,, with respect to a vector quantity a. If we replace A by
a, e/ by €’ and e; by e; in equation (41) and use the definition in equation (40) we see that the
differential operator d, can be written as

Oy = eii where a=de; (48)

¢ 7 dat o

This will be used several times in the following sections. Note that we will not write vectors in
bold when they appear as subscripts in the vector derivative. At this point it is appropriate to give
some explanation of the expansion of a used above, namely a = a’e;. Recall that our basis {e;}
was not necessarily an orthonormal basis and that we were able to define a reciprocal basis {e'},
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such that e®-e; = &;;. Consider the component of the vector a in the e’ direction - this is given by
a-e/ and we will call this component a?, where the upstairs index tells us that it is the component
of @ in the direction of the jth basis vector of the reciprocal frame. Similarly, the component of a
in the e; direction is given by a-e; which we call a;. We note the useful identities

a = (a-ej)e’ and (a-e)e;. (49)

Of course, if the basis is an orthonormal basis, say {o;}, then ¢ = 0; and we would, without
ambiguity write a = a;0;.

As an example of multivector differentiation we will consider the problem of finding the rotor R
which ‘most closely’ rotates the vectors {u;} onto the vectors {v;}, i = 1,...,n. More precisely, we
wish to find the rotor R which minimizes

b= Z — Ru;R)>. (50)

Expanding ¢ gives
n
¢ = 2:(1)2'2 — viRuiR — Ruif%vi + R(Uz2)R)
i=1

= Z{(”iQ +u?) — 2(viRui}~2)}. (51)
i=1
To minimize ¢ we choose not to differentiate directly with respect to R since the definition of R
involves the constraint RR = 1, and this would have to be included via a Lagrange multiplier.
Instead we use equation (47) to take the multivector derivative of ¢ with respect to 1, where we
replace Ru;R with huspL.

By (1)) —2 " Oy (vipup")

=1

= -2 zn:{f)w(z/}Ai) + Dy (Bip)}, (52)

=1

where A; = ui¢_1vi and B; = v;pu; (using the cyclic reordering property). The first term is
easily evaluated to give A;. To evaluate the second term we can use equation (47). One can then
substitute ¢ = R and note that R~! = R as RR = 1. We then have

Bpp(p) = =2 {upp™'v; — ¢ (vapus)yp '}
=1

= —2! zn:{(wui@b_l)'vi — vi(puip™")}

i=1
= 4R Z v N(Ru;R (53)
Thus the rotor which minimizes the least-squares expression ¢(R) = Y™ (v; — Ru; R)? must satisfy
n
Z v; N\ (Rulfi) = 0. (54)

This is intuitively obvious — we want the R which makes w; ‘most parallel’ to v; in the average
sense. The solution of equation (54) for R will utilize the linear algebra framework of geometric
algebra and will be described in Section 3.3.
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3.2 Some formulae for general rotors

In Section 2.3 we saw that the rotor R which rotates a unit vector a into a unit vector b while
leaving all vectors perpendicular to the plane containing a and b unchanged is given by

1+b
R—i (55)

- V21 +ba)

so that b = RaR. We can see this via the procedure outlined in Section 2.3 or by decomposing the
(a+b)

and the second in the
|a+b|

rotation into 2 reflections, the first in the plane perpendicular to n =

plane perpendicular to b.

In 3 dimensions, equation (55) gives us this rotor in a very concise manner. We now look at a
related problem: given a known set of three vectors which are rotated to give another known set
of three vectors, how do we obtain the rotor R which performs this rotation?

Suppose we have two sets of vectors {e;} and {f,}, i = 1,2,3, which are related via

where R is some rotor and no assumption of orthonormality is made. As R is a rotor, it is possible
to write it as R = Ry + Ra, where Ry is a scalar and Ry is a bivector (see Section 2.3). We have
seen that if the vectors {e;} are linearly independent, we can form a reciprocal frame, {e’}. Now
consider the product e’f; (summation implied). From equation (56) this product can be written
as

e'f, = e!Re;R = (e'Rye; + €' Rye;)R. (57)

Ry is a scalar, and therefore e’ Rye; = 3Ry. To simplify the term e’Rye; we note that it can be
written as 0, Raa, where the differential operator 9, is as given in equation (48). We can see this
equivalence as follows:

) .
O, Roa = elﬁ(RgaJej)
= €e'Ryble; (58)
= eiRgei.
Since 0,R2a is independent of the basis we choose, we can rewrite e'Rge; as 0’Ryo;. In this

standard orthogonal basis we can write Ry (a bivector) as Ry = Riio; + R3ios + R3ios; o' Roo;
can then be evaluated to give

0'Ryo; = o*(R}io1 + R%ioy + R3ios)o; = —Ro. (59)

Using equation (59) we can now write

e'f; = (3R — Ry)R
(3Ro — Rz)(Ro — R2) (60)
(4R2 — 1) — 4RyR;.
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The final step in equation (60) uses RR = R3 — R3 = 1. If we now use the fact that RyR =
Rg — Ry Ry, we can obtain an expression for R in terms of only e’ and f;;

4RgR = 1+é€'f,
=R «x 1+ f€ (61)
See also [Hestenes 1986a] for an alternative derivation of this result. If our set of three vectors {e;}

are not linearly independent, but are coplanar, then we are still able to use equation (61) to recover
the rotor R. More explicitly, we rename the sets of coplanar vectors (e, eq, é3) and (fy, fo, f3),

and then define two additional vectors e3 = ﬁ:giﬁgi' and f5 = % It is easy to show that
we then have f; = ResR. We can then form the reciprocal frame from (ej, es, e3) as before and
the rotor R is again given by equation (61). Of course, in this coplanar case, we can work with
any two of the original set of three vectors, since the rotor which rotates any two e-vectors to their
corresponding f-vectors must also rotate the third e-vector to its corresponding f-vector. Thus,
as a by-product of the case of rotating three vectors into another three vectors, we can easily see

how we should handle the case of rotating a set of two vectors into another set of two vectors.

In finding an explicit form for the rotor we have at our disposal all the power of the geometric
algebra approach to rotations, and it is perhaps remarkable that such a simple form exists for this
case.

3.3 Linear algebra

Geometric algebra is a very natural framework for the study of linear functions and non-orthonormal
frames; this approach is discussed at length in [Hestenes and Sobczyk 1984]. Here we will give a
brief account of how geometric algebra deals with linear algebra; we do this since many computer
vision problems can be formulated as problems in linear algebra.

If we take a linear function f(a) which maps vectors to vectors in the same space then it is possible
to extend f to act linearly on multivectors. This extension of f is written as f and is given by

flainhagA. .. Aa,) = flar)Afla)A...Af(a;). (62)

Thus, f maps an 7-grade multivector to another r-grade multivector. The adjoint to f is written
as f and defined by

f(a) = €'(f(ei)a), (63)
where, as before, {e;} is an arbitrary frame and {e'} is its reciprocal frame. Ome can then use
equation (48) to show that a frame independent definition of the adjoint is

f(a) = 9(af(b)). (64)
A consequence of these definitions is that, for vectors a and b, we have f(a)-b = f(b)-a; the adjoint

therefore represents the function corresponding to the transpose of the matrix which is represented
by f. If f = f, i.e. a function is self-adjoint, then it is a symmetric function. This will mean
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that the matrix representation of f, say F, is a symmetric matrix. Similarly if f = —f then the
function is antisymmetric. It is shown in [Hestenes and Sobczyk 1984] that if f satisfies

O0uNf(a) =0, (65)

then the function f is symmetric (the left hand side of the above expression is understood to mean
(0af(a)), or equivalently e'A (Zi f(a)). The proof of this result relies on the fact that the vector
derivative 0, has the same algebraic properties as vectors, which means that one is able to use

standard vector identities with the vector replaced with 4,.

As an illustration of the use of linear algebra techniques, we will discuss the solution of equa-
tion (54). Using the definition of the vector derivative given in equation (48), it is possible to
rewrite equation (54) as

n

Da lz R[(a-vi)ui]R] =0. (66)
i=1

We now introduce a function f defined by

fla) = Z(a'vi)ui- (67)

Equation (66) can then be written as
OuNRf(a)R = 0. (68)

Let us now define another function R mapping vectors onto vectors such that Ra = RaR. With
these definitions equation (68) takes the form

0. ARf(a) =0, (69)

for any vector a. This then tells us that if G = Rf then G is symmetric. Since R is a rotor and is
orthogonal, we have that R~! = R from which it follows that R~! = R. This enables us to write
f as

f(a) = RG(a). (70)
If we now perform a singular-value decomposition (SVD) on f, so that f = U SV, where U and

V are orthogonal and S is diagonal (this is equivalent to saying that the matrix representations of
these functions are respectively orthogonal and diagonal), we have

f=UV(VS8V)=RG. (71)

SV is obviously symmetric, as is G, which tells us that the rotation R must be given by

R=VU. (72)

The rotation R is therefore found in terms of the SVD of the function f.

It is useful to summarize the procedure, as we have necessarily had to include a considerable amount
of detail in order to establish the ultimately simple solution. The computational method would be
to take the two sets of vectors {u;} and {v;} and form F', the matrix representation of f by

Fog = 04 f(op)

n

= > (0a-ui)(05-vi). (73)

i=1
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An SVD of F gives F = USVT and the rotation matrix R is then simply given by the product
R = VUT. At this point it should be noted that it is straightforward to recover the rotor R from
the rotation matrix R, but that there is a sign ambiguity in this process. Since the action of a
rotor is a two-sided operation, it is easy to see that —R will have the same effect as R,

RaR = (—R)a(—R). (74)

In the algorithm to estimate structure and motion which will be described in subsequent sections
the rotor always acts two-sidedly (i.e. we are always simply rotating a vector) and so the sign of R
makes no difference. We note at this point that although the final solution is in matrix terms, all
the previous analytic manipulations were carried out using geometric algebra.

4 Applications to the structure and motion estimation problem

In this section we will consider two specific applications of the geometric methods discussed in the
previous sections. The first looks at the reconstruction of camera motion from point correspond-
ences in different views when the range data is known, a situation often referred to as 3D-to-3D
correspondences. The second addresses the case in which the range data is unavailable and we
must estimate not only the camera motion but also the range coordinate of each of the points
considered, the so-called 2D-to-2D correspondence case. Both techniques assume a number of point
correspondences in the images and allow for errors in the measured data; an optimal solution is
found by minimizing a least squares expression. Obviously, the scenario in which the camera is
stationary and the object moves can be analysed in precisely the same way. In the case of 3D-to-3D
correspondences the method presented here is effectively equivalent to many existing algorithms.
However, in the case of 2D-to-2D correspondences the algorithm we present is, to the best of
our knowledge, the first to solve the structure and motion problem simultaneously using analytic
derivatives — most previous solutions to this problem can be split into two types, those that es-
timate motion first and then structure and those that estimate structure first and motion second
[Huang and Netravali 1994]. It is clear that, in any problem where one wants to estimate paramet-
ers given noisy data, it is optimal to estimate all parameters simultaneously if this is possible. A
process which obtains a solution in stages leads to errors which can build up in an unpredictable
fashion. For example, errors in estimating motion will affect the subsequent estimation of the struc-
ture in a much more serious way than estimating all unknowns in a global minimization scheme.
We illustrate the performance of this algorithm by comparing it with a motion-first algorithm and
show that it can result in significant improvements.

4.1 Camera motion from two scene projections: range data known

There have been many methods proposed for the solution of this problem. Indeed, many of these
methods are almost exactly equivalent but have used different formalisms for their construction.
Sabata and Aggarwal [Sabata and Aggarwal 1991] review most of the current techniques and make
the very important point that the best techniques are those which take into account the fact
that the transformation we are looking for is a motion transformation and not a general affine
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Figure 3: Point in object viewed in two camera positions

transformation (which may not be feasible for a rigid body). Of the techniques which employ
the constraints relevant to rigid body motion, those which involve a least-squares approach are
generally preferred. Similarly, the more recent paper of [Huang and Netravali 1994] presents a very
thorough review of algorithms for determining structure and motion and deals with the case of
3D-t0-3D correspondences for both point and line matching. Lin et al. 1986 solve the least-squares
expression recursively, while Arun et al. 1987 provide a closed form solution using SVD techniques.
Horn 1987 and Horn et al. 1988 similarly obtain closed form solutions via orthonormal matrices and
quaternionic methods respectively. Walker et al. 1991 use dual quaternions to obtain their closed
form solution of the problem. In what follows it will become apparent that our geometric algebra
approach results in a technique which is very similar to the methods used in [Arun et al. 1987,
Horn 1987, Horn et al. 1988, Walker et al. 1991]. Since each of these techniques correctly solve
the same least squares problem it follows that they are essentially equivalent, although the use of
different calculational procedures may give rise to slightly different numerical results. This would
appear to contradict claims in [Walker et al. 1991] that the dual quaternion method is superior to
the SVD approach. The attractiveness of the geometric algebra approach is that we can apply
exactly the same procedures to the case where the range data is unknown as we shall see in
Section 4.2.

We will assume in what follows that the camera calibration is known. Figure 3 shows the camera
at two spatial positions 1 and 2. At each position the camera observes some point P in the scene.
The image planes of the camera are a; and ay. Let Op be the optical centre of the camera at
position 1 and consider a frame with origin O; and axes {01, 09,03}, where o3 is perpendicular to

j —
the plane a1. Let X = O1P and £ = O;M; be the position vectors of P and M relative to the
axes at O; respectively, where M is the projection of the point P onto the plane «;.

Now suppose the camera undergoes a displacement taking it to position 2. Such a general displace-
ment will consist of a translation plus a rotation. Let the translation be given by the vector ¢ such
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that 0102 = t, where O- is the translation of O;. A general rotation of § about some axis n will
be described by the rotor R, where R = exp (—ign). Thus, the frame {o1,02,03} is rotated to a
frame {0}, 0%, 04} at Oy where o) = Ro;R for i = 1,2,3. At position 2 we have a new image plane

a2, and we let My be the projection of P onto ag. If X = Ogﬁ then it is clear that
X=X-t (75)

Now, our observables in the {o;} frame are X; = X-0;. In the {0!} frame they are X! = X-o!. If
we define the vector X' which lives in the {o;} frame as X' = X/o; then we can write this vector as

X' = X!Ro'R)=R(X!0o)R

= RXR
= RX-t)R (76)
Thus, X and X' are related by
X'=RX—-t)R or X=RXR+t. (77)

In what follows we shall take the camera displacement as the unit of distance so that 2 = 1.

Suppose we have n point correspondences in the two views and that the coordinates {X;} and
{X’} are known in each of these views. In any realistic case we would expect measurement errors
on both sets of coordinates; the camera motion will then be best recovered using a least-squares
approach.

For n matched points in the two frames, we want to find the R and ¢ which minimize

[ X'~ R(X; — )R ’ (78)

S =

n
1=

If the {X;} and {X';} are our observed quantities, then we must minimize with respect to R and
t. The differentiation with respect to t is straightforward;

8,8 = 2 an [ X'i = R(X; — t)R| 0,(RtR). (79)
=1

At the minimum, 0;S = 0 and therefore

Y [X’Z- ~R(X; — t)R] =0. (80)
i=1
Solving this gives us an expression for ¢ in terms of R and the data;

n

i = %Z [RX ;R - X'}] (81)
or =
1 & N
t = EZ% [X; - RX"R], (82)
1=

where £ = RtR. This is obviously equivalent to saying that t = X — RX'R where X and X' are
the centroids of the data points in the two views. It is indeed a well known result that the value of

19



t which minimizes the least squares expression is the difference between the centroid of one set of
points and the rotated centroid of the other set of points [Faugeras and Hebert 1983, Huang 1986,
Horn et al. 1988] — although in the past this result has been arrived at by methods other than direct
differentiation.

We now turn to the differentiation of equation (78) with respect to R. As the expression for S
is very similar to that given in equation (50), with v; = X and uw; = X; — ¢, the solution is as
outlined in Sections 3.1 and 3.3 and can be directly written down as

En: X'AR(X; —t)R=0. (83)

=1

If we substitute our optimal value of £ in this equation we have

S X/AR(X;— X —RX'R)R=0. (84)
=1

Noting that the Y7, X’AX' term vanishes, this reduces to Y%, v;ARu;R = 0 with

u; = .XZ'—Y
v, = X (85)

The rotor R is then found from an SVD of the matrix F where F is defined in terms of the u; and
v; as given in equation (73). A comparison of this closed form solution to the SVD technique of
[Arun et al. 1987], the orthonormal matrix approach of [Horn et al. 1988] and the dual quaternion
approach of [Walker et al. 1991], reveals that each method should effectively produce the same
results.

4.2 Camera motion and structure from two scene projections: range data un-
known

We now look at the more difficult problem of extracting the camera motion when only 2D projections
of the true 3D coordinate sets are available. Sabata and Aggarwal 1991 stress that in this case
the errors in the estimation of the range coordinates will tend to adversely effect the estimation of
the motion parameters or vice versa. In [Huang and Netravali 1994] this 2D-to-2D correspondence
problem is discussed in some detail for a variety of features. For points, all algorithms considered
are effectively two stage algorithms. In [Mitchie and Aggarwal 1986] the structure is estimated
first by the application of rigidity constraints; these can then be used to estimate the motion. It
is generally acknowledged that the errors incurred in estimating structure first are greater than
when one estimates motion first. Consequently there are many more algorithms which attempt
to solve the 2D-to-2D correspondence problem using a motion first approach. One such method
is described in [Weng et al. 1989]; this is a linear algorithm based on point correspondences which
gives a closed-form solution for estimating first motion and then structure in the presence of noise.
Since this technique has become one of the established tools in structure and motion estimation the
results section will compare the geometric algebra (GA) algorithm with the Weng et al. method.

Given the drawbacks with two-stage algorithms it is obviously wise to attempt an optimization of
the appropriate least squares expression simultaneously over all of the unknowns in the problem.
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We can write x; and ), the vectors to the image points in the two views, as

f 5 / f 5
X;-o3 " i (86)

€r, = —_—
i X;-Ug )

where f is the focal length. Taking f as 1, and writing X;3 = X;-03, X/

!y = Xl-03, the least squares
expression in equation (78) can be rewritten as

S = Xn: [Xisa!, — R(Xisas — )R] ’. (87)

=1

The {z;} and the {z}} are now our observed quantities (which will suffer from possible measurement
errors) and the set of unknowns in the problem increases considerably to {R,t, (X3, X}5,i = 1,n)}.
In order to minimize equation (87) we adopt the most general approach we can and differentiate S
with respect to R, t and the range coordinates {X;3, X5}

From the previous sections we know that differentiating with respect to ¢ and R give the following
equations;

1 n
EZ[ isz; — Xjz R ] (88)
1=1
Z Ll AR ( i3 — — ZX];),:B]) R=0. (89)
7=1

Note now that we cannot sensibly find the ‘centroid’ of the data sets. Differentiation of S with
respect to each of the X;3 and X5 is simply scalar differentiation, and solutions to the equations

W =0 and 6X’ = 0 are as follows (no summation implied):

- —(=ins)-(ginT])
BT gl g 0
—(q;iNs)-(q; A ;)
(qinz))-(g; )’

/
Xz'3

(91)

for i = 1,...,n, where q; = Rx;R and s = RtR. These equations can be written more concisely as
Xis = —(@iA8)-B; and X3 = —(q;/A8)-B; where B; is the bivector B; = f3;/(5;-6;) with 5; = g; A\
Our task is now to find a way of simultaneously solving the equations (88), (89), (90), (91). To
accomplish this solution we will develop methods of (a) finding ¢ given R and the data, (b) finding
{Xi3} and {X/5} given R, t and the data and (c) finding R given {X;3} and {X/3} and the data.

From equations (88), (90), (91) it is clear that ¢ and {X;,X}} are only determined up to a scale
factor. This factor can be fixed by requiring that ¢#* = 1. Substituting equations (90), (91) into the
expression for ¢ given in equation (88), gives an equation in only R, ¢t and the data. After some
simplification this can be written as

t=— ; ﬁzﬁz [A,(sm;) — Bz(t:cz)] y (92)

where A; = (2}-q;)z; — (x;)2ReiR and B; = (z})*x; — (x}-q;) Rz} R. Taking the scalar product of

2
equation (92) with x; enables us to rearrange the above equation to give
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t-(mj—Pj) =0, (94)

where P; = %Z?ﬂ ﬁ [(Aj-zj)u; — (Bi-xj)x;)]. If w; = x; — P, then, since t is perpendicular
to each of the w;’s we can reconstruct ¢ by taking the cross-product of any two distinct w;’s:

1wy AW

t = '"7’”’ (95)

|iwn Awn,|
for n # m. Thus, given our estimate of R and the data, we can construct an estimate for ¢ via
equation (95) without any estimate of the range coordinates. Given estimates of R, ¢t and the
data, {X;3} and {X/5} can be found simply from equations (90), (91). Note here that choosing
f =1 is independent of this normalization of ¢ and that this can be confirmed by examination of
equation (92).

Our last requirement is to be able to estimate R given the range coordinates and the data. We do
this by solving equation (89) via the approach described in Sections 3.1 and 3.3. The particular
form of the iterative scheme is summarized below. It should be noted that there are a number
of ways in which the ordering of the scheme could have proceeded; the ordering we have chosen
seems to be fairly robust as we will show via simulations. At present, we are unable to prove that
the iterative scheme converges to the best solution, but we will show via the simulations that its
performance, even in the presence of considerable measurement noise, is very good. The following
section presents an iterative technique for the solution of equations (88) to (91).

4.3 Simulations and iterative scheme for solving the unknown-range problem

The method is very simple and will be summarized by a series of steps:

1. Make an initial guess for the rotor. The identity rotor (i.e. no rotation) is a suitable choice.

2. Given the estimate of R and the two data sets (each containing n points), make an estimate
of t. Normalize so that ¢? = 1.

3. Given the data and the estimates of R and ¢ we then produce estimates for the X;3 and X/s.

4. Form a new value for R given the data and the estimates for the X;3 and X5 from the
previous step.

5. Check for convergence; stop if criteria are satisfied. Otherwise return to step 2.

A number of convergence criteria may be used. We choose to say that the process has converged
if the differences in the values of ¢ and nf over successive iterations are less than some values set
by the user. In the simulations this proved adequate. From the form of the rotor R it is clear
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Figure 4: Framework of the ‘house’ used in the simulations, showing the 38 vertices.

that (n,0) and (—n,—0) will produce the same rotation. It therefore seems sensible to check for
convergence in the sign-invariant quantity n6. The use of the quantity nd will be justified again in
the formation of average values from a number of samples as discussed in Section 4.3.2.

It is interesting to note that step 1 suggests that the use of the identity rotor is an adequate
starting point. The fact that we are then giving the algorithm a starting point which is usually a
long way from the true solution does not affect the eventual convergence. However, the method
can be speeded up considerably by making some alternative initial estimate of the rotor — this is
also discussed further in Section 4.3.2.

4.3.1 Simulations: I

In order to test the above algorithms we have carried out some simulations. In accordance with
the analysis described here, we will restrict ourselves to point correspondences. We simulated the
framework of a ‘house’, the 38 vertices of which provided our points — this is shown in Figure 4 and
the coordinates of these vertices are listed in Table 1. The axes in Figure 4 show how the house is
situated relative to the origin at (0,0,0), which will be the centre of projection. The image plane
will be the plane z = 1 if we use f = 1. The simulations in this section will be a straightforward
investigation of the estimation process in the presence of increasing noise on the image points. The
following section will illustrate how the algorithm compares to one of the established techniques
for motion and structure estimation for a variety of baseline directions and noise scenarios.

The house was subjected to a rotation of 36° about an axis through the origin in the direction
of the vector (3,4,6) and then translated by (7,8,13) — these values were chosen to coincide with
the values selected by [Walker et al. 1991]. We therefore have two sets of coordinates, one in the
original position and one in the translated and rotated position. From each set of coordinates we
also produce the sets of projected coordinates (assuming a focal length, f, of unity). Note here that
we are now considering the case in which the camera is stationary and the object is moving; the
analysis given in the above sections is directly applicable to this case if we simply interchange the
X;s and Xls. If X; undergoes a rotation R about an axis through the centre of projection (origin
in this case) followed by a translation, the new vector X/ is given by

X! = RX;R + t. (96)
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Vertex (x,y,2) Vertex (%,y,2) Vertex (x,y,2)

1 (5,10,10) | 14 (-6,10,15) | 27 (-11,10,16)
2 (-15,10,10) | 15 (5,-1,16) | 28 (-13,10,16)
3 (-15,-10,10) | 16 (5,1,16) | 29 (-13,10,18)
4 (5-10,10) | 17 (5,1,18) | 30 (-11,10,18)
5 (5,10,30) | 18 (5,-1,18) | 31 (3,-10,16)

6 (-15,10,30) | 19 (-15,-1,16) | 32 (1,-10,16)

7 (-15,-10,30) | 20 (15,1,16) | 33 (1,-10,18)

8 (5-10,30) | 21 (-15,1,18) | 34 (3,-10,18)

9 (5,035 | 22 (-15,-1,18) | 35 (-11,-10,16)
10 (-15,0,35) | 23 (3,10,16) | 36 (-13,-10,16)
11 (-4,10,10) | 24 (1,10,16) | 37 (-13,-16,18)
12 (-6,10,10) | 25 (1,10,18) | 38 (-11,-10,18)
13 (-4,10,15) | 26 (3,10,18)

Table 1: (z,y,z) coordinates of the ‘house’ vertices.

We can obviously rearrange this to put it into the form of equation (77)
X; = R(X, - t)R. (97)

Range data known

In accordance with [Walker et al. 1991], we added random gaussian noise with zero-mean and stand-
ard deviation of 0.5 to each of the data sets of 3-D coordinates. In addition to testing the geometric
algebra algorithm described above we also programmed the dual quaternion method of Walker et
al. 1991 and the SVD approach of Arun et al. 1987 so that the three algorithms were available
for comparison. Each of these algorithms solves the same least-squares problem, and each finds
the optimal values for the rotation and translation, albeit by different means. Given this fact, we
should surely expect the three algorithms to give precisely the same answers, modulo numerical
effects caused by different intermediate procedures. This is indeed precisely what we found in our
simulations. All three methods produce the same results, and the only differences come in running
the simulations many times and letting numerical effects accumulate. Contrary to the findings
in [Walker et al. 1991] we found that the dual quaternion method was considerably slower than
the geometric algebra and SVD approaches (which are effectively the same) and produced higher
accumulated numerical errors, due to the greater number of operations which the dual quaternion
method requires.

Range data unknown

For these simulations we added zero mean random gaussian noise to the two sets of projected
coordinates (as these would be what we would measure). The algorithm described above was then
run for various noise levels. Table 2 lists the results for values of o, the standard deviation of the
gaussian distribution, ranging from 0.005 to 0.08. The values of the rotation angle and rotation
axis were derived from the optimal rotor found from the algorithm — the values of #, n and ¢ given
are averages over a sequence of 20 runs, using a different realization of the noise each time. For
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o 0(°) ny 19 13 t1 to t3

true values | 36 0.3841 | 0.5121 | 0.7682 | 0.4168 | 0.4764 | 0.7741
0.005 35.9568 | 0.3819 | 0.5132 | 0.7686 | 0.4177 | 0.4749 | 0.7746
0.01 35.8898 | 0.3828 | 0.5116 | 0.7692 | 0.4198 | 0.4742 | 0.7737
0.02 35.3885 | 0.3685 | 0.5203 | 0.7704 | 0.4297 | 0.4558 | 0.7792
0.03 35.0082 | 0.3546 | 0.5326 | 0.7685 | 0.4365 | 0.4351 | 0.7866
0.04 32.8348 | 0.3408 | 0.5292 | 0.7771 | 0.4820 | 0.3903 | 0.7797
0.08 26.3665 | 0.1633 | 0.6669 | 0.7271 | 0.5593 | 0.1491 | 0.8135

Table 2: Average values for rotation and translation estimates for various noise levels.

each run, a maximum of 500 iterations were allowed and convergence was deemed to have been
achieved when the ‘distance’ between successive estimated values of ¢ and né differed by less than
10~° and 10~* respectively, i.e. |(tit1 — ;)| < 1075 and |((n8)i+1 — (nf);] < 10~* . In each case
the values of the range data {X;3} and {X/;} were also estimated but only the values for three
vertices, 3, 5 and 38, are listed in Table 3 in the interests of simplicity. A total of 38 points (each
vertex in the ‘house’) was used and the true rotation and translation were as given above, 6 = 36°,

n = —=(3,4,6) = (0.3841,0.5121,0.7682) and ¢ = (7,8,13) = v/282(0.4168,0.4764,0.7741). Since

the algorithm normalizes ¢ so that ¢+ = 1, we should compare the values in Table 2 with the true
unit vector in the ¢ direction (0.4168,0.4764,07741). As mentioned in previous sections, the values
of the depth coordinates are also only determined up to a scale factor. We have multiplied the
depth coordinates in Table 3 by the factor /282 = 16.79 which relates the unit vector ¢ to the
magnitude of the translation used and they can therefore be directly compared with the depth
coordinates listed in Table 1.

From the coordinate values in Table 1 we can obtain the projected coordinates by dividing each
vector by its z-component. These projected coordinates will therefore range in magnitude from
0 to 1.5. Thus, the highest noise levels imposed (0.04 and 0.08) constitute a fairly low signal to
noise level. We can see from Table 3 that the estimated values of {X;3} and {X/3} decrease in

25



Vertex 3:Xi3, X/5 | Vertex 5:Xis, X/5 | Vertex 38:X;3, X/s

(true values) | (10, 22.88) (30, 42.44) (18, 29.27)

o=0005 | (10.01,22.88) | (30.37, 42.79) | (17.99, 29.25)
o = 0.01 (10.01, 22.89) | (30.69, 43.06) | (17.98, 29.26)
o = 0.02 (10.05, 23.24) | (30.83, 43.33) | (18.00, 29.63)
o =0.03 (10.07, 23.67) | (40.00, 51.80) | (17.95, 29.90)
o = 0.04 (10.10, 24.47) | (59.35, 70.43) | (18.03, 30.80)
o =0.08 (9.34, 25.49) (7.2, 6.7)x10°3 | (15.69, 30.34)

Table 3: Average values for depth coordinates in the two views for various noise levels (scaled
values shown).

accuracy as the noise is increased, but remain adequate estimates. This is indeed the case for all
vertices except vertex 5 (at (5,10,30)), the results for which are included in Table 3. We see that
as o increases above 0.03, the estimates for the depth coordinates of vertex 5 become increasingly
unreliable until they break down at ¢ = 0.08. To see why this is happening we can return to
equations (90),(91) and note that in determining Xj3 and X/ the factor (g; Ax}) occurs in the
denominator. Therefore, if g; is approximately parallel to &/ the above factor will be close to zero
and produce artificially large values for the depth estimates. In physical terms, this corresponds to
the situation where the rotated vector from position 1, R:L'Z-R, is almost parallel to the translation
vector t. For larger values of the noise such occurrences become more probable. We can easily
avoid this by omitting any point from the dataset for which this problem occurs. The tables show
that for o < 0.08 the estimates of the rotation, translation and depth coordinates produced by the
algorithm are reasonably accurate.
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4.3.2 Simulations: II

In this section we will compare the results of the geometric algebra algorithm with the closed-form
solution described in [Weng et al. 1989]. We will choose parameters for the motion and structure as
described in [Weng et al. 1989] so that the results here may also be compared to their results for the
closed-form algorithm against other linear algorithms. The advantages of such algorithms is their
speed — the geometric algebra algorithm is iterative and is therefore slower. However, we hope to
show that the results obtained with the GA algorithm are significantly more accurate. Indeed, for
real noisy data and approximate calibration the geometric algebra is able to obtain good solutions
for cases in which the closed-form algorithms fail completely.

In the following simulations 12 object points are used and these are generated randomly from a
uniform distribution in a cube of side 10 units whose centre is 11 units from the centre of projection
of the camera. The focal length will be taken as 1 and the image size as 2 units. Unlike the
simulations in the previous section, the noise is now solely due to quantization effects in the image
plane and we consider two noise scenarios, one given by an image resolution of 256 x 256 and the
other by a resolution of 128 x 128. Such a decrease in resolution will considerably increase the
quantization noise. The rotation of the camera is 8° about an axis in the (—0.2,1,0.2) direction
and 21 different translations, ¢, are used with these given by

t =3cos(i — 1)A¢ oy + o9 — 3sin(i — 1)Ados (98)

for i = 1 to 21, and A¢ = 90/20 = 4.5°. Thus, when these translation vectors are projected
onto the x — z plane they describe a sequence of equally spaced vectors between the z axis and
the —z axis. This situation is designed to be similar to that described in [Weng et al. 1989]. The
translation vectors were chosen in this way so as to illustrate the greater potential for error in the
motion estimation when the translation is parallel to the image plane ([Weng et al. 1989] explain
why this is via explicit reference to their algorithm). We would not expect the performance of the
GA algorithm to be significantly affected by the translation direction.

For each of the 21 values of the translation vector the estimated values of ¢, n and 8 are found by
averaging over 100 trials (in each trial the 12 points are generated at random within the allowed
region). The relative error is calculated by taking the norm of the difference between the mean
value and true value divided by the norm of the true value. In the case of ¢ the trial values are
normalized before forming the mean. To form the mean values of n and 8, we form the product nf
for each trial (having first normalized n) and then form the average of né over the total number of
trials. The mean values of n and 0 separately are then extracted from this mean value of nf. Recall
that above we identified n as being a sign-invariant quantity; it also has 3 degrees of freedom (dof).
A general rotation has 3 dof and in forming an ‘average’ rotation it therefore seems sensible to find
the mean value of a quantity with a sufficient set of independent quantities. This would therefore
suggest that one should average over the quantity nf rather than over § and n individually or over
the components of the rotation matrices from each trial.

Figures 5 and 6 show the relative error for ¢, n and 6 for the two different resolutions. In addition,
for comparison with [Weng et al. 1989], we also plot the relative error in the estimated rotation
matrix R; in this case the ‘mean’ value of R is that rotation matrix formed from the mean value
of nf and the relative error is formed from the norm of the difference of the estimated R and
the true R divided by the norm of the true R — where the norm of a matrix A is given by
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Figure 5: Relative errors in a) the rotation axis b) the rotation angle c) the translation direction
and d) the rotation matrix, plotted against the 21 different translation vectors used. The results
are the average of 100 samples at each point and use a resolution of 256 x 256. The solid and
dashed lines respectively show the results of the GA algorithm and the linear algorithm of Weng
et al.

||A]] = {/3Zi; aij?. In each figure the relative errors are plotted against the 21 different translation

vectors used (equation 98) and the results of both the GA algorithm and the algorithm of Weng et
al. are given. It is worth noting at this point that the relative errors in R formed by the method
just described will not be equal to the relative errors formed by averaging the individual rotation
matrices which have 9 dof. We believe that one should therefore form an average R from an average
nf. It is not clear which method of averaging is used in [Weng et al. 1989].

We can see from Figures 5 and 6 that the errors in the linear algorithm of Weng et al. are greater
for translation directions parallel to the image plane (corresponding to small values on the x axis),
whereas the GA algorithm shows no such tendencies, giving relative errors which are roughly of
equal magnitude over the range of directions used; this is in agreement with our expectations.
Overall we see that the GA algorithm gives more accurate predictions than the linear algorithm for
all parameters but more particularly for the vectors n and ¢ — in many cases there is almost a factor
10 improvement on average. The obvious advantage of the linear algorithm is its simplicity and
its speed. If we start the GA algorithm with an initial guess for the rotor as the identity (i.e. no
rotation) then the algorithm is robust, in the sense that it will converge to the given solutions but
will take perhaps 100 iterations to do so. However, in generating the results shown in Figures 5 and
6 the procedure was to evaluate R for the linear algorithm and to use this as the initial estimate
of the rotation in the GA algorithm. This had the effect of decreasing the number of iterations
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Figure 6: Relative errors in a) the rotation axis b) the rotation angle c) the translation direction
and d) the rotation matrix, plotted against the 21 different translation vectors used. The results
are the average of 100 samples at each point and use a resolution of 128 x 128. The solid and
dashed lines respectively show the results of the GA algorithm and the linear algorithm of Weng
et al.
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Figure 7: Two views of Lego house from a single camera undergoing translation and rotation.

dramatically. Indeed, the current algorithm can be seen as an addition to the linear algorithm of
Weng et al. to refine the estimates if greater accuracy is required. We note also from the figures
that the improvements in accuracy given by the GA algorithm increase as the resolution decreases,
i.e. as the noise increases. The algorithm presented here therefore seems to be a better tool if there
is a high likelihood that the data is very noisy.

4.4 Real Data

In this section we will give some results of applying the algorithm to a pair of real images. The
camera was approximately calibrated before the experiment and was then used to observe a ‘LEGO’
house from two different viewpoints. The two views are shown in figure 7. The motion of the camera
and the distances to various points on the house were measured. From the two images a set of
12 corresponding features (mostly corners) were found and these were used as input to both the
algorithm of Weng et al. and to the GA algorithm with an identity rotor as starting point. The axes
in both camera positions were such that the z-axis passed through the optical centre perpendicular
to the image plane and towards the scene, the x-axis was vertically upwards and the y-axis was
then such that the directions formed a right-handed orthogonal set. Relative to the frame in view
1 the true values of the rotation and translation between the views was:

n = [1,0,0]
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9 = —27°
= [0,-72.6,25.1]. (99)

The translation values are given in centimetres; writing ¢ as a unit vector gives ¢t = [0, —0.945, 0.327].

Giving the 12 point matches to the algorithm of Weng et al. produced the following results:

n = [0.456,—0.290,0.842]
0 = 94.7°
t = [—0.801,0.598,—0.037). (100)

In this particular case it is clear that the closed form solution above gives something very far from
the truth. Now, if we give the same 12 points to the GA algorithm with an initial identity rotor
(i.e. no rotation), after 4500 iterations the results are;

n = [—0.999,0.006, —0.039]
9 = 28.33°
= [-0.004,—0.941,0.339]. (101)

It is clear that we are able to obtain a very accurate solution given a fairly large number of iterations
— a less accurate solution is obtained with relatively few iterations, but this answer is still much
better than that given in equation (100). In addition, the depths obtained from the algorithm are
also in good agreement with the true values. A more detailed study of the performance of the
algorithm on real data (with details of calibration etc.) and scene reconstruction will be given
elsewhere.

While the performance of closed-form algorithms such as that of Weng et al. on simulated data is
often good, the inherent problems arising from the fact that quantities are not estimated simultan-
eously can lead to serious inaccuracies when applied to real noisy data. We have shown here that if
one is willing to adopt an iterative approach which inevitably means more computation time, the
GA algorithm is robust and accurate.

5 Other applications of geometric algebra in computer vision

The major focus of this paper has been in applying the GA techniques described in Section 3 to
the structure and motion estimation problem. However, we would like to outline briefly other areas
of computer vision in which GA has been applied and discuss how this work relates to standard
projective geometry techniques and recent applications of Grassmann algebras and Lie group theory
in computer vision.

Since about the mid 1980’s most of the computer vision literature discussing geometry and invari-
ants has used the language of projective geometry. The usefulness of the projective description
of space is often only realised via the introduction of homogeneous coordinates. In the geomet-
ric algebra description of projective space, we therefore dispense with much of the machinery
of classical projective geometry and postulate a 4D space with a well-defined means of moving
between this space and normal Euclidean 3-space; this process is known as the projective split.
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Since the formalism of projective geometry has already been translated into geometric algebra
[Hestenes and Ziegler 1991], it is fairly simple to find concise expressions for the algebra of incidence
in projective space, i.e. intersections of planes and planes, planes and lines etc. All of this has been
implemented in the computer algebra package Maple. There has been much recent interest in the use
of the Grassmann-Cayley or double algebra as an elegant means of formulating the algebra of incid-
ence [Carlsson 1994, Csurka and Faugeras 1995, Faugeras and Mourrain 1995] and this framework
has been applied to problems in computer vision mainly in the study of invariants and of multiple
view constraints. The geometric algebra approach to the methodology of forming invariants and ap-
plications of this to multiple view constraints is discussed in [Lasenby et al. 1996, Bayro et al. 1996].
The Grassmann-Cayley algebra is indeed well suited for the areas to which it has been applied but
we would argue that the fact that it has only an exterior product and no interior product means
that it is not a framework one could use for a wide class of problems; for instance, there is no
obvious way to represent a rotation efficiently in this algebra. In [Lasenby et al. 1996] we have
shown that the GA formalism provides a neat means of dealing with the algebra of incidence and
the methodology of forming invariants.

The use of Lie groups in the modelling of rigid motions has received significant attention [Chevalier 1991].
GA has been used effectively for modelling general displacements and the motion of linked rigid
bodies [Lasenby 1996, Hestenes 1994]. In addition, in the discussion of Lie groups in a GA context

in [Doran et al. 1993] the authors present many techniques which may have interesting applications

in the computer vision field — this remains an area which we would like to explore.

6 Conclusions

In the first part of the paper we have presented a variety of techniques based on the geometric
algebra which we feel may be particularly useful for applications in computer vision. Specifically, the
ability to deal efficiently with rotations and the ability to differentiate with respect to multivector
quantities are areas which are considered in some detail. The latter half of the paper deals with
the problem of reconstructing camera or object motion and scene structure from two images and
is discussed in the framework of geometric algebra. In the case where the range data is known we
have shown that the geometric algebra solution is essentially the same as the many other closed
form solutions in the literature and that, contrary to claims in [Walker et al. 1991], the use of dual
quaternions offers no real advantage over the more straightforward SVD approach. However, in
the case of unknown range data, we have presented an iterative algorithm for computing both the
motion and the depth coordinates of image points in the presence of measurement uncertainty.
The algorithm incorporates all of the constraints of general rigid body displacements. As far as
we are aware, this is the first such algorithm to solve directly the relevant least-squares equation
simultaneously using analytic derivatives over the whole set of unknowns in the problem. We are
able to do this because of the powerful tools made available to us in the geometric algebra — for
instance, being able to minimize directly with respect to the rotors underpins the main part of the
algorithm, a facility which is not readily available in other frameworks. We have compared the
algorithm to one of the basic linear algorithms for estimating structure and motion showing that it
can improve the accuracy of the results by, in some cases, large factors. One of the main uses of the
algorithm may be as an additional stage in other quicker algorithms when more refined estimates
are required.
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