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Reason had harnessed the tame,
Holding the sky in their arms.
Gravity pulls me down.
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Chapter 1

Introduction

The mathematical simplicity of systems possessing cylindrical symmetry in
General Relativity has made them a fruitful area of investigation both of
abstract ideas, such as Mach’s Principle and causality violation, and of po-
tentially realistic astrophysical phenomena, such as cosmic strings. Indeed,
since the early work of Weyl [1], Levi-Civita [2], Lewis [3], and van Stockum
[4], there has been much study of such systems. Yet, as pointed out in [5],
we still lack a solid physical understanding of such systems.

This thesis is an application of the gauge theory of gravitation devel-
oped by Lasenby, Doran, and Gull [6] to cylindrically symmetric systems.
This approach, based on the mathematics of geometric algebra, deals with
gauge fields in a flat spacetime, and keeps the physical relevance of quanti-
ties unambiguous: physically meaningful quantities must be gauge invariant.
Furthermore, the gauge theory formalism allows for a new way of solving the
field equations, called the ‘intrinsic’ method, which reduces the problem to a
set of first-order differential equations. These equations are generally much
more manageable than the field equations in the standard General Relativity
approach, which deals with second-order equations in the metric components.
For example, spherically symmetric systems in the gauge theory reduce to a
quite simple set of equations which reveal a striking similarity to Newtonian
theory. The theory has also provided a great deal of insight into axisym-
metric systems (principally the Kerr solution) [7] and offers a fairly radical
vision of cosmology [8]. In [9], the gauge theoretic approach was applied to
cylindrically symmetric systems in (241)-dimensions with enlightening re-
sults. Here, this analysis is extended to a full (341)-dimensional treatment
of both stationary systems and systems with general time dependence.



Chapter 1 is a brief outline of geometric algebra and gauge theory gravity,
presenting the general formalism used in the rest of the thesis. Chapter
2 is devoted to the analysis of stationary cylindrically symmetric systems.
Gauge theory gravity is used to provide quick derivation of the van Stockum
solution describing an infinitely long rigidly rotating dust cylinder and the
vacuum region surrounding it. The vacuum solution is known to fall into
three distinct categories depending on the value of a parameter which is
related to the mass per unit length of the string. These three cases shall
be referred to as the low-mass, critical, and high-mass regimes. In the low-
mass regime, Bonnor [10] has demonstrated that the vacuum solution may
be brought into static form, but only at the expense of the introduction of
a periodic time coordinate. Tipler [11], has noted that such a manipulation
may be interpreted as describing a spacetime with nontrivial topology, but
the physical relevance of the static coordinates is then quite unclear. In any
case, such an interpretation is at odds with the gauge theoretic approach,
which requires globally valid solutions in a flat background space. Bonnor
himself notes that there is no smooth match of the static vacuum onto the
solution for the interior, and ends discussion of the problem by declaring the
vacuum to be “locally static,” but not globally so. This is a useful term, but
in itself, it sheds little light on the physical significance of the solution. The
static nature of the fields is of great importance for Mach’s Principle, for
Machian arguments would dictate that the rotating cylinder would drag the
vacuum spacetime around with it, in which case it could not be brought into
static form. Study of geodesic motion and the structure of the Weyl tensor,
made relatively simple in gauge theory gravity, is shown to reveal much of
the physical significance of locally static fields.

The high-mass regime of the van Stockum exterior brings along with it its
own unique problems. A real valued transformation into static coordinates
is no longer possible, even in General Relativity, which at first glance would
seem to be good news for Mach’s principle. However, it is quite remarkable
that Machian effects would only come into play for certain values of the mass
of the cylinder. Furthermore, the high-mass regime necessarily admits causal-
ity violation in the form of closed timelike loops (CTL), and has prompted
much discussion on the possibility of building a time machine from some
system of rotating cylinders. One must be careful in drawing conclusions
from cylindrically symmetric systems, as they involve infinitely long objects
and thus an infinite mass. Even Newtonian infinite cylinders have bizarre
long-range properties. Nevertheless, it seems reasonable that such solutions



would still be valid locally near very long, but finite cylinders. Therefore, the
possibility of creating a time machine from such systems should be taken se-
riously. One could simply declare CTL as pathological, and dismiss solutions
which contain them as unphysical; but this would really just be begging the
question, and would also leave the status of solutions like those for Kerr black
holes unclear. (Although the CTL in the Kerr solution are confined within
an event horizon and so perhaps are less worrisome than those appearing in
rotating cylinder solutions.)

The question is: can CTL appear as a result of a physically sensible mat-
ter configuration? Within the confines of van Stockum type solutions, the
answer seems to be no. Once again, this result is motivated by an analysis of
the Weyl tensor. One may define a fluid velocity to a rotating cylinder rela-
tive to a frame in which the Weyl tensor is diagonal which is intrinsic to the
physical system. That this definition is sensible is bolstered by the consid-
eration of counterrotating cylinders. It turns out that for systems for which
this intrinsic velocity is less than the speed of light, CTL cannot form. If one
believes this definition of the fluid velocity, then the critical and high-mass
regimes of the van Stockum solution are simply not physically possible, for
they would seem to require matter moving at luminal or superluminal veloc-
ities. This analysis is quite satisfying in that it implies that the appearance
of CTL is a manifestation of the mistaken ascription of a timelike vector (the
eigenvector of the stress-energy tensor) to a null or spacelike direction. In
this light, it should hardly be surprising that CTL appear; closed spacelike
loops are quite unremarkable, but when spacelike and timelike directions are
confused, the situation becomes quite bizarre indeed. It is interesting that
such an ascription may be locally innocuous in that the causal structure of
spacetime at the point where the velocity becomes null is still well-behaved,
but ultimately, spacetime has been contorted in such a way as to produce
pathological behaviour elsewhere.

Chapter 3 extends the gauge theoretic techniques to time-dependent cylin-
drically symmetric systems. Although the equations governing such systems
are substantially more complicated than those for stationary systems, a good
deal of progress can be made towards a general solution, using the results
obtained for stationary systems as a guide towards making sensible simplifi-
cations. The time dependent equations are also seen to exhibit an unusual
type of symmetry which does not appear in General Relativity. Restricting
to diagonal line elements is proposed as a possible route towards obtaining
wave solutions.



1.1 Geometric Algebra

The gauge theory of gravity employed here is best presented in the mathemat-
ical language of geometric algebra, the fundamentals of which are described
rigorously in [12]. Here we present a brief outline of geometric algebra, citing
rather than deriving important results. A geometric algebra is a graded vec-
tor space with an associative product, called the geometric product, which is
distributive over addition. The geometric product has the property that the
square of any vector (grade-1) is a scalar (grade-0). It then follows from the
identity

(a +b)* = a® + (ab + ba) + b* (1.1)

that the symmetrised product of two vectors is a scalar, and we may thus
define an inner product, denoted by a dot, as

a-b=1(ab+ ba). (1.2)

The remaining antisymmetric part of the geometric product of two vectors
is the outer, or wedge product,

aANb=L(ab—ba). (1.3)

The quantity a A b is a new type of object, a grade-2 element, or bivector,
which represents a directed area. The full geometric product of two vectors
may then be written as

ab=a-b+aAb. (1.4)

In expressions involving different types of products, we adopt the convention
that the dot and wedge products take precedence and are to be evaluated
before any geometric products; for example, ab A ¢ is to be understood as
a(bAc).

Forming further geometric products leads to quantities containing higher
grade terms which are generally called multivectors. A principal advantage of
geometric algebra is that it allows the addition of objects of differing grades.
This is to be understood in much the same way that real and imaginary num-
bers are added together in complex algebra. This ability to form multi-grade
objects makes geometric algebra an extremely compact and computation-
ally efficient language for physics. For example, Maxwell’s equations can be
combined into a single multivector equation with an invertible differential
operator [13].



In this thesis, we are primarily interested in the geometric algebra of
Minkowski spacetime, or the “spacetime algebra” (STA). The STA is gener-
ated by four orthonormal basis vectors {7,}, = 0...3, such that

Yo Vv = Nuw = dlag(+ - __> (15)

The full STA is then spanned by the quantities

17 {7#}7 {0k7i0k}7 {i7u}7 ia (16>

where
Tk = VY0 (1.7)

and ¢ is the spacetime pseudoscalar, a grade-4 object defined as

L= YoY17Y27Y3 = 010203. (18)

It is important not to confuse ¢ with the unit imaginary in complex analysis,
7; both ¢ and j square to —1, but ¢ is a geometrically significant quantity
which anticommutes with odd-grade elements and commutes only with even-
grade elements. All quantities encountered in gauge theory gravity are real
valued.

A spacetime vector a has a corresponding spatial vector a relative to the
inertial frame determined by vy given by

ayo = ap + a, (1.9)

where
ag = a - Yo, a=aAl"y. (1.10)

The spatial vector a has components in the orthonormal frame spanned by
the spacetime bivectors {0} }. The spatial vector relative to any other frame
may be be determined similarly by forming a A v, where v is the timelike
vector which determines the frame.

We shall also need some results from geometric calculus. The derivative
with respect to a vector a, denoted 0,, is defined in terms of its directional
derivatives b - 0, via

b-0,F(a) =lim Flateb) - F(a).

e—0 €

(1.11)



If we now introduce an arbitrary basis {ey} with a reciprocal basis {e*}
defined so that e; - e* = 5?, then the full derivative may be written as

9, = e¥ey. - 0,. (1.12)

The derivative 0, has the algebraic properties of a vector, and is useful for
performing operations like contractions in a frame-free manner. The deriva-
tive with respect to the spacetime position vector x is particularly important
and is denoted by V.

Geometric algebra is also convenient for handling linear functions. A
linear function which maps vectors to vectors is written with an underbar
f(a). The adjoint of f(a) is written with an overbar f(a), and satisfies

a-f(b) = F(a)-b. (1.13)

Using the result 0yb - ¢ = ¢, the adjoint may then be written in a frame-free
manner as

f(a) = Op(a- f(b)). (1.14)

Linear functions can be extended to operate on objects of arbitrary grade
via

flanbA...Nc)= fla) A f(b)... A f(c). (1.15)

In particular, since the pseudoscalar I of a space is unique up to a scale
factor, we can define the determinant of f(a) by

det(f) = f(I . (1.16)

The inverse functions are obtained from the formulae

SHA) = det(f)) T fADT (1.17)

and
-1

f(A) =det(f) " ITfTA). (1.18)

1.2 Gauge Theory Gravity

A complete development of gauge theoretic gravitation is set out in [6]. In
this section, only a brief overview of the theory is presented. As in the
preceding outline of geometric algebra, important results are cited rather
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than derived. For the purposes of this thesis, it is enough to consider gravity
in the absence of torsion.

The fundamental claim of gauge theory gravity is that physical relations,
which are generally relations between field quantities at certain spacetime
points, should be independent of arbitrary (i.e., local) displacements and
rotations of these fields. Thus the theory employs two gauge fields. The first,
denoted h(a,z), is the position-gauge field which ensures covariance under
displacements. It is a vector-valued linear function in the vector argument
a and generally has nonlinear dependence on the spacetime position vector
x. To ensure covariance under arbitrary Lorentz rotations of the fields, we
also introduce the rotation-gauge field, w(a, ), which is a bivector-valued
function, also linear in the vector a and with general spacetime dependence.
In referring to these fields, the spacetime dependence is often assumed to be
implicit, and explicit reference to z is dropped, writing simply (a) and w(a).

Under spacetime displacements, which may be written as

r— 1 = f(z) (1.19)
the gauge fields transform as
ha.x) = T (a,2) = A(F " (a), f(2)) (1.20)
and
w(a,r) — w'(a,z) = w(a, f(z)), (1.21)

where T_I(a) is the inverse adjoint of the function f(a) defined by
fla)=a-Vf(x). (1.22)

One of the advantages of geometric algebra is the ease with which spacetime
rotations are described in it. Rotations of objects of any grade (vector,
bivector, etc.) are represented by the double sided action of a single rotor.
A rotor, R is a multivector of the form (scalar + bivector) which satisfies the
relation RR = 1. Here the tilde denotes the operation of reversion, whereby
the order of vectors in any geometric product is reversed. Having defined a
rotor, a spacetime vector a is rotated by

a— d = RaR. (1.23)
Under the action of such a rotor, the gauge fields are defined to transform as

h(a) — h'(a) = Rh(a)R (1.24)
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and
w(a) — «'(a) = Rw(RaR)R — 2L, RR, (1.25)

where

Lo=a-h(V) (1.26)

is the covariant derivative under displacements. We may define a fully covari-
ant directional derivative of a multivector M in the direction of the vector a
via

a-DM = L,M + w(a) x M, (1.27)

where the commutator product (x) is defined on arbitrary multivectors A
and B via A x B = 1(AB — BA). This directional derivative may be used
to construct a covariant vector derivative D, which acts as

DM =D -M+DAM, (1.28)
where

D-M = 0, -(b-DM) (1.29)

DAM = 0Oy,N(b-DM). '

The gauge theoretic equivalent of the Riemann tensor is then given by
R(a A b) = Low(b) — Lyw(a) + w(a) x w(b) — w(c), (1.30)

where
c=a-Db—0b-Da. (1.31)

The Riemann tensor is a linear mapping of bivectors to bivectors, and like the
individual gauge fields, has general spacetime dependence. Again, we shall
often simply write R(B) for the Riemann tensor, suppressing the implicit
spacetime dependence. R(B) transforms under local displacements (1.19)
and rotations (1.23) as

R(B,z) — R'(B,z) = R(B, f(z)) (1.32)

and
R(B,z) — R'(B,z) = RR(RBR,z)R (1.33)

respectively. This general behavior under displacements and rotations is
referred to as covariant, and we shall often denote covariant quantities by



script-style letters, so that the covariance of expressions may easily be seen.
Various contractions of R(B) yield the Ricci Tensor,

R(a) =0y -R(bAa) (1.34)
the Ricci Scalar,
R =0y - R(D) (1.35)
and the Einstein tensor
1
G(a) =R(a) — §Ra. (1.36)

Also of importance is the Weyl tensor, given by
W(aAb) =R(aAb) —4rla ANT(b)+T(a) Nb—2Ta b, (1.37)

where 7 = 0, - 7 (a) is the trace of the matter stress-energy tensor 7 (a).
W(B) has a number of useful symmetries. It is self dual

W(iB) = iW(B), (1.38)
and symmetric and trace-free

It should be stressed that the above definitions are not to be interpreted as
describing the curvature of spacetime, they are simply field constructions in
a flat background space.

The field equations governing h(a) and w(a) are obtained from an action
principle on the invariant action

S = / (2] det (h) " (4R — 87GL,), (1.40)

where £,, is the matter Lagrangian (in which the gauge fields are assumed to
appear undifferentiated.) In the absence of spin and cosmological constant,
the field equations obtained from varying this action with respect to the two
gauge fields may be written as

G(a) =817 (a) (1.41)

and

D Ah(a) =h(V Aa). (1.42)

9



The connection between the gauge theory and General Relativity may be
made by introducing a coordinate frame {e,} and constructing the metric
tensor via

9w =h""(e,) - B (e). (1.43)

Further exposition of the connections between gauge theory gravity and Gen-
eral Relativity may be found in Appendix A.

At this point, one could use the gauge theory in a manner mimicking
General Relativity, solving (1.41) and (1.42) for the various metric compo-
nents. This would generally result in difficult set of second-order differential
equations. An alternative approach, adopted in this thesis, is to follow the
so-called “intrinsic” method [6]. The metric components solved for in the rel-
ativistic approach are invariant under arbitrary rotations (1.23), thus many
degrees of freedom are eliminated from the problem by never dealing ex-
plicitly with the rotation gauge. The intrinsic method, on the other hand,
keeps the rotation gauge field explicit, and thus works with a larger set of
much simpler first-order equations. Systematically, one begins by positing a
general abstract form for h(a) suited to the symmetries of the system under
consideration. An abstract form of w(a) is then generated by demanding
consistency with equation (1.42). The Riemann and Einstein tensors may
then be written down in terms of the abstract functions in w(a) and their
L-derivatives. Only then is the rotation gauge fixed by a choice convenient
to the problem at hand. For example, the rotation gauge is often chosen by
specifying the form which the stress-energy or the Weyl tensor is to take.

Crucial to the success of the intrinsic method is the bracket structure
implied by equation (1.42). Namely,

[La, L) = L (1.44)

where ¢ is as defined in (1.31). These relations provide a set of first order
differential equations relating h(a) and w(a) that is much easier to work
with than the original relation (1.42). As we shall see in the study of time-
dependent systems, the bracket structure can also be applied to the field
equations to generate further relations until a complete or nearly complete
set of equations is obtained. After choosing a specific coordinatisation for
the solution, one may then solve for the abstract functions in w(a) and then
use the relations obtained from (1.44) to solve for h(a).

10



Chapter 2

Stationary Systems

In 1937, van Stockum [4] found the complete solution for an infinitely long
cylinder of rigidly rotating dust. In this chapter, the van Stockum solution is
derived within the gauge theory framework. That this derivation is substan-
tially shorter and less involved than the corresponding calculation in General
Relativity is a testament to the calculational virtues of the theory as a means
of solving the Einstein equations. This solution will also provide a gateway
into the issues of Mach’s Principle and causality violation as a specific (and
well studied) case of general ideas.

2.1 Cylindrical Symmetry

A natural choice of coordinates for cylindrically symmetric systems is

t = Yo —(IL'/\O'3)2

(2.1)
tang = (2-9)/(@-7) 2 = x-7"

These coordinates have an associated coordinate frame {e;, e,,e4, €.} given
by

€t
€¢

Yo Er
r(—sin ¢y, + cos ¢ya) e,

cos ¢y1 + sin ¢y (2.2)
Y3 - ‘

The associated reciprocal frame is denoted by {et,e",e? e*}. We shall also
make use of the unit vector ¢ defined by

¢ = —sin ¢y + cos ¢y (2.3)

11



and the unit spatial bivectors
or = €6, Op= dey. (2.4)
Finally, we shall occasionally make use of the vectors

E_(et) g =h""(er)
h(e?) gy = ﬁ_l(%).

Cylindrical symmetry of the fields is imposed by demanding that our

solution be invariant under translations in and reversals of the e, direction
and invariant under the combined effect of the translation

(2.5)

gt
g¢

' = f(x) = RtR, R=exp (%ﬂ’i()'g) (2.6)

and the rotation given by the rotor R. For stationary systems, we also
demand that the solution be symmetric under the simultaneous reversal of
t and ¢. Finally, the spacetime dependence of h(a) should be restricted
to dependence on the coordinate r alone. The most general form of the
h-function satisfying these conditions is

h(e') = fi(r)e' +rfa(r)e?

() = gqi(r)e”
h(e?) = ho(r)el + rhy(r)e? J (2.7)

h
h(e*) = iy(r)e”.

An abstract form for w(a) consistent with this A-function and equation (1.42)
is given by

wler) = =T(r)or + (K(r) + ho(r))ios  w(e)) = K(r)o, (2.8)
w(¢) = K(r)o, + (hi(r) — G(r))ios w(e,) = G(r)io. ’

The functions h; and hy appear explicitly in the form of w(a) to simplify
later formulae, namely to ensure that the expressions for the components of
the Riemann tensor involve only the functions G, G, T, K, K, and their
L-derivatives.

The gauge fields in the form above still retain a single degree of rotational
freedom, namely that of a boost in the o4 plane. Under the action of the
rotor

R =exp (%)\(7’)04,) : (2.9)

12



the functions in w(a) transform according to (1.25) as

2K +— 2K cosh2A + (G + T) sinh 2\
G+T +— (G+T)cosh2\+ 2K sinh 2\
G-T — G-T (2.10)
G — G
K — K-—L\

These transformations have been written in the above form to highlight the
gauge invariant quantities G and G — T.. The Lorentzian structure on the
quantities 2K and G + T shall also prove noteworthy.

Also important is the radial coordinatisation of the solutions. Under a
change of radial coordinate r + r/(r), all of the functions in h(a) and w(a)
simply change their functional dependence from r to r/(r) with the exception
of g1, which transforms according to (1.20) as

g1(r) = géf:ié:;)- (2.11)

In General Relativity, physical solutions are constrained by the elemen-
tary flatness criteria, a set of conditions imposed at the metric level. As
pointed out in [9], solutions which satisfy the conditions of elementary flat-
ness may still be ill-defined in the gauge theoretic formulation. In gauge
theory gravity, elementary flatness is replaced by the requirement that the
gauge fields be everywhere well-defined. For cylindrically symmetric systems,
this principally involves requiring the values of the gauge fields on the z-axis
to be independent of the direction of approach. The necessary constraints
may easily be seen by writing h(a) and w(a) in Cartesian coordinates and de-
manding that all ¢ dependence vanish as r — 0. Explicitly, these conditions

are
imf, = 0 lmT = 0

r—0
;%rhl = g lli%cf = (2.12)

lim (K + K)=0.
In terms of the posited h-function, the L-derivatives with respect to the

vectors {e, e, b, e, } may be written explicitly as

Ly = f16t+h28¢ L, = glar

Ls = fdi+mdy L. = i10.. (2.13)

13



Equations (1.44) and (1.31) give the bracket structure on the L-derivatives
as _
(L, L)) = TLi+ (K +K)Lg
Ly, Lg] = —(K—K)L—GLy (2.14)
[LraLz] = _GLz7
with all remaining commutators vanishing. By applying these expressions

to an arbitrary function X (¢, 7, ¢, z) and equating the terms in the various
partial derivatives of X, one readily obtains the equations

L.fi = TH+(K+K)fs (2.15)
Lhy = Thy+ (K+ K)hy (2.16)
L.hy = —Ghy — (K — K)hy (2.17)
Lfs = —Gfs— (K~ K)fi (2.18)
Li, = —Gi (2.19)

relating h(a) and w(a).
The components of the Riemann tensor may be computed in terms of the
abstract functions in w(a) via (1.30) as

R(O’r) = o0, + ﬁ iO’g
R(iUg) = OéQZb'g — ﬁO'r
R(og) = 304
R(o3) = —GTo3— GKio, (2.20)
R(io,) = KGos+ GGio,
R(idd,) = (Lré + 62)7;0'¢
where B
ap = —L,T+T?—-K(K+2K)
ay, = LG+ G? —K(K—Q[_()
a3 = K?—-GT (2.21)
ay = LG+G+GG-T)
B = LK+GK+K)-T(K-K).

The Ricci tensor, Ricci scalar, and Einstein tensor are given by

) = (a1+as—GT)e;— (B + GK)o
A) (oq + ay + LG :|— G2)€r
R(p) = (az+as+ GG+ (B+ KG)e,
)

(2.22)

= Qy€,,

14



R =2(ay + s + az + ay), (2.23)

and
Gler) = —(az+as+GT)e, — (B+GK)o
Gle;) = —(az+as— LG —Ge, (2.24)
G(@) = —(+as— GG+ (B+GK)e; '
Gle.) = —(a1+as+azle,

respectively. We may now proceed to reproduce the van Stockum interior
solution by imposing physical constraints appropriate to a rigidly rotating
dust cylinder.

2.2 The van Stockum Interior

We take the cylinder to be centered on the z-axis and to extend out to radial
coordinate r = R. The general stress-energy tensor for dust is

7 (a) = pa - vv, (2.25)

where p is the density distribution of the cylinder, and v is its covariant
velocity. As mentioned earlier, the h-function (2.7) retains the rotational
degree of freedom of a boost in the o4 plane. We make the assumption
that v is a timelike vector, whereupon this freedom may be used to set
v = e;. It is worth repeating that positing the existence of a timelike v is a
physical assumption, namely the assumption that the matter comprising the
cylinder is moving at a subluminal velocity. The conditions under which this
assumption can safely and consistently be made will be of critical importance
to the issue of possible causality violation. For the purposes of this section,
we will take it for granted that a timelike v is always reasonable and consider
possible caveats later.

To obtain the dust solution appropriate to rigid rotation, certain physical
properties of the cylinder must be expressed in terms of the gauge fields.
Specifically, the vorticity bivector and the shear tensor are given by

w=-¢e"N(e, -Dv)+ (v -Dv)Av (2.26)

o(a) ==(H(a) - Dv+ H(e")(ey - Dv) - a) — %e” - (e, -Dv)H(a), (2.27)

15



respectively [9]. Here H(a) is the projection operator
H(a)=a—a-wvv. (2.28)

With v = ¢;, and our abstract form for w(a), these expressions take the
simple forms

w=—(K — K)ios (2.29)
and 1
o(a) = —§(K+K)(a-ergz§+a~qge,,). (2.30)

A rigidly rotating system is shear-free, and we therefore restrict our at-
tention to the case in which K = —K. Finally, we impose the contracted
Bianchi identity

T(D) =0, (2.31)
where the overdot denotes the scope of the differentiation. This yields the
constraints

T=0 (2.32)

and
Lip = 0. (2.33)

The first constraint is an expression of the fact that the pressure free matter
constituting the cylinder moves only under the force of gravitation, so that its
acceleration v-Dv = —Te, vanishes. The latter constraint is to be expected,
as the density p should be a function only of r for stationary cylindrically
symmetric systems. Using (2.24) and the above constraints, the Einstein
equations take the reduced form

LG+G*—3K*+ L,G+G*+GG = —8mp (2.34)
K*+LG+G* = 0 (2.35)

K*+GG = 0 (2.36)

LG+G*—K?* = 0 (2.37)

L.K+GK = 0. (2.38)

The full Bianchi identities are here satisfied automatically by the field equa-
tions. Now, relations (2.15) and (2.16) imply that he and f; are both con-
stant, which means that they encode a global rotation, which may be removed
to set ho = 0. We may then scale the time direction so that f; = 1. To make
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further progress, we must now make the position-gauge choice of a radial
coordinate. At first sight, the most natural choice is to choose r so that
g1 = 1, and indeed this choice is used later in deriving the vacuum solutions.
For the case at hand, however, it turns out that a more prudent choice is to
take a coordinatisation in which

hy=1/r, (2.39)
so that h(e?) = e®. Having made this choice, it follows from (2.17) that
G=q/r (2.40)
Equation (2.37) now becomes
0, (g7) = 2K°r, (2.41)
and using (2.36), equation (2.38) may be written as

gt — 287;((% = 0. (2.42)

Taking 0, of the above expression and parameterising K? as
K? =/, (2.43)
we end up with the equation
ro2f —0.f =0, (2.44)
which, although second-order, is readily solved by inspection to give
2

K? = be”" (2.45)

where b and ¢ are integration constants. We may now use equation (2.41) to

read off
b
g1 = \ﬁew. (2.46)
c

The axis condition (2.12) on rhy then requires that b = ¢. Furthermore,
for K to be real, we must have b > 0, so we shall take a? = b = ¢. Equations
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(2.40) and (2.36) along with the rigid rotation condition then give the final
forms

g o= e (2.47)
1 2,.2
G = ;e%“ (2.48)
G = —ad’rez®"” (2.49)
K?=K? = a%"". (2.50)

The field equations imply that K2 = 27p, so the density profile of the cylinder
is given uniquely by

(I2 2,2

= 2.51
p=5-c (2.51)

The remaining functions in h(a) are obtained from the bracket relations.
Equation (2.19) immediately integrates to

2,2

i = ez = g, (2.52)

where the z direction has been scaled so that the integration constant is
unity. All that remains now is the solution of (2.18) to obtain f,. We have

(9rf2 = g;l (-Gfg — QK) = —% + 2@, (253)

where the sign chosen for K (or equivalently the sign of a) represents a choice
of the direction of rotation of the cylinder. Equation (2.53) integrates to give

/

fo=ar+ 27 (2.54)
r

where ¢’ is an integration constant. However, to keep h(a) well-defined on
the axis, we must have fy — 0 as r — 0, so we must have ¢ = 0.

The complete solution for the h-function for the interior of the cylinder
(r < R) is then

hiel) = et +ar’e® h(e") = e

i s 2.55
h(e?) = e h(e*) = ez (255)

which has a corresponding line element of
ds® = dt? — 2ar?dedt — (1 — a>r?)d¢® — e~ (d2? + dr?), (2.56)

reproducing van Stockum’s original interior line element.
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2.3 The van Stockum Exterior

We now proceed to look for a vacuum solution to the field equations which
we can match onto the cylinder. For the interior solution, the available
rotation gauge freedom was used to fix the form of the stress-energy tensor,
which indirectly led to the constraint 7" = 0 through the contracted Bianchi
identities. For the vacuum solution, this freedom is employed to set T" = 0
directly. The field equations resulting from setting each component of the
Einstein tensor to zero are thus

LG+G —K*+2KK+ LG+ G +GG = 0 (2.57)
~K? - 2KK+LG+G* = 0 (2.58)
K*+GG = 0 (2.59)
LG+G*—K?* = 0 (2.60)
LK+GK+K)+GK = 0, (2.61)
from which we may obtain
KK =0. (2.62)

So either K or K vanishes in the vacuum. Inside the cylinder, however, we
had K = —K and non-vanishing, so either K or K will be discontinuous at
the boundary. Choosing K to be the vanishing function would be problem-
atic, as the field equations and Bianchi identities contain radial derivatives of
K, which would be ill-defined at the discontinuity. Letting K vanish causes
no such difficulties, as it always appears undifferentiated in all equations.
This discontinuity may be thought of as the outcome of a limiting procedure
in which we perform a boost of the form R = exp(5A4(r)o,) where A(r) is
an arbitrary ‘bump’ function satisfying L, A|,—p = —K(R) and A(R) = 0.
We then take A(r) to quickly match analytically back onto zero after a short
radial distance and take the limit of this distance going to zero. In this limit
we obtain a solution in which K becomes discontinuous and the remaining
functions in w(a) are negligibly disturbed. So, with K = 0 the field equations
may be combined as

L(G+G) +(G+G)P=0 (2.63)
L(G-G)+ (G-G)(G+G)=0 (2.64)

and
LK+ K(G+G)=0. (2.65)
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These are readily solved in the g; = 1 gauge to give

11++k

= — 2.
¢ 21 +71, (266)
_ 11—k
= — 2.
G = 5ir (2.67)
K = 0 (2.68)
r+r,

where r,, k, and ¢ are constants of integration fixed by matching the values
of G, G, and K at the boundary. To match the vacuum solution obtained
in the previous section smoothly onto the interior solution, we must make a
change of radial coordinate so that g, is continuous and differentiable at the
boundary r = R. The interior solution had the boundary values

g"(R) = ez’ and 09" (R) = a’Rez® R’ (2.69)

An exterior function matching these values is

a’R?
g5 (r) = 3’1 <L> . (2.70)
R

This choice of ¢, is by no means unique and is chosen to give the van Stockum
form for the vacuum. It should be noted that g; need not even be differen-
tiable at the boundary, so long at it is continuous there. The jump in K at
the boundary already leads to kinks in the A-function, so there should be no
requirement that g; be differentiable. For example, more simple forms for
the vacuum fields result from the choice g, = exp(5a*R?).

Applying equation (2.11) we see that the new radial coordinate must

satisfy
1 1 2R2 T a2R2
=e2¢ — 2.71
o1’ ‘ (R) ’ (2.71)
which integrates to give
R a’R?
r(r) = e 3R (1 — 2 R2) 1y (-) | (2.72)
r

Here we have taken the integration constant to be zero so that the z-axes of
both coordinates coincide, and we have also assumed that a?R* # 1. In this
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new gauge, G for the exterior of the cylinder is given by

N e a?R?)ezo" R

G(T> 2 . <E>a2R2 N T(/)

T

(2.73)

where r/ is a new constant multiple of r,. Matching (2.73) with (2.49) at
r = R gives the condition

%(1 — k)(1 —a’R?*) = —a’R*(1 + 7, /R). (2.74)

Similarly, matching G at the boundary gives
1
§(1 +k)(1 —a’R*) =1+7/R, (2.75)

and substituting this into (2.74) yields

1+ a’R?
and hence
rl =0. (2.77)

The matching of K at the boundary is straightforward, and we may now
write down w(a) for the exterior as

Glr) = eboF (1> (%)R (2.78)

G(r) = —a’R2e2° R’ (%) <%>a2R2 (2.79)
o - e (T e
K(r) = 0 2.81
Tgr; — 0. E2.82)

To obtain the h-function, we once again rely on the bracket structure. Equa-
tions (2.15)-(2.19) yield a set of coupled first order equations which may be
solved for the functions in h(a). We have

ofi = —#ﬁ (2.83)
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&JLQ = —Thl (284)
1 R

Ohi = —~hi+ h, (2.85)
T T
1 aR

Orf2 = —;f2+7f1 (2.86)
2R2

Ovi1 = —ar i (2.87)

Equation (2.87) is easily solved and matched to the interior solution to give

. o /1 \ R
iy = e ft (}—{) : (2.88)
Equation (2.83) may be written as
J2= _Larfla (2.89)
aR

and this may be substituted into (2.84) to give the second-order equation
R ) (2.90)
which has solutions of the form r¢ for constants £&. It proves convenient to

put the general solutions to the above two equations into trigonometric form
as

R 0 .0
fi= \/; [(a + [3) cosh 2 + (o — [3) sinh 51 (2.91)
and
fo= ! [(oz(l—x)+ﬁ(1+x))cosh€+(a(1 —x) — B(1+ x))sinh Q}
? 20V TR 2 217
(2.92)
where

X=V1—4a?R? and #=yxln (%) (2.93)

and a and 3 are constants of integration. The functions h, and h; satisfy
differential equations identical to those for the f;, fs pair, and thus have
the same general solutions with different constants of integration. Matching
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these functions at the boundary, we may write the complete h-function in
trigonometric form as

R 9 -
fi = \/: [Cosh 2 + coth 2¢ sinh 2] (2.94)
1 0 0
fo = 3 § [sech € cosh 3 + csch esinh 5] (2.95)
1 0 0
hi = ——= |cosh - — cothesinh - 2.
1 — [cos 5 — cothesin 2] (2.96)
1 0
he = ——==cschesinh —, (2.97)

ViR 2

where we have defined
e = tanh™ ' y. (2.98)

Although the quantity y is only real for aR < %, the h-function remains real

for all values 0 < aR < 1. The case aR > % may be obtained from the above
solution by taking j#' = 6 and je¢' = e and writing the solution in terms of
the (real) primed quantities as

o 4
fi = A lcos 5 + cot 2€' sin 5] (2.99)
,
1 R / /
fo = s\ lsec € cos 5 Fosc € sin 2] (2.100)
r
1 / /
hy = N [cos 5 cot € sin 5] (2.101)
h ! sin 2 (2.102)
= — csc € sin —. .
? VTR 2

The critical case aR = % may be worked out from the original differential

equations (2.83)-(2.86) and is given by

A= ?[1—1—%111 (%)] (2.103)
oo e e



hy = —;\/%[111(;)—2} (2.105)
hy — —liln(i) (2.106)

The line element derived from our h-function for aR < % 1S

ds* = Fdt* — 2Mdodt — Ld¢® — H(dz* + dr?), (2.107)
where

h2—h3 :

F = Gnpme = (r/R)sinh(e — 0)csch e
2h1—f1ho _ ;

M W = rsinh(e + #)csch 2¢ (2.108)

2 2 N
L = % = (rR/2)sinh(3e + #)csch (2¢)sech e
H = g¢g2=i2 = e’ (R/r)2F,

The solution for aR > % can easily be obtained from the above by replacing
e and @ by their corresponding primed quantities and replacing the hyper-
bolic trigonometric functions by their corresponding regular trigonometric
counterparts. The line element for aR = % is

(r/R)(1 = In(r/R))
(r/2)(1 + In(r/R))
(rR/4)(3+ In(r/R))
= e 1(R/r)s.

(2.109)

T o~ <
I

Figure 2.1 shows plots of the coefficients of d¢? in the line elements for
both the low and high mass regimes, illustrating the appearance of causality
violating regions in the latter.

Thus we have completely reproduced the solutions for the interior and
the three vacuum sectors of the van Stockum solution. Once the general
framework for stationary cylindrical systems has been set up, getting to the
above solutions is a fairly straightforward matter, especially when compared
to the lengthy derivation in van Stockum’s original presentation [4].
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(a) aR =04 (b) aR = 0.7

Figure 2.1: The coefficients of d¢? in the van Stockum line element divided
by 2. Both plots are for a cylinder of radius R = 1. When L/r? becomes
negative in (b), lines of constant ¢, r, and z become closed timelike loops.

2.4 Properties of the Solution

As in General Relativity, the existence of Killing vectors allows the construc-
tion of conserved quantities. If Vi is a Killing vector, then the vector 7 (Vi)
is covariantly conserved, i.e., D -7 (Vk) = 0 (See Appendix A.) Now, for a
vector J [6],

D - J =det(h)V - [L(T) det(h)™"]. (2.110)

Therefore, the current
Jx = h(T (Vk)) det(h)™" (2.111)
satisfies V - Jg = 0. We may then define
Qx = /dS-JK, (2.112)
where dS is the normal to an open spacelike hypersurface. Since Jg is di-

vergenceless with respect to V, the value of Qi is independent of the choice
of hypersurface. It is convenient to choose dS = e'|d3z|. Since the fields are
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cylindrically symmetric, the integrand generally has no z or ¢ dependence,
and we may thus define

R
g = 27r/0 rdrg' - T (Vi) det(h)™", (2.113)

which is a conserved “charge” per unit length in z as measured along the
axis of the cylinder.

It is instructive to examine the physical properties of the van Stockum
solution wvis a vis its Newtonian equivalent. The mass per unit length of the
cylinder may be obtained by applying (2.113) to the Killing vector g;, giving

1
=g = §a2R2. (2.114)
The same expression may be derived from the covariant integral of the density
over a spacetime region of unit length in ¢ and z. A cylinder rigidly rotating
under its own gravitation with angular velocity a in Newtonian theory has a

constant density given by

CL2

27
This density agrees with (2.51) in the limit of small aR. Furthermore, the
Newtonian mass per unit length agrees exactly with the gauge theory ex-
pression (2.114) for any value of aR. The connection with the Newtonian
solution becomes even closer when one considers the angular momentum per
unit length of the cylinder, which is derived from (2.113) using the Killing
vector gy. For the van Stockum solution, the integral evaluates to give

PN (2.115)

J=qq, = ia?’R‘l, (2.116)
once again in full agreement with the Newtonian expression for all values
of aR. In [10], Bonnor obtains these Newtonian values for p and J only
in the approximation of small aR, so the correspondence with Newtonian
theory that he finds is not particularly surprising. More interesting is the
fact that the Newtonian results appear in our gauge theory even when no
approximations are made. If one considers these results along side those
obtained in [6] for spherically symmetric systems in a ‘Newtonian gauge,” one
sees how comfortably Newtonian gravity fits into a full relativistic treatment
in gauge theory gravity.
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In light of the Newtonian correspondence described above, it is tempting
to interpret the quantity ar as the tangential velocity of the rotating cylin-
der, even in the full relativistic theory. In the context of General Relativity,
one can even show that a may be interpreted as the as the limiting value of
the angular velocity as the z-axis is approached [4, 10]. Indeed, this is the
path usually taken when discussing the van Stockum solution. The quantity
aR is thought of as the tangential velocity of the cylinder at its perimeter,
at least in some loose sense, and attention is restricted to the regime aR < 1
with the idea in mind being that this ‘velocity’ should be less than the speed
of light. The analysis of the behavior of the Riemann invariants as » — oo in
[10] lends further weight to this interpretation. However, this interpretation
can be taken too far, and the looseness of aR as a velocity cannot be over-
stressed. The coordinate r is not a proper radial coordinate, and the proper
circumference of a circle of radius r centered on the z-axis is not 27r, nor
is it directly related to the proper radius. Furthermore, the marked change
in the character of the solutions at aR = % is left quite mysterious in this
interpretation. That things should change so dramatically when a velocity
becomes half the speed of light seems almost arbitrary. Nonetheless, an im-
portant issue is at stake. It is one of the fundamental principles of relativistic
physics that matter cannot travel at or above the speed of light, so clearly
a rigidly rotating cylinder should be constrained by this condition in some
fashion. This problem is especially difficult when examining the spacetime
of an isolated rotating object, for there is no absolute frame against which
to measure its speed of rotation. Naturally, the status of Mach’s Principle,
which dictates that inertial frames are determined by the total distribution
of matter in all of spacetime, is intimately tied into this issue.

If the cylinder is not necessarily ‘rotating at light-speed” when aR = 1,
then the question becomes, when exactly is it? The loose interpretation of
aR as a velocity is simply insufficient, but the strange changes that occur
when aR = % should immediately raise suspicion. Further analysis will point
towards the interpretation that aR = % should be taken as the true physical
upper limit to the van Stockum class of solutions, but before continuing this
line of argument, it is useful to examine the nature of geodesic motion in the
context of our gauge theory.
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2.5 Geodesic Motion

Geodesic motion provides a useful tool for studying the properties of space-
time, and is of obvious direct physical relevance. Opher, Santos, and Wang
[5] have presented a thorough analysis of geodesic motion for the interior van
Stockum solution. In this section we present a framework for the study of
geodesic motion in general for cylindrically symmetric systems. Gauge the-
ory gravity has the advantage of leading quite naturally to a set of first-order
differential equations describing geodesic trajectories.
We wish to find solutions to the point particle geodesic equation

v-Dv =0, (2.117)

where v is the covariant velocity of the particle. If the particle trajectory is
described by a parametrised path in spacetime, x(7), then v is given by the
expression

v=h"(1), (2.118)

where here the overdot denotes differentiation with respect to 7. The geodesic
equation may then be written as

b+ wv) - v =0. (2.119)

Restricting to motion in the io3 plane, in which most of the interesting
dynamics takes place, v may be written explicitly in terms of h(a) and the
coordinate derivatives as

v =(fih1 — faho) " [(thy — ¢f2)€t + (¢f1 — t'hg)(&] + 79y te,. (2.120)

We first consider null geodesics, writing an arbitrary null (v? = 0) velocity
vector abstractly as

v = AR(’YO + ’71)R, (2121)
where the rotor R is given by

1
R =exp (5042'03) (2.122)

and A and « are arbitrary functions of r and 7. Expanding (2.121) gives

v = Ae; + Acosipe, — Asin e, (2.123)
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where we have defined ¢ = ¢ + a. We may now write the coordinate deriva-
tives in terms of the abstract functions as

7 = Agicosi
¢ = A(hy — hysini) (2.124)
t = A(fl—fzsinw)-

Using the abstract form of v (2.123) in the geodesic equation (2.119) we
obtain the differential equations

0.A = A%Tcost+ (K + K)sin cos ]
Oy cosp = Asinp[(G+T)siny + K(1 +sin*) — K cos® ) (2.125)
O;siny = —Acosy[(G+ T)siny + K(1+ sin®¢) — K cos? /]

which together with (2.124) gives a complete set of first-order evolution equa-
tions for null geodesics. Given an initial position and initial values for A and
1, a numerical integration of these equations may easily be implemented on a
computer to generate geodesic trajectories. Null geodesics for various values
of the parameter aR are shown in Figure 2.2.

The Killing vectors ¢g; and g4 also generate the conserved quantities (see
Appendix A) @, and Q)2 given by

- o hl — hg sinw

=g -v=A T ol (2.126)
and fising — f
g = ALY T )2

Q2=gs-v=A T Tl (2.127)

These two quantities are apparently related to a conserved energy and angu-
lar momentum.

A similar analysis may be used to obtain a system of equations for the
timelike geodesics describing the motion of massive particles. We begin by
writing a general normalized (v? = 1) timelike velocity vector as

v=RyR (2.128)
with the rotor R here being given by

1 1
R =exp (§a0r> exp <§ﬁa¢> , (2.129)
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(b) aR =0.7

N

(¢) aR = 0.9

Figure 2.2: Null geodesics in the van Stockum exterior. The left hand plots
show r versus ¢ and the right hand plots show ¢ versus r. All three trajectories
have R = 1 and begin at r = 1.1 with A = 1, cosv = 1/2 and siny =
—+/3/2. Photons in the low mass regime (a) escape to infinity, but those
in the high mass regime (b) and (c) remain in bound orbits and traverse
causality violating regions. In the coordinates shown, the cylinder is at rest.



where o and ( are arbitrary functions of r and 7. Expanding the rotor in
(2.128) and comparing with (2.120), we may write

ro= %gls
¢ = hi5+ Shac (2.130)
t = fi5+3hic

where

s = sinh(a+ 3) + sinh(a — f)
¢ = cosh(a+ )+ cosh(a — 3) (2.131)
5 sinh 3.

As for the null geodesics, substituting the abstract form of v into (2.119)
gives the differential equations

¢ = —(K+K)ss+ iTcs
§ = 2G5 —2Kc5+ {T¢ (2.132)
§ = (K —K)cs — 3Gss,

which together with (2.130) gives a complete set of equations for timelike
geodesics. The two conserved quantities for timelike geodesics corresponding
to the Killing vectors g, and g4 are

Chl + 2§h2

O = fh (2133)
and byt 25/
. CJ2 ST

Qs = 7f1h1 — f2h2. (2.134)

2.6 Mach’s Principle and Locally Static Fields

Frehland [14] and Som et al. [15] have shown that the van Stockum exte-
rior solution may be brought into static form in the low-mass regime by a
transformation of the form

¢ = At+ Bg
& Ct+ D¢

(2.135)
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for some real constants A, B, C, and D. Bonnor’s careful analysis of hy-
persurface orthogonal Killing vectors in [10] shows that this cannot be done
for the critical and high-mass regimes. In the low-mass case, this transfor-
mation introduces a periodic time coordinate, so that the points (¢, ¢’) and
(t' 4+ 2w B, ¢ + 2nD) are to be identified. Interpreted globally [11], the new
coordinates cover a manifold with topology S? x (half plane). The new coor-
dinates do not match smoothly onto the interior solution, and their physical
significance is unclear. In any event, such transformations as (2.135) have
no place in gauge theory gravity, in which solutions must be global in a flat
Minkowski spacetime.

These considerations are of crucial importance for Mach’s Principle. If
the van Stockum vacuum is in fact static, then there cannot be any frame-
dragging effects due to the rotation of the cylinder— clearly an anti-Machian
conclusion. Bonnor calls solutions like the low-mass van Stockum case lo-
cally static. They are static because they possess hypersurface orthogonal
Killing vectors with respect to some timelike coordinate, but they cannot be
considered globally static as this time coordinate is periodic. This will prove
to be a useful distinction, but by itself, it still leaves the status of Mach’s
Principle unresolved. According to Bonnor [16], locally static fields are in
some sense static enough to lie in contradiction with Mach’s Principle, but
no concrete evidence is given to support this. Our gauge theoretic analysis
will show that Bonnor is, in fact, correct on this point, and perhaps will
elucidate the notion of a locally static field.

Instead of trying to deduce the status of Mach’s Principle from the form
of the metric, we shall take a much more physical approach and examine
geodesic motion in a cylindrically symmetric vacuum. Consideration of mo-
tion in the 703 plane is sufficient for the argument, so the formalism of the
preceding section is applicable here. We begin by examining the form of
timelike geodesics which describe circular orbits around the cylinder. These
generally have a covariant velocity of the form

v = e, cosh 4 ¢ sinh . (2.136)
The geodesic equation (2.117) then implies
2K sinh B cosh 8 — T cosh? 3 — G'sinh? 3 = 0, (2.137)
which generally has two solutions, 5, and 3_, given by

K + (K2 - GT)z
g :

tanh By = (2.138)
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For the time being, we shall assume that both solutions exist. Ignoring any
Machian effects, we expect that an observer in a non-rotating frame would
observe particles traveling along these geodesics as moving with equal and
opposite velocities. In the coordinates of the solution, which are generally ro-
tating in some non-uniform manner, such an observer would have a covariant
velocity v, of a form similar to (2.136), namely

Vo = €y cosh A + ¢sinh \. (2.139)

The condition that the observer sees the geodesics moving with equal and
opposite relative velocities is

vy Ay +v_ Av, =0, (2.140)
which implies
cosh A(sinh 34 + sinh 8_) — sinh A(cosh 3} + cosh _) = 0, (2.141)
and is solved by
tanh 2\ = GLf—(T (2.142)

Now, to see whether or not such an observer feels any rotation due to Machian
frame dragging, we must consider the form of the Weyl tensor, denoted
W(B). From the form of the Riemann tensor (2.20), we see that the Weyl
tensor may generally be written as

W(o,) = Vo, + Tios

W(ios) = ®ioz— Yo, (2.143)
W(O’¢) = EO’d,,

where self-duality W(iB) = iWW(B), determines the remaining components.
Now, the forces experienced on a small rod held out by our observer in the
radial direction are described by

W(e, Av) = cosh \W (o) — sinh A\W(io3) (2.144)

as a consequence of the gauge theory analogue of the geodesic deviation
equation. The rod will not feel any forces in the ¢ direction arising from
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frame dragging effects if e, A v is an eigenbivector of the Weyl tensor. This
turns out to be the case if

27

tanh 2\ = T (2.145)
In the vacuum, W(B) is identical to R(B) so that ¥ = GG, ® = —GT,
and T = —GK, and (2.145) becomes identical to (2.142). Thus we see that
the observer truly does not feel any frame dragging effects. Physics in the
observer’s local frame looks perfectly static, and hence the name locally static
is appropriate. The preceding argument never invoked any specific form
of the vacuum solution apart from that required by cylindrical symmetry,
thus we may say that Mach’s principle fails quite generally for stationary
cylindrically symmetric systems, which are always locally static.

An alternative, and slightly more general way of looking at this is to
consider the action of the globally applied rotation-gauge transformation
given by the rotor R = exp(—3Aoy) where X satisfies (2.142). In the new
gauge, v, = ¢; and W(B) is diagonal. The fact that one cannot globally make
the corresponding position-gauge change  — Rz R without introducing a
periodic time coordinate illustrates why we cannot claim the fields to be
globally static. Moreover, although the observer will see circularly orbiting
particles moving with equal but opposite velocities, the effects of the rotation
of the cylinder do show up in global experiments. In the new Weyl-diagonal
gauge, K = 0, so the particle geodesics are given by the boost parameters

fi ==+3 = +tanh™ \/—g. (2.146)

The angular velocities of the particles with respect to coordinate time are
given by '
_d¢y ¢+  *thysinh 8+ hycosh 8

P (r) = . ty - + fosinh 3 + fi cosh 3’ (2.147)

and the angular velocity of the observer is simply
i
Two particles fired simultaneously at ¢t = 0 from the observer along oppositely

directed circular orbits would travel around the cylinder meeting at regular
intervals ¢, = 27n/(¢/, — ¢__). In a globally static vacuum, the first meeting

o (r) (2.148)
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occurs directly opposite from the observer (which is also generally moving
with nonzero coordinate speed) and the second meeting will occur at the
observer’s location. Superimposing a rotation of angular velocity —¢’ so that
the observer is at rest, it is clear that for the geodesics above, the second
meeting will only occur at the observer if

_ faolfiln = faho)
A E+ 1)

which is satisfied (for solutions with det(h) # 0) only when fo = 0. In
general, the second meeting will occur at an angle

A = A¢'ty = QW%,/—g (2.150)

from the observer. The two particles will arrive back at the observer sepa-
rated by a coordinate time

A¢’=¢;—;(¢;+¢'_)= =0, (2.149)

fife

At =4gp———— 2.151
Jila — faha ( )
which is equivalent to a proper time lapse for the observer of
f
AT =4r—""——. 2.152
Jihi — faho ( )

Thus it would appear to the observer as if a trip around the cylinder is shorter
in one direction than the other. It should be remembered that these explicit
expressions are to be evaluated in the gauge which diagonalizes the Weyl
tensor. It will be seen later that T//G is a constant in the Weyl diagonal
vacuum. The important point here is that although a local frame can be
found in which the physics is that of a static system, experiments of a global
nature can be conducted which reveal the non-static nature of the fields.
Hence the name locally static is quite appropriate to such systems.

If we consider our original vacuum solution as one matched to a matter
distribution in which the fluid velocity is e;, then equation (2.142) describes
the relative boost between the gauge in which the matter stress-energy tensor
and the vacuum Weyl tensor is diagonal. This relative boost is an intrinsic
property of the physical system, and from it we may define an intrinsic ‘static
velocity of rotation’

1. ./ 2K
Y, = —tanh A = —tanh {2 tanh (G n T)] (2.153)
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of the cylinder. (Here the functions are understood to be evaluated in the
gauge in which 7 (a) is diagonal.) A similar procedure for defining an intrinsic
fluid velocity for axisymmetric systems was suggested in [17].

In virtue of (2.142), this velocity will only be well defined if

G -~ T (2.154)

in which case |X| < 1 also holds; the static velocity must be subluminal if it
is to exist at all. It should be noted that although 2K /(G +T) is not itself a
gauge invariant quantity, (2.154) is a gauge invariant inequality in virtue of
the transformation properties of w(a) (2.10). In any case, the specific value
of ¥ describes a relation between two definite gauges, and is a well-defined
quantity.

Let us relate our general argument to the particular case of the van
Stockum solution. For the interior, we have

2K

e Y 2.155
G+ T ar (2.155)

In the limit of small ar, for example, as one approaches the z-axis, we do
indeed recover the Newtonian result E = ar. We also see that the entire
solution is locally static only for |aR| < 3, as Bonnor claims. However, if we
demand that ¥ must have a well- deﬁned sublumlnal value, then the critical
and high-mass regimes aR > % are more than simply not locally static, they
must be thrown out as unphysical.

2.7 Counterrotating Shells and the Static Ve-
locity

At this point, it is reasonable to ask just how justified our definition of the
static velocity of the cylinder really is — in what sense does it actually
represent the velocity of the cylinder? Tt has been suggested [6] that one can
generally put W(B) into a diagonal form by appropriate choice of rotation
gauge, but this has never been advanced as a general principle, and the
physical meaning of this condition has never been explicitly addressed. The
issue is made even more complicated by the fact that W(B) is generally
discontinuous at a matter/vacuum interface, so that in regions occupied by
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matter, X relates the diagonalization of the stress-energy tensor to that of
the full Riemann tensor, not just its Weyl tensor component.

There is no absolute frame against which the velocity of rotation of the
cylinder might be measured, but the special properties of cylindrical sym-
metry may be exploited to do the next best thing, namely to compare the
speed of the cylinder to a copy of itself spinning in the opposite direction.
Suppose we have found a solution to the field equations, and have expressed
this solution in a gauge in which the fluid velocity of the matter is given by e;.
The rotation-gauge field w(a) is then essentially given by the five functions
G, G, T, K, and K. We may construct a ‘counterrotating’ solution, which
we shall label with the subscript ‘c,” by taking

K, = —-K and K, = —K, (2.156)

whilst leaving G, G, and T, equal to the original functions. As for Ec(a),
all of its component functions are the same as those in the original solution,
except for

f2c = _f2 and hgc = —hQ. (2157)

It may easily be checked that the counterrotating solution does indeed solve
the field equations, and is consistent with the bracket relations. This solution
is indeed a counterrotating copy of the original solution; it has the same mass
per unit length p as the original solution, and its vorticity w, shear tensor
o(a), and angular momentum J are all equal in magnitude but opposite in
sign to those for the original solution. At the metric level, the only change
is the sign of the d¢dt term of the line element.

Now, consider a configuration in which a ‘core’ of the original solution
in the region r < S is matched onto a ‘shell” of the counterrotating solution
for r > S. As one might expect at this point, the problem of matching
the two regions lies in finding an appropriate rotation gauge in which to
express the shell. Here we parameterise our rotor as R = exp(%ﬁ%), and
attempt to apply a gauge transformation to the shell so that w(a) matches
at the boundary » = S. As in the matching of the van Stockum interior
to the vacuum, we do not need to worry about a discontinuity in K, and
by the definition of our counterrotating shell, the matching of G and G — T
is automatically taken care of, as these quantities are gauge invariant. So
the problem reduces to simultaneously matching the first two expressions
in (2.10) onto the core values. At fist glance, this seems impossible, as we
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wish somehow to flip the sign of K, so that K. = —K,. = K whilst leaving
G.+T/ =G.+ T, =G+ T. However, this can be done if

2K
tanh G = . 2.158
anh 5 G+T ( )
Thus we see that
3 =2x (2.159)

where A is as defined in (2.142). (We could also have accomplished the match-
ing in a more symmetric fashion by choosing a rotation gauge parameterised
by &. for the shell, and one parameterised by & = —¢&,. for the shell. In this
case, we would have £ = X.) In the matched gauge, the fluid velocity of the
counterrotating shell is given by

ve = e, cosh 8 + ¢sinh 3. (2.160)

Considering the situation at the boundary between the core and the shell,
tanh  represents the velocity of the shell relative to an observer comoving
with the core (who would still have covariant velocity v = e;), and this veloc-
ity could in principle be measured, say, by examining photon redshifts. By
(2.159), the observer sees the particles constituting the shell moving with a
rapidity twice that of the rapidity corresponding to X, which is exactly the
expected relation for two particles moving with speed ¥ in opposite direc-
tions. Now if we consider various possible boundary positions S, and examine
the case as |2K /(G + T')| approaches unity at the boundary as we vary S, we
see that this velocity tends towards the speed of light (and v. becomes null).
When it actually becomes unity, no finite boost can perform the matching of
the two solutions and the whole scheme breaks down. One could simply say
that the matching is simply no longer possible, and leave it at that, but this
would leave the physics behind the failure as something of a mystery. The
physical reason for this breakdown seems to be that counterrotating shell at
this radius would have to be rotating at the speed of light, and this is simply
impossible. Now, we have all along been dealing solely with gauge transfor-
mations, which in themselves have no physical significance whatsoever. The
shell is rotating at the same speed regardless of the gauge in which we choose
to express it. Moreover, by construction, the shell and the core are rotating
at the same speed, only in opposite directions, so if the shell is rotating at the
speed of light at some critical radius, the core must be also. (One could just
interchange the shell and the core throughout, and the argument remains the
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same.) This argument, although not rigorous, suggests that we supplement
our theory with the constraint (2.154), and consider only those solutions for
which the vacuum Weyl tensor is diagonalisable.

2.8 The Static Velocity and Causality Viola-
tion

The high-mass van Stockum vacuum exhibits causality violation in the form
of CTL. This happens when the coefficient of d¢? in the line element

=1
(fih1 — faho)?

becomes negative. As this happens when the magnitude of f, exceeds that
of fi it is useful to consider the behavior of the quantity

n= é

f2

It is then clear that CTL exist when |n| < 1. Without loss of generality, we
may take g; = 1, so that a simple application of the bracket relations yields

I —

(2.161)

(2.162)

Omn=K1+n?)+K(1—-n*)+(G+Tn. (2.163)
So, at any point at which
n ==+l (2.164)
we have
On =2K £ (G +T). (2.165)

Note that n transforms under rotation gauge transformations parameterised

by 3 as
n — tanh 3

1 —ntanh 3
so that points where (2.164) holds and thus the regions in which CTL exist
are, as expected, gauge invariant.

Now, if the constraint equation (2.154) is satisfied, then the sign of G+ T
is fixed for all r for dust solutions. This is because the fields at any point
at which G + T = 0 would horribly violate the constraint equation unless

N (2.166)
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perhaps K = 0 at that point as well. If both K and G + T vanish, say at
some point r = s, then they do so in any choice of rotation gauge, so we may
study the situation in which the stress-energy tensor is diagonal. We have

L(G+T)+ (G+T)(G+G—T)+4KK = —8r(p+ Py) (2.167)

and B B
LK+KG+G-T)+K(G+T)=0. (2.168)

A simple application of I’'Hopital’s rule gives

pe 2K 2L, K 0 0 (2.169)
m —— = lim = = )
r—=s G+T s L.(G+T) —8n(p+ Pp)

where we note that p+ Py > 0 by the strong energy condition. Thus (2.154)
by itself is not enough to rule out G + 7" = 0 in every case. However, at
r = s, the null paths described by

v=re,£¢ (2.170)

become geodesics, so that light will orbit in circles at this radius. Clearly,
then, such points cannot exist for any dust solution, since the particles which
constitute a dust cylinder must travel along timelike circular geodesics.

At points like r = s, K =0 and G + T = 0 regardless of rotation gauge,
and the values of G and G — T are also invariant under a gauge change, so
that the only freedom in w(a) at this point is in K. In fact, by applying a
boost in the o4 plane characterized by a parameter which is finite everywhere,
but whose derivative diverges at 7 = s, K can be made to diverge without
altering the values of any of the other functions at that point. The velocity
Y in fact vanishes as well, so that the cylinder is in some sense not rotating
at that point. So points like r = s would display some curious properties if
some (non-dust) solutions which contained them could be found.

So, apart from points like 7 = s, any system which contained a region in
which G + T changed sign (which would necessarily imply a point at which
G+T vanished) would also contain a region in which the constraint is violated
(in any gauge). Now, the axis conditions (2.12) require that G — 1/r and
T — 0 asr — 0, so that G + T is clearly positive in some neighborhood of
the z-axis. It follows that G + T > 0 everywhere. It also follows from the
constraint equation that

2K+ (G+T)>0 (2.171)
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and
2K — (G+T) < 0. (2.172)

So, if n = 1 then 9,n > 0 and if » = —1 then d,n7 < 0. Thus the radial
streamlines of 77 tend to take it out of the causality violating range. Namely,
if |n] > 1 for some value of r, then |n| > 1 for any larger value of r. To
pin down 7, we again appeal to the axis conditions. Generally, we expect
f1 to tend towards some finite nonzero value on the axis which determines
the scale of the time coordinate, and well-definedness of h(a) requires that
f2 — 0. Thus n diverges as we approach the axis, so that

| > 1 (2.173)

must hold in some neighborhood of » = 0. Thus (2.173) must hold for all r
and hence no CTL can exist for a dust solution obeying the constraint equa-
tion (2.154). Recall that the metric components are rotation-gauge invariant,
so that like the constraint equation, (2.173) is a gauge invariant inequality.
For non-dust solutions, equation (2.167) and the strong energy condtion
imply that a solution can have at most one point like r = s, and that G+ T
is positive for r < s and negative for r > s. For r > s, we see that CTL are
possible, but by no means necessary. Since GG 4 T' is negative in this region,
the streamlines of n at n = £1 tend to take n into the causality violating
range with increasing r. So, if CTL exist, then they exist for all values of
r greater than some r,,;, > s, right out to infinity. Thus, the long range
properties of such solutions are pathological, and one does not expect such
behaviour from any realistic cylinder of finite length. In this light, the CTL
which can arise under the constraint (2.154) are not quite so worrisome.

2.9 Conclusions

Let us now take stock of what we have shown here. Analysis of the Weyl
tensor has led us to a definition of an intrinsic velocity X, and this definition
was justified by further analysis of counterrotating cylinders. The condition
that this velocity be subluminal led us to a constraint equation, a gauge
invariant inequality which the rotation gauge field must satisfy. Under this
constraint, the fields of any stationary cylindrically symmetric system may
always be brought into a locally static form by appropriate choice of rotation
gauge. This suggests that the metric diagonalization process of Som et al. [15]
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should always be possible in the context of General Relativity. However, we
reject this diagonalization process in gauge theory as it cannot be interpreted
globally without a nontrivial change in topology (except in cases in which
the solution truly is globally static.)

This constraint also restricts our attention to solutions for which W(B)
can be brought into diagonal form. With this additional restriction, station-
ary cylindrically symmetric systems consisting only of dust cannot contain
closed timelike loops. Whether or not closed timelike loops can be excluded
rigorously for other forms of matter is unclear, and depends on the nature
and consequences of points like r = s in the previous section. The character
of such points seems closer to that of a static Schwarzschild-type solution, in
which photons will orbit in circles at r = 3M, than to a solution which would
contort spacetime in such a way as to produce CTL. Moreover, ¥ vanishes
at such points, and the existence of closed timelike loops seems tied to rota-
tional aspects of the solutions. A solution which is non-rotating everywhere
(K = K = 0), for example, could conceivably sustain points like 7 = s, but
will also necessarily have fy = 0, so that no CTL appear. In any case, the
CTL that could appear in general non-dust solutions are not representative
of the behaviour one expects from a finite cylinder, the fields for which one
expects to asymptotically approach those of the Kerr solution at large radii.

In [8], somewhat parallel results were obtained in the context of spheri-
cally symmetric systems. Birkhoft’s theorem states that a spherically sym-
metric vacuum solution is necessarily static. This issue is not under con-
tention; however, the gauge theory approach denies that one can always
bring the line element of such a solution into diagonal (Schwarzschild) form.
The fields outside of a stationary cylindrically symmetric matter configu-
ration are necessarily locally static, but can have global properties which
distinguish them from a fully static configuration.

Horsky and Stefanik [18] have claimed that since the Schwarzschild solu-
tion after a transformation of the form (2.135) (where ¢ is to be interpreted
as a spherical coordinate) does not produce the Kerr solution, then similarly,
the van Stockum vacuum solution does not truly describe the field around
a rotating cylinder, since it may be obtained from the solution for a static
line mass by a similar transformation. This leads them to conclude that the
van Stockum exterior is only appropriate in the regime % < aR < 1, where
the transformation cannot be carried out. Here we have come to precisely
the opposite conclusion, that aR < % is the only physically sensible solution,
but for quite different reasons. The fields about a rotating cylinder do not
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exhibit the local frame dragging effects seen about axisymmetric sources, but
they are not simply static, and there is no reason to think that such solutions
are not correct. Gauge theory gravity comfortably accommodates the Kerr
solution, but does not admit the Schwarzschild line element in the presence
of horizons, as such a solution cannot be made global. Rather, spherically
symmetric solutions with horizons are best described in a ‘Newtonian’ gauge
in which the equations describing the fields are quite simple, but in which the
line element is not in static form. Similarly, rotating cylindrically symmetric
systems are generally best treated using non-diagonal line elements. Because
gauge theory gravity works with quantities that are more fundamental than
the metric, the constraints which it imposes are often tighter than those of
General Relativity. However, the physical meaning of these quantities and
constraints is generally much more clear.

A potential qualification to the above analysis of Mach’s Principle is that
it began by examining the properties of timelike geodesics which represent
circular orbits, operating under the assumption that such orbits do, in fact,
exist. For nonsingular matter fields, we certainly expect that they would at
least exist in some neighborhood of the z-axis, but we cannot expect them to
occur throughout all space for any given matter configuration. Nevertheless,
the definition of ¥ is not necessarily tied to timelike geodesics, and may be
justified in terms of the diagonalization of the stress-energy and Weyl tensors,
or by an analysis of counterrotating shells.
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Chapter 3

Time-dependent Systems

In this chapter gauge theory gravity is extended to cylindrically symmetric
systems with explicit time dependence. It has long been known that the field
equations of General Relativity allow exact cylindrical wave solutions. The
radiative properties of such solutions were studied in detail by Marder [19].
It is hoped that gauge theory gravity will ultimately yield further insights
into the physical nature of these solutions.

3.1 Stationary Vacuum Solutions

Before continuing with a derivation of the time-dependent vacuum equations,
it is instructive to examine the stationary vacuum solutions in a more general
fashion than in Chapter 2, where the focus was simply on obtaining a solution
for the exterior of a van Stockum cylinder. Our later discussion suggested
that it should always be possible to diagonalize the Weyl tensor for physical
systems by a suitable choice of rotation gauge, so we shall examine the general
types of solution that can arise in this gauge. In the vacuum, the Riemann
and Weyl tensors coincide, so all the necessary information may be read
off from (2.20). The off-diagonal term GK must vanish, and since G' # 0
generally for (3+1)-dimensional systems, we must have K = 0. The other
off-diagonal term 8 = K(G + T) must also vanish. A generating matter
configuration typically will not have G + T = 0, and since discontinuities in
K do not seem to cause problems in the stationary setup, it is most reasonable
to take

K=0=K. (3.1)
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Considering (2.29) and (2.30), we see that the vacuum in the Weyl-diagonal
gauge is rigidly non-rotating in the sense that a set of observers with covariant
velocity e; experience no vorticity or shear. Since the Weyl tensor is trace
free, it follows that

GT -G(G-T) =0, (3.2)

and since it is self-dual,
~LT+T*-GG = 0 :
L.G+G*+GT = 0. (3.5)
The above three equations may be rearranged as
L(G+G-T)+(G+G-T) =
L(G+T)+ (G+T)(G+G-T)
L(G-T)+(G-T)(G+G-T) = 0.

In the g = 1 gauge, these are easily solved to give

G - %(a+b)(r+ro)1 (3.9)
T o= %(a—b)(r—l—ro)_l (3.10)
G = (1=b(r+r,)", (3.11)

where a, b, and r, are integration constants which must match onto the
generating matter fields and satisfy the trace-free condition (3.2)

a® +3b° — 4b = 0. (3.12)

Note that for b = 1, the two solutions a = +1 yield the two vacuum sectors
for (2+1)-dimensional systems described in [9], where G = 0 and either T
or GG vanishes as well. Note that we do not see the three sectors of the van
Stockum solution here, since the critical and high-mass regimes are excluded
by demanding that W(B) be diagonalised. The bracket relations (2.15)-
(2.19) are also quite easily solved to give

fg, hl XX (7’ + To)ié(aer) (313)
fihe oc (r+1,)2(@ (3.14)
i; o< (r47)"7Y, (3.15)
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where the constants of proportionality are obtained from matching onto the
generating fields. The stationary cylindrically symmetric vacuum is remark-
ably simple, indeed, almost trivial, in this gauge. Unfortunately, reducing
the symmetry by allowing general time dependence leads to a substantially
more complicated framework.

3.2 Time-dependent Systems: Basic Formal-
ism

Cylindrically symmetric systems with general time dependence no longer

have symmetry under the simultaneous reversal of ¢ and ¢. The h-function for

such systems can generally have coupling between the ¢, r, and ¢ directions,

and is of the form

h(e!) = fiel +rfoe® + fae

T

=

e’) = g +rgze? + gre”

)
() (3.16)
(e?) = haoe' +rhie® + hae” '
(€%)

=

z z

== ile,

|

e

where f1, f2 etc., are taken to be functions of both ¢ and r. The form (3.16)
retains three degrees of rotation-gauge freedom, being invariant under boosts
in the o4 and o, planes, as well as rotations in the io3 plane. The form of
w(a) implied by this h-function is

w(er) = —To, + Aoy + (K + hy)ios

w(¢p) = Mo, + Boy+ (h — G)ios (317
w(e,) = Co,+ Koy + (D + hs)ios

w(e,) = FEoz+ Fio, + Gioy,

where again, A, B, etc., are functions of ¢ and r.
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The L-derivatives are given in terms of the h-function as

Ly = fi0i + 9§20, + h20y
L = fs0+ 10, + hsds
Lo = fody+ gs0r+ ndy
L, = 4,0..

(3.18)

Note that when acting on functions with no ¢-dependence, the derivatives
L, L,, and L4 satisfy the relation

Ly = m(t,r)Ly + n(t,r) L, (3.19)

e mit,r) = 1290~ 505 (3.20)
© T fig = fage

. )= D= -
C g fsge

This linear relation amongst the derivatives will prove crucial in obtaining a
complete set of field equations. The bracket structure implied by equations
(1.44) and (1.31) is given by

L, L) = TL+CL,+(K+K)L,

[L,,Ls) = (K—M)L,+ DL, —GLyg

Ly, Ly] = ALf + (K — M)L, — BL, (322)
[Lr, L] = —GL.

L, L.] = —EL,

Ly, L.] = FL..

Following a similar procedure to that used to derive equations (2.15)-(2.19)
we may write

Lofi— Lifs = ThH+(K+K)f+Cfs (3.23)
Lrg2 - Ltgl = ng + (K + K)gg -+ Cgl (324)
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L,hy — Lihs
Ly fo— Ly f3
Lygs — Ly
L.hy — Lshs
Lifs — Lgfi
Ligs — Lygo
Lihy — Lghs

Lyiy

L.iy

Lyiy

The components of the Riemann

(o
(75
(i

(i0,
(iog
R(os

A

03

JdAA

Thy+ (K + K)hy + Chs
—Gfa+ (K —=M)fi +Dfs
—Ggs + (K — M)gy + Dg
~Ghy + (K — M)hy + Dhs
Afi+ (K —=M)fs — Bfs
Agy + (K — M)g, — Bgs
Ahs + (K — M)hs — Bhy
—Ey

~Giy

Fi,.

tensor are of the form

a0, + 1103 + 7104
20, + [oios + Y204
30, + 33103 + Y304
410, + 8403 + Y4104
asi0, + PB503 + Y5104
Q610 + B603 + V6104,

where the “greek variables” «aq, as, etc., are defined explicitly in terms of
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o = —LT—-LC+T?-KM+K)—C?*>—~ KM+ AD
oy = —LM—LyT—AG+T)+C(K—M)—B(K+ M)
a3 = —L,M+Ly,C—-GM+K)+T(M—-K)—D(B-0C)
ay = —LyF+F?—EB+GG

as = L, F+G(D+F)+EK

ag = —LF—E(A+F)—GK

B = LK-LD+GK+K)-T(K—-K)+C(A-D)
By = LG—LyK+D(K—-M)+B(G+T)+AK+ M)
O3 = LTG+L¢D+G2—|—D27—K(M—K)+KM—BC’ (3.41)
By = —LyE —|:F(E—B)+C}M ‘
Bs = L,E-G(C-E)+FK
O = —LtE—Ef—AF—GT -
v o= LTA—LtK—B(K—i-K)—l—C(K—K)—_T(A—D)
Yo = L¢A—LtB—i—A2—BQ—I—E(M—GT+{((K—M)
Y3 = —Lr@+L¢K—I—Z_?(M+K)—A(M—K)—G(B—C)
o= L.G+ G? — EC - DF
v = —14,G—EG+T)+ FK.
We may write the Einstein tensor in terms of these quantities as
Gle) = —(ou+Bs+7s)ec+ (B —v6)er + (a6 — B1)d
Gle,) = (v3—PBs)er — (au+ Bs +v2)er + (11 — as)o (3.42)
g(ﬁg) = (61— asz)es + (a2 —va)e, — (a1 + B + 75)@3
Gle,) = —(ag+ B+ 1)e..
Defining the quantity
4

where p is the density of the (dust) cylinder in the e, frame, we may write
the Weyl tensor as

W(o,) = (on —0)o, + frios + 710, (3.44)
W(oy) = g0, + Baios + (12 — )0y (3.45)
W(i0'3) = 30, + (63 + 2(5)20'3 + Y30 ¢ (346)
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W(iar) = (Cl/4 + 25)2'(7,» + 5403 + ’)/4i0¢ (347)
W(i0¢) = Oé5iUT + 650'3 + (’)/5 + 25)ZO'¢ (348)
W(o3) = agio, + (8 — )03 + Y6i0s. (3.49)

The self-duality of the Weyl tensor implies the equations

v —ag=P0s—F3=7—7 =30 (3.50)
and
o = (¥ = — =
2 5 2 Bs M =74 (3.51)
Q3 = —Qg B =04 Y3 = —76-
That the Weyl tensor is symmetric implies that
Q2 =M az = —[ V3 = —[2 (3.52)
and that it is trace-free gives
o1+ Y2 + ﬂﬁ = 30. (353)

3.3 Time-dependent Vacuum Solutions

In a vacuum, ¢ = 0, so that ay = ay, 63 = B¢, 72 = 75, and a1 + 72 + G = 0.
The equations resulting from the vanishing of the Einstein tensor are

B2 =6 s =M
51 = Qg Q3 = 54 (3-54)

Bs = 3 Qg = Y4.

The Bianchi identities are automatically satisfied by fields satisfying the
above equations, and thus yield no new information. To make further progress,
we employ our rotation-gauge freedom to diagonalize the Weyl tensor. As
stated earlier, experience with stationary systems suggests that this should
always be possible for physically reasonable systems. Moreover, because of
the symmetries of the Weyl tensor, diagonalisation requires elimination of
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three degrees of freedom, and there are three degrees of rotation-gauge free-
dom available. So, assuming that diagonalisation can be achieved, we have
ay=az3=a; =05 =0
fr=0=0=0=0 (3.55)
N=7=7%="7%=0
The bracket structure may now be exploited to extract new information from
the expressions (3.41). For example, we may write
—Ly,ag— Lias = 0
LB+ LgBs = 0 (3.56)
Liva— Lgve = 0.

Expanding each term out explicitly, applying the known bracket relations
(3.22) and then substituting the expressions for the greek variables back in,
we obtain

(Bs —a)K + (75 —a) K = 0
(86 — ) K + (5 — B )M = 0 (3.57)
(g — ) K + (95 — B )M = 0.

The third of these equations is an algebraic consequence of the first two, but
upon combining the first two equations with the trace-free condition (3.53),
we obtain the matrix equation

1 1 1 o
—(K+K) K K v | =0 (3.58)
-K M K-M Be

For this equation to have a non-trivial solution, the matrix must have a
vanishing determinant, which implies the simple equation

MK+ MK — KK = 0. (3.59)

This equation may be seen as the time-dependent analog of (3.1).
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A similar technique may be applied to the non-vanishing greek variables
by constructing equations like

L¢Oél = L¢O¢1 — LTOJQ + LtCY:), (360)

and
Lyoy = Lyoy + Lyos (3.61)

and applying the bracket structure to the right-hand sides. At this point the
subscripts on the nonvanishing greek variables may be dropped, writing

a = ] =y
= By =G (3.62)
= 72= 7.

This procedure yields the remarkable set of equations

Lia = B(f—a)+E(y—«) (3.63)
Lia = GB—a)+G(y—a) (3.64)
Lyao = A(f—a)+D(y—a) (3.65)
LB = Bla-p)+C(y-p) (3.66)
L3 = Gla—p)-T(y-p) (3.67)
L8 = Ala—B) - F(y— ) (3.68)
Ly = Bla—5)+C(@-) (3.69)
Ly = Gla—v)-T(F—7) (3.70)
Lyy = D(a—7)—F(B—7) (3.71)

It is in virtue of these equations that the Bianchi identities are satisfied.
These equations exhibit a “triality” symmetry whereby the set is invariant
under simultaneous cyclic substitutions

a— (3 B—C G — —T A— —F (3.72)
\7/ \E/ \G/ '\D/ : :

We may proceed further still, and apply the bracket structure to the triality
equations (3.63)-(3.71). Applying the three commutators [L,, L], [Ly, L),
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and L, Ly] to a, [, and  in turn yields the nine new “second order” bracket
equations
a[F(K + K) — Ly(K + K)]
+ B[LyK — A(K + M)+ D(K + M) — FK]

+ Y[LyK + A(K +M)—D(K +M)—-FK]=0 (3.73)
a[Ly(G+G) — L(A+ D)+ (K — M)(B + E) — AG + DG]

+ BIL,A—LyG+ F(G—G)—B(K—-M)+ AR2G+T)— D(2G+T)]

+ A[L,D—-LsG—F(G-G)—E(K—-M)—AG+T)+D(G+T)]=0

(3.74)

a[Ly(B+ FE) — Li(A+ D)+ (K — M)(G+ G) + AE — DB]
+ BILA—LyB+ F(E—B)—D(B—-C)+ A(E-C)— G(K — M)]
+ y[LiD — L¢E — F(E — B)+ D(2B - C) — AE — C) — G(K — M)]

(3.75)

alL,B— LG — A(K+K)—- BT +G) - C(2G - G)+ E(G+T)]
+ BIL(G-T)—L.(B+C)+ (K + K)(A—F)+ BT + CG]
+ VNLC+LT+FK+K)+B(G+T)-C(G-G)—EG+T)]=0

(3.76)

a|LiK + B(IM + K)+ C(K — K) — EM]
+ B-LiK —LyT —BM+ K)—C(M - K)—AG+T)+ E(M - K)]

+ LT +AG+T)+C(M - K)+ EK] =0 (3.77)

a[LiA— LyB+G(M — K)+ D(B —C) — E(A+ F) + AC + BF]
+ BlLo(B+C) = Li(A—F)+ (T — G)(M — K) + BF + AC]

+ A[-LF — LyC —T(M — K) — D(B — C) + E(A+ F) — 2AC — 2BF] =0
(3.78)

alL,E — LG — DK + K)— E(G+2T) - C(2G — G) + B(G+T)]
+ BILT+LC+FK+K)+EG+T)+C(G—-G)—B(G+T)]

+ A[L(G—-T)-L.(C+E)+(D—-F)K+K)+GC+ET]=0 (3.79)
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alL,D — LyG — E(K —M)—-D(G+T) - F(G—-G)+ A(G+T)]
+ BILT — L,F — C(K — M) + D(2T + G) — F(2G — G) — A(G + T)]
+ Y[Ly(G—=T)—L.(D—-F)+(C+E)(K—-M)+FG—-DT]=0  (3.80)

a[L;D+G(M - K)— C(A— D) — GM]
+ B[-LyC —T(M — K)+ D(B - C) + GK]
+ [LyC —LD—(G—-G—-T)M—K)+ AC — BD] = 0. (3.81)
Although these equations are themselves somewhat unwieldy, they exhibit
an interesting and useful structure. Suppose «, (3, and v are thought of as a

vector G in an abstract three-dimensional space spanned by the orthonormal
basis {0,,0,,0,} with o; - 0; = 0, as in

G = ao, + fo, +v0.. (3.82)
The above nine equations may then be written as
X;-G=0, 2=1,...,9 (3.83)

where the X; = z;0, + y;0, + 2,0, are the vectors of the coefficients on the
greek variables. Now, algebraically, z; + y; + 2; = 0 for all ¢, since for each
equation, one coefficient is opposite in sign to the sum of the other two. This
may be written compactly in vector form as

n-X; =0, (3.84)

where n = 0, + 0, + 0. Similarly, the trace-free condition a + 3 +~v = 0
may be written as

n-G=0. (3.85)

Together, (3.83), (3.84), and (3.85) imply that the vectors n, G, and any one
of the X, form an orthogonal set. In particular, the X; are all in the same
direction, being orthogonal to the plane defined by the bivector n A G. Thus,
for some constants k;,

X, =kInNG=Fk[8—7)os+ (v —a)o, + (o — B)o.], (3.86)

where I = 0,0,0, is the pseudoscalar of the abstract space. Thus, if the &;
are known, the nine second order equations will in general break up into 18
smaller equations. It is unclear how one might continue to apply the bracket
structure to yield further equations.
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3.4 A Physical Ansatz

In order to obtain a fully determined set of equations, it is necessary to make
some simplifications to the full time-dependent scheme developed above.
These simplifications are generally speaking not gauge choices and have phys-
ical significance. The approach taken here is to try to stick to the stationary
scheme as much as possible. Consider the expressions for the vorticity and
shear for a covariant velocity e; in the general time-dependent setup,

w=—(M — K)ios (3.87)
and
ole,) = 3(M+ K)o+ :(2C — B—E)e,
o(p) = 3(M+K)e,+32B—-C—E)o (3.88)
ole.) = 352E—B—C)e.
ole;) = 0.

Now, an easy way to solve (3.59) is to set two of the three variables M,
K, and K to zero. So, in keeping with the observation that the stationary
Weyl-diagonal vacuum is shear and vorticity free, the natural choice is to
take

M=0=K. (3.89)
Since the set of equations (3.57) can then only be solved if K(y —«a) = 0,
this choice leads to two possible cases, when o« = v and when K = 0. In the
first case, the trace free condition implies

B =—2a. (3.90)

It is worth noting that in this case, with two of the eigenvalues of the Weyl
tensor degenerate, we recover the rotation-gauge freedom to boost in the io3
plane. Substituting these relations into the “triality” equations (3.63)-(3.71)
then yields

B=C G=-T A=-F (3.91)

and
Lia = -3Ba  L.a=-3Ga Lya=—3Aa. (3.92)
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The greek variable equations (3.55) also imply that
LyB=0, L,B=0 (3.93)

so that B (and thus C) is a constant. The nonvanishing components along
the diagonal of the Weyl tensor have the simplified forms
a = LG+G*—B*+AD =L,A+ A* - EB+ GG (3.94)
vy = LyA+A*-B*+GG=LG+G*—~EB+ AD (3.95)
B = LG+G*+LyD+D*—B*>=—L,E— E*+ A + G*. (3.96)

Subtracting the first two of these equations gives

B>~ EB=0 (3.97)
which implies that either B =0 or B = E. In the latter case, (3.96) yields
—2a = —B* + A% + G?, (3.98)

and applying L; to this equation gives

LtCY = —(ALtA + GLtG)
= (AGK — GAK) (3.99)
= 0= —-3B«a

so that once again B = 0. The fact that B vanishes has the remarkable
consequence of reducing the entire o = 7y case to a stationary configuration,
for when B = 0, the vector

V=aie (3.100)

satisfies Killing’s equation
a-(b-DV)+b-(a-DV)=0. (3.101)

The existence of a timelike Killing vector implies that the fields must be
stationary.

Turning to the second case, in which M = K = K = 0, the vanishing
greek variable equations give the set of compact equations

LyT =—-AG+T) L:D=C(A-D) L,A=T(A- D)

LsC =D(B-C) LG=-B(G+T) L.B=-GB-0C)

L4FE = F(E — B) LF=-EA+F) L.E=GC—E)

L,G=-F(G-G) LG=-EG+T) LF=-GD+F).
(3.102)
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The nonvanishing greek variables are

a=—LT—L,C+T?—-C*+AD = —LsF + F* - EB+ GG
B=L,G+Ly,D+G?*+ D>~ BC=—L,E—~FE*—AF - GT  (3.103)
v=LyA— LB+ A>—B>-GT =L,G+G?— EC — DF.

We would now like to find quadratic forms for o, 3, and v which do not
involve L-derivatives of any functions. This is done by exploiting the linear
relation (3.19) amongst L;, L,, and L,. If all three derivatives of three
different functions (of only ¢ and 7) 11, 15, and 13 are known, then we may
write the matrix equation

Lipy  Lypy Ly -m
Litpy Lytps Lytho —n [ =0. (3.104)
Lips Lpps Lz 1

Thus, the matrix of derivatives in the above equation must have vanishing
determinant for any three such functions ;. This fact can yield useful alge-
braic relations amongst the functions which do not involve any derivatives.
The three derivatives of i; are known from (3.32), (3.33), and (3.34), so they
can be used as a row in a matrix. The derivatives of 7; are also useful as
integrating factors, since we may write

L(f)=-% L(5)=-9 L(f)=%
L(B)=2= L, (E)=9C Ly(E)=-%8 (3.105)

11
L) =-% L(D=% L=

where for notational convenience, we have defined

r, = H(—a—EB+GG)
vy = §(—f—AF - GT) (3.106)
x5 = 5(y+ EC+ DF).

Two independent equations may then be obtained by taking a matrix with
rows containing the derivatives of i; and any two of F/iy, E /iy, and G/i;.
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Since the determinant of these matrices must vanish, the common factors
of i1 in each row may be cancelled, as may the common factors of E, G,
and F in columns one, two and three. The matrices for, say, the triples
(i1, B /i1, G/i1) and (i1, F'/iy,G/i;) then take the quite simple forms

1 1 1
—2y —C -B (3.107)
T —x3 —G
and
1 1 1
A D x (3.108)
T —z3 -G

respectively. The two equations for the vanishing determinants are thus

23 +Txy — Azs + AG— DG — DT = 0. (3.110)

These two equations may be solved for z; and x5 in terms of x3 and substi-
tuted into the trace free condition

—F2,— Exy+Gars— F(A+D)—E(B+C)+GG—-T)=0 (3.111)
to yield the cubic equation

Ga3 + (—2AF — DF —2EB — EC)22% + (-G?*G — GT? — 3ETB
—2FTD + EBG — AFT + 3FAG + GGT + 2ECG)x3
+2FTDG + FDG? — FAG? + ET?*C = 0.
(3.112)
The solutions to this equation are extremely complicated and generally com-
plex (in the mathematical sense.) However, they do suggest that we try the
real solution .
GIg = 3(
supplemented by additional constraints required for the vanishing of the
imaginary parts of the full solution. A similar procedure may be repeated

2AF +2EB + DF + EC) (3.113)
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placing the derivatives of other pairs of the functions F/iy, E/iy, and G/i;
into rows of a matrix with the derivatives of i; alone as the first row. Cubic
equations for the other x; are then obtained and the suggested real solutions
may be read off as

1 _ _
Eiy = —;(2DF — 2GG + AF + GT) (3.114)

and

1 _
FPuy = =5 (2GT +2EC - GG + EB). (3.115)

These real solutions taken together satisfy the trace free condition (3.111)
automatically, but only solve the equations for the vanishing determinants
if supplemented by the aforementioned constraints which are fourth-order
polynomials in the functions A, B, C', etc. Assuming that these constraints
hold, we have the quite simple quadratic forms for the diagonal elements of
the Weyl tensor

a = ;[G(G +T) - E(B - C)] (3.116)
3 = —%[F(A—D)+G(G+T)] (3.117)
v = %[E(B — C) + F(A - D). (3.118)

We are now very near to a fully determined set of equations. The final step
is to make an ansétz about the constants k; appearing in (3.86). Considering
the quite complicated form of the coefficients of the greek variables in the
second order bracket relations, it would seem quite remarkable if they all
shared the common ratios implied by (3.86). The most symmetric (and
perhaps the most natural) case would be for all the k; to vanish. It should
be stressed once again here that this choice is not simply a gauge choice
and has some, albeit unknown, physical significance. It is made in the name
of simplicity and in the hope of obtaining a set of solvable equations. If
this choice is made, then the second order relations yield the three purely
algebraic relations

GA+F)—GD+F)+T(A-D) = 0 (3.119)
A(C—E)+DB-C)+F(B-—E) = 0 (3.120)
-B(G+T)+C(G-G)+EG+T) = 0 (3.121)
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which are curious convolutions of the three-cycles appearing in (3.72). We
also obtain three equations relating derivatives

L,D = L,G (3.122)
LA = LB (3.123)
L,C = —LT. (3.124)

We can use these new relations to construct explicit forms for the missing
derivatives not in (3.102). Consider the set of equations

LyA = mLA+nL,A

LysB = mLB+nL,B

LsA = LiB—A*+B*+GT +~
LyB = LA

(3.125)

Using the known derivatives L, A and L, B, these may be solved to give

—mnG(B - C)+nT(A— D)+ A? - B> - GT —~
1 —m? '

LB = (3.126)
Now, 7 is known from (3.118), and m and n may be obtained by solving (3.19)
for any two functions of which all three derivatives are known, for example
iy and E/i;. With a form for L;B in hand, we can obtain forms for any of
the other unkown derivatives Ly,A, L, A, and LyB. A similar procedure may
be repeated for the pairs of functions (D, G) and (C,T) to arrive at a full set
of equations for all the capital letter functions A, B, C, etc.

Another useful consequence of setting the k; to zero is that the equations
(3.119)-(3.121) open the way for a natural coordinatisation for our solution.
Combining these equations with the derivatives (3.102) yields the integrating
factors

L(G-—G)=-C(G-G) L(D+F)=-B([D+F)
L.(B—E)=T(B-E) L.(A+F)=—-G(A+F) (3.127)
Ly(C—FE)=—-A(C—-E) L4G+T)=~-DG+T).

Applying (3.22), we may then construct the commuting derivatives

(G-G)'L,,(B-E)'L] = 0 (3.128)
(G+T)'L,,(A+F) 'Ly = 0 (3.129)
(C—E) 'L, (D+F)'Ly = 0. (3.130)
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It then becomes convenient to work in a position gauge which is suited to
one of these pairs of derivatives. For example, we may choose a gauge such
that

(G =) L = g(1)0,, (B - E)"'L, = (D). (3.131)

It should be expected that one cannot arrange for all three derivatives Ly,
L,, and L, to simultaneously commute in virtue of the linear relation (3.19)
among them.

3.5 Conclusions

The computational simplicity of gauge theory gravity seen when dealing with
stationary cylindrically symmetric systems is not nearly as apparent here in
the general time-dependent case. However, the gauge theoretic approach is
quite systematic and thus much progress can be made with the use of sym-
bolic mathematics software. Gauge theory gravity also offers a much more
general route into time-dependent solutions. There are an infinite number
of possible vacuum solutions in the time-dependent setup, and some choices
ultimately have to be made to obtain a specific solution, but these choices
need not be made until after a substantial amount of progress has been made
with the general case.

With the formalism developed in this chapter, we have all the necessary
tools to solve for the time-dependent vacuum fields, at least in principle.
However, time-dependent systems still represent ‘work in progress,” and there
is plenty of further work to be done in advancing the general approach. Gen-
eral forms such as (3.126) are exceedingly complicated and are not solvable
by any standard methods. Also problematic is the issue untouched here of
solving for the functions in h(a) once the capital letter functions in w(a) are
obtained. Furthermore, despite their seeming naturalness, the choices made
that M, K, K, and all the k; vanish are not rigorously justifiable. It is also
not entirely clear that any solution to the differential equations for the cap-
ital letter functions will solve both the algebraic constraints (3.119)-(3.121)
and the fourth order polynomial constraints implied by our ansatz for «, [,
and 7.

A more specific area of future work which may prove fruitful is the study
of wave solutions like those described in [19], which appear in General Rel-
ativity with diagonal line elements. Making the restriction to a diagonal
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h-function in our gauge theory framework considerably simplifies the equa-
tions, and may lead to a quick solution. This restriction requires that the
functions A, D, and F' all vanish, while automatically putting us in the
K =K =M =0 case as well. All Ly-derivatives automatically vanish, so
that the determinant structure described above is no longer relevant. Finally,
the differential equations relating the functions in h(a) to those in w(a) all
decouple from one another, and should be easy to solve once the remaining
capital letter functions B, C, E, G, G, and T are obtained. Even with all
these simplifications, however, it is not yet clear that the resulting set of
equations can be solved without making some further choices. It should also
be kept in mind that the majority of possible time-dependent solutions are
likely not to have diagonalisable line elements. Another potential area of
future work would be the examination of whether or not CTL might form
in a time-dependent system starting from an initial configuration which did
not contain any.
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Appendix A

Connecting Gauge Theory
Gravity and General Relativity

This appendix follows the discussions given in Chapter 5 and Appendix C
of [6]. Index-free expressions in gauge theory gravity may be cast into the
traditional tensor calculus formalism of General Relativity by fixing all gauge
freedom and choosing a set of coordinates {z*}. A set of basis vectors {e,}
and its reciprocal basis {e/} are then given by

0
ey = a—mu and e = Vat. (A.1)
x
Upon defining g, = h™'(e,) and g* = h(e*), the metric is defined by g,, =
gu - v as in equation (1.43) and the connection is given by

ng =g“- (gu -Dg,) = g“ - (augv + W(gu) X Gy)- (A.2)

In the absence of torsion, I'j, reduces to the standard Christoffel symbol
2},

Decomposing gauge theory tensors into their indexed counterparts is a
straightforward process. Tensor components are obtained by taking the dot
product of the covariant gauge theory tensor of interest with the appropri-
ate combination of the {g,} and {¢g"} wedged together to yield the desired
combination of covariant and contravariant indices. For example, the tensor
claculus components of the Riemann tensor are given by

R“I/Up = (gﬂ N gl/) ' R(-go A gP) (A3>
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Many of the usual elementary results of General Relativity carry over into
convenient and compact forms in gauge theory gravity expressed in geometric
calculus. For example, the Bianchi identity

Rpvapy + Rpopyia + Rpgyap = 0 (A.4)
may be written as
DAR(B) =08, Ala-DR(B) — R(a-DB)] =0 (A.5)
and the contracted Bianchi identity
G%.,=0 (A.6)

becomes

D-Gla)=0,-[b-DG(a)—G(b-Da)] =0 (A7)

The formalism of Killing vectors is also easily accomodated in geometric
calculus. Killing’s equation for a Killing vector K,

Ko+ Kgo =0 (A8)
may be writen in covariant form as
a-(b-DK)+b-(a-DK)=0. (A.9)

Killing’s equation may be contracted with 9, - 0, to demonstrate the result
that K is covariantly conservered, i.e., D - K = 0. This, in turn, may be
combined with the contracted Bianchi identity (A.7) and the symmetry of
the stress-energy tensor to obtain the result that 7 (K) is also covariantly
conserved. Killing vectors also generate conserved quantities along particle
free-fall worldlines. If the worldline is parameterised by proper time 7 then

O,(v-K)=v-Dw-K)=K-(v-Dv)4+v-(v-DK)=0 (A.10)

where the first term on the right vanishes due to the geodesic equation (2.117)
and the second term vanishes due to Killing’s equation (A.9) for @ = b. Thus
we see that the quantity v - K is constant along particle trajectories.
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