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Abstract

The spacetime algebra (STA) is the natural, representation-free language for Dirac’s
theory of the electron. Conventional Pauli, Dirac, Weyl and Majorana spinors are
replaced by spacetime multivectors, and the quantum o- and y-matrices are replaced
by two-sided multivector operations. The STA is defined over the reals, and the role
of the scalar unit imaginary of quantum mechanics is played by a fixed spacetime
bivector. The extension to multiparticle systems involves a separate copy of the STA
for each particle, and it is shown that the standard unit imaginary induces correlations
between these particle spaces. In the STA, spinors and operators can be manipulated
without introducing any matrix representation or coordinate system. Furthermore, the
formalism provides simple expressions for the spinor bilinear covariants which dispense
with the need for the Fierz identities. A reduction to 2 4+ 1 dimensions is given, and
applications beyond the Dirac theory are discussed.

1 Introduction

In this paper we present a new, direct method of translation between conventional matrix-
based approaches to spinors in 3 and 4 dimensionsl" 2| and the spacetime algebra (STA)
34,5, 6] This method quickly yields the Dirac equation and the spinor
bilinear covariants in Hestenes” STA form. With spinors and quantum matrix operators

formalism of Hestenesl

expressed in the real STA, all algebraic manipulations can be performed without ever intro-
ducing a matrix representation. The result is a very powerful language for expressing and
analysing the Dirac equation, which provides many new insights into the geometric substruc-
ture of the Dirac theoryl® 7.

We study the Pauli matrix algebra in Section 2, and demonstrate how quantum spin states
are formulated in terms of the real geometric algebra of space (which is a subalgebra of the full
STA). An extension to multiparticle systems is introduced, in which separate (commuting)
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copies of the STA are taken for each particle. These copies produce multiparticle states having
more degrees of freedom than in conventional quantum mechanics. Imposition of the complex
structure removes this extra freedom and shows how the scalar unit imaginary of quantum
mechanics induces correlations between particle spaces by locking their phases together.

In Section 3 the Dirac algebra is studied using the full, relativistic STA. The STA form
of the Dirac equation is derived and a table of Dirac spinor bilinear covariants in STA form
is presented. In Section 4 a similar approach is presented for the Weyl representation, and
it is shown how the 2-spinor calculus of Penrose & Rindler® can be reformulated to great
advantage. We close with a discussion of other representations and dimensions; an appendix
gives the STA translation procedure for the Majorana representation.

We work throughout with the spacetime algebral®> ®!, which is the geometric algebra of flat,
Minkowski spacetime, and is generated by an orthonormal frame of vectors {v,}, p =0...3.
The {~,} satisfy the Dirac algebra

Yo T = %(7#71/ + 1Y) = g = diag(+ — — —), (1.1)

but are to be considered as four independent unit vectors. The full STA is 16-dimensional,
and is spanned by the basis

L, {’Vﬂ} {Jka iak}v {Z.’Yﬂ}v i (1'2)

Here ¢ = 49717273 1s the unit pseudoscalar. It squares to —1, and anticommutes with vectors
and trivectors. The spacetime bivectors {0}, K = 1...3 are defined by

Tr = Y70, (1.3)

and represent an orthonormal frame of vectors in the space relative to the ~ direction. The
{01} generate the Pauli algebra of space, so that relative vectors aroy are viewed as spacetime
bivectors. To distinguish these from spacetime vectors we write the former in bold type —
a = apog. The meaning of the o4 1s unambiguous so these are left in normal type.

We use the symbol ~to denote the operation of (relativistic) reversion, which reverses the
order of vectors in any given product. Angled brackets (A), are used to denote the projection
of the grade-r part of A, with the scalar part written as (A). Other notations and conventions
are detailed in Paper I of this series.

2 Pauli Spinors

In this section we study spinors in the Pauli algebra of space. This is a useful preliminary to
the discussion of relativistic spinors and the Dirac algebra. The algebra of space is generated
by three orthonormal (relative) vectors {0}, and is spanned by

1, {01}, {ior}, i (2.1)

Since 010903 = Y9Y17373, space and spacetime both share the same pseudoscalar .

When working non-relativistically, it is necessary to distinguish between relative vectors
{o+} and relative bivectors {i04}, both of which are bivectors in the full STA (1.2). Accord-
ingly, we define two new operations in the STA,

AT = 70;1’707

. 2.2
A = "4, (22)
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which are the reversion and parity operations in the Pauli algebra. The presence of vy in
these definitions demonstrates that these operators are frame-dependent.
The Pauli operator algebralll is generated by the 2 x 2 matrices

. (01 (0 . (1 0

These operators act on 2-component complex spinors

¥) = ( i: ) : (2.4)

where 1 and 3 are complex numbers. Throughout, we adopt the convention that standard
quantum operators appear with carets, and quantum states are written as kets and bras. The
unit scalar imaginary of conventional quantum mechanics is written as j, to distinguish it
from the geometric pseudoscalar .

The column Pauli spinor |¢) is placed in one-to-one correspondence with the even mul-
tivector + (which satisfies ¢» = ¥!) through the identification”

a® + ja° .
|¥) = ( —a? +j'a1 ) = ¢ =ad’+dvioy, (2.5)

The action of the four quantum operators {6y, 7} translates as

oLy — ooy (k=1,2,3)
jl) e ipios.

It is routine to verify these; for example

2 - 1 a2 1,
¢>:( a”+ja ) - ao—l—a 103 — o (ao—l-ak'i,ak)ag. (2'7)

a® + ja3 —a%oy + a’ioy

(2.6)

Finally, complex conjugation translates to

)" = ooy, (2.8)
The Pauli equation (in natural units),

1

jat|¢> = %

(=5V — eA)? — 6, B*) [1) + eV]1), (2.9)

can now be written (in the Coulomb gauge) asl™ !

1
Ortbioy = 5 (= V7 + 2eA-Viioy + A%)) - QLBWS + eV, (2.10)
m m

where B is the magnetic field vector B*oy. This translation achieves two important goals:
the scalar unit imaginary is eliminated, and all terms (both operators and states) are real-
space multivectors. Removal of the distinction between states and operators is an important
conceptual simplification, arising naturally through the use of the STA.



Doran, Lasenby & Gull / States and Operators 4

In order to translate the spinor inner product (¢)|¢) we need only consider its real part.
This is given by
R(lg) < ('e), (2.11)

so that, for example,
@lp) = @) = ((a® —idoy)(a’ + id*oy))
= (a0)2 + aka”. (2.12)

It follows that the full inner product becomes

(Wlg) <= (PT) — (pidios)ios. (2.13)

The right hand side projects out the {1,i03} components from the geometric product T¢.
We write this projection as (A)s, and observe that, for Pauli-even multivectors,

(A)s = 3(A — io3Aios). (2.14)
As an example of (2.13), consider the expectation value

(Vlorly) <¢T0k¢03> — <¢Tak¢i>i03 = O']C'<77Z)O'3?7/}T>17 (2.15)

which gives the mean value of spin measurements in the & direction. The STA form indicates
that this is the component of the spin vector ¥o3t in the o} direction, so that S = o)’
is the coordinate-free form of this vector. The even multivector ¢ can be decomposed into
Y = p'/?R where RRT = 1, so the spin vector is therefore

A

O

S = pRosR'. (2.16)

This demonstrates that the 2-sided construction of the expectation value (2.15) is an in-
struction to rotate and dilate the fixed o3 axis into the spin direction. The original states
of quantum mechanics therefore become operators in the STA, acting on vectors. This ex-
plains why spinors transform single-sidedly under active rotations of fields in space. If the
vector S is rotated to a new vector R'SR', then the corresponding spinor must transform to
R't). In this way, the fixed {o;} frame is shielded from rotations, and there is no conflict
with rotational invariance. We use the term ‘spinor’ to denote any object which transforms
single-sidedly under a rotor R,

We can now consider the status of the fixed {0} frame which, as is clear from (2.10),
only occurs explicitly on the right hand side of the spinor 1. This is analogous to rigid-body
dynamics, in which a rotating frame {e;}, aligned with the principal axes of the rotating
body, can be related to a fixed laboratory frame {0} by

er = RoyRY. (2.17)

The dynamics is now contained in the rotor R, which can also be viewed as a normalised
spinor. The e, are unaffected by the choice of laboratory frame and, under an active rotation,
the body is rotated about its centre of mass, whilst the laboratory frame is fixed. Such a
rotation has e, — R'ezR'", which is enforced by R — R'R, and (as with the Pauli theory)
the fixed frame is shielded from rotations. Gauge invariance can now be interpreted as the
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requirement that the physics is unaffected by the position of the o; and o3 axes in the 03
plane. In terms of rigid-body dynamics, this means that the body behaves as a symmetric
top. The analogy between rigid-body dynamics and the STA form of the Pauli theory is
therefore strongl!l, and we shall see in Section 3 that the analogy extends to Dirac theory.

An arbitrary operator M|77/)> is replaced by a multilinear function M(v) in the STA. Since
b is now a 4-component multivector, the space of operators M is 16-dimensional (this is the
dimension of the group Gl(4,R)), and is easily large enough to encompass the 8-dimensional
Pauli operator algebra (which forms the group Gl(2,C)). The subset of multilinear functions
which represent Pauli operators is defined by the requirement that M respect the complex
structure:

FM(j|e)) = —Mlp)
= M(pios)iocs = —M(3). (2.18)

The set of M satisfying (2.18) is 8-dimensional, as required.
The Hermitian adjoint is defined by

(¥|Mo) = (M'p]g), (2.19)

which translates into two equations in the STA, one each for the real and imaginary parts.

The real equation is
($M () = (Mjra(¥)9), (2.20)

and the imaginary equation simply restates (2.18). The subscript of M4 labels the STA
operator representation of the Pauli (Hermitian) adjoint. In geometric algebra the adjoint to
a linear function is defined via

(M()) = (v M(9)), (2.21)

where we have employed the overbar notation of Hestenes & Sobezyk['d. Tt is always clear
from the context when the overbar is being employed to denote the geometric adjoint or
parity (2.2). The Pauli adjoint is now given by the combination of a reversion, the geometric
adjoint, and a second reversion:

My () = M (41). (2.22)
For example, if M(¢)) = Ay B, then Mua(v)) = AT BT Since the STA action of the &

operators takes ¢ into optpos, it follows that these operators are, properly, Hermitian. The
attractive feature of (2.22) is that the Pauli operator algebra can now be fully integrated
into the wider subject of multilinear function theory — the study of linear functions within
geometric algebral'?,

2.1 2-Particle Pauli States

In quantum theory, 2-particle states are assembled from direct products of single-particle
states. To represent these states in the STA, we must consider direct products of two copies
of the STA itself. For present purposes, however, we need only take copies of the even (Pauli)
subalgebra of the full STA. The direct product is usually written as ®@, but we will drop this
symbol and use superscripts to label the single-particle algebra from which any particular
element is derived. Thus we write oy ® oy as ojoi, where the o]o? product is commutative
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and associative. Wherever possible, we will further abbreviate i'o] to ic{ et cetera, and will
write the unit element of either space simply as 1.

The full 2-particle Pauli algebra is 8 x 8 = 64 dimensional, and the spinor subalgebra
is 4 x 4 = 16 dimensional — which is twice the dimension of the direct product of two 2-
component complex spinors. This is because we have not taken the complex structure of the
spinors into account. While the role of j is played in the two single-particle spaces by right
multiplication by i3 and io? respectively, standard quantum mechanics does not distinguish
between these operations. Therefore we must include a projection operator to ensure that
right multiplication by éa3 or ic3 reduces to the same operation. This projector is

E™ = 1(1 —iogi03), (2.23)

so that
Elziaé = Elziag = J"? (2.24)

where
J'? = L(iog 4 103). (2.25)

The (multiparticle) STA representation of a 2-particle Pauli spinor is therefore '¢? %
where 1! and ¢* are spinors (even multivectors) in their own spaces. A complete basis for
2-particle spin states is

1 1 .
0 )%o) @ F

? ® é o —iolEm

| . . (2.26)
0 ® 1 = —osl

VeV o e

and the complex structure is provided by

i)y e g™ (2.27)

This procedure extends to higher multiplicities, where all that is required is to find the
‘quantum correlator’ K satisfying

Eio) = Eiock =J for all j, k. (2.28)

The beauty of this approach is that all the operations defined for the single-particle STA
extend naturally to the multiparticle algebra; for example the spinor inner product generalises
to

($1é)s = (VIOEVE — ($16T).J. (2.29)
A full development of multiparticle spacetime algebra, including generalisation to relativistic
states, will be presented in a forthcoming paper.

We conclude this section with an illustration of the insights revealed by our approach.
The 2-particle singlet state |e) is defined by

() B O
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which translates into

€= %(ia% —i03)3(1 — ioyios). (2.31)

This is normalised such that <6T6>5 = F. It can be confirmed that ¢ satisfies
ioLe = —iope, (2.32)

which we can use to provide a novel demonstration of the rotational invariance of e. Under
a joint rotation of 2-particle space, a spinor 9 transforms to R'R?¢, where R! and R? are
copies of the same rotor but in different spaces. It follows from (2.32) that, under a rotation,
¢ transforms as

¢— R'R*¢=R'R'e =, (2.33)

so that € is a genuine 2-particle scalar.

3 Dirac Spinors

In this section we extend the procedure of Section 2 to show how Dirac spinors can be
understood in terms of the geometry of real spacetime. This reveals the geometrical role
of spinors in the Dirac theory, following the approach of Hestenes!® . Furthermore, this
formulation is representation-free, highlighting the intrinsic content of the Dirac theory.

The subject of relativistic spinors has, of course, been much discussed in the literature;
see for example the books by Penrose & Rindler®™ ¥ and Benn & Tucker", or the list of
references provided by Figueiredo et al.l'® These treatments invariably define spinors over
the complex field, obscuring much of the associated spacetime geometry. It is through the
employment of the real STA that this geometry is revealed.

We begin with the 4-matrices in the standard Dirac-Pauli representationl!],

. (1 0 . [0 =&

’70—(0 _]) and ’7k—<&k 0). (3.1)
A Dirac column spinor |¢) is placed in one-to-one correspondence with an 8-component even
element of the STA (1.2) vial'® 1€l

a® + ja?
_a2_|_ja1
|77Z}> - —63 _I_]bo
—b' — b2

o p=a"+ a¥ioy, + (00 + brioy). (3.2)

The action of the operators {4,,4s,j} (where 45 = 4° = —j%919293) translates as

N ¢> = 707 (:“:07---73>
jlb) e oy (3.3)

’3/5 77Z}> A 77Z)0-37
which are verified by simple computation; for example
_63 _I_]bo
. —b' —jb? — B + 0005 + blioy — bioy
Ys|p) = a® + ja? — +a%0s + a®i — a2oy + aloy, pos. (3.4)
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Complex conjugation in this representation translates as

[)" o =77 (3.5)
As a simple application of (3.2) and (3.3), the Dirac equation itself,
V(10— eAy)|p) = m|y), (3.6)
becomes, upon postmultiplying by 7o,
Vipios — e Ay = mibyo, (3.7)

which is the form first discovered by Hestenes®). This translation is direct and unambiguous,
leading to an equation which is not only coordinate-free (since the vectors V = ~#3d, and
A = ~"A, no longer refer to any frame) but is representation-free as welll In manipulating
(3.7) one needs only the algebraic rules for multiplying spacetime multivectors, and the
equation can be solved completely without ever having to introduce a matrix representation.
Equation (3.7) therefore expresses the intrinsic geometric content of the Dirac equation.

It is worth commenting on our choice of the (+ — — —) metric. We can translate our
results to the opposite metric (— + + +) by introducing the operators
€u = T, (3.8)

so that the {é,} generate the Dirac algebra with opposite signature. The corresponding
vectors {e,} generate a 16-dimensional algebra whose even part is isomorphic to the even
subalgebra of the STA. With o} now defined as eper, we employ the same identification (3.2),
and the action of the {é,} translates into

g) o —eubics (3.9)

with 7 and é5 translating in the same way as (3.3). The Dirac equation in this signature is

A

€u

(O + jeAu) i) = mlp), (3.10)
which, using (3.9) and defining V. = €"d,, becomes
Vebios — e Ay = mibeg. (3.11)

This is identical to (3.7), the difference in sign of V2 = —V? being handled by ej = —1.
It is usually argued that the signature of the metric is irrelevant in relativistic quantum
mechanics, because superpositions of states are considered over the complex field. Here we
see an alternative explanation, which does not require complex numbers. Although the full
Clifford algebras of opposite signature are different, their even subalgebras (the spinors) are
isomorphic, so that any operation on a spinor performed in one algebra has a counterpart in
the second algebra. We can now continue to work in the STA with signature (+ — — —),
with the understanding that it is always possible to translate between metrics. Physically, it
would be very surprising if the sign of the signature ever made a difference.

In order to discuss the spinor inner product, it is necessary to distinguish between the
two types of adjoint, Hermitian and Dirac. We write these as

(Y| — Dirac adjoint

<L/J| — Hermitian adjoint, (3.12)
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which translate as follows, )
I

3.13

(W o =000 (3.13)

This makes it clear that the Dirac adjoint is the natural frame-invariant choice. The inner
product translates in the same manner as (2.13), so that

(Wlg) (Do) — (Yios)ios = (Po)s, (3.14)

(171 we shall work with

which is also easily verified by direct calculation. In a companion paper
the STA form of the Lagrangian for the Dirac equation, which to illustrate (3.14) we give
here:

L= (D|(3.(j0" — eA") —m)|yp) & (Vipiysh — eApyorh — mapih). (3.15)

By utilising (3.14) the STA forms of the Dirac spinor bilinear covariants? are readily
found; for example

(@lAuly) o (Wrr0) — (Yruiva)ios = v (Prodh (3.16)

identifies the vector L/ryog/; as the coordinate-free representation of the Dirac current. Since
¥1p contains only scalar and pseudoscalar terms, we can define pet? = Wi and, assuming
p# 0,1 can be written as p'/2¢®*/2R. The ‘rotor’ R satisfies RR = 1 and generates Lorentz
transformations. The full set of bilinear covariants!'® can now be written as

Scalar ) (P]v) — <;/;77/~)>~ = pcos 3
Vector 7<77/) Yul?) “ ;b»yog/)N: pv-
Bivector ( |¢> o piogh = pe’S (3.17)
Pseudovector (¢ ) o Pz = ps
Pseudoscalar — (3]54s|¢) - (papi) = —psin 3,
where .
v = R’}/QR
. 3.18
— Rk (3.18)
and
S =sv. (3.19)
These are summarised neatly by the equation
D(1 4 40)(1 + iys)th = peosf + pv + peS +ips + ipsing. (3.20)

The full Dirac spinor ¢ contains (in the rotor R) an instruction to carry out a rotation
of the fixed {7,} frame into the frame of observables. The single-sided transformation law
for the spinor ¢ is thus interpreted and, as in the Pauli case, the {v,} frame is shielded from
active rotations of spacetime observables, so that its presence does not compromise Lorentz
invariance. The analogy with rigid-body dynamics, discussed in Section 2, therefore extends
immediately to the relativistic theory, where 7y is now interpreted as the fixed time-like vector
which determines the laboratory frame.
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Once the spinor bilinear covariants are written in STA form (3.17) they can be manipu-
lated far more easily than in conventional treatments. The Fierz identities, which relate the
various observables (3.17), are simple to derivel' because there is no longer any need for
complicated index manipulations'® 201, Furthermore, reconstituting 1 from the observables
(up to a gauge transformation) is now a routine exercise, carried out by writing

W)s = §(V+P+0a(t+$)oa)
= (1 4+ oy + 031035 + Y31hy3), (3.21)

so that i - |
Y()s = 5p(e? +vy0 — €7 Siog + s573). (3.22)

The right-hand side of (3.22) can be found directly from the observables, and the left-hand
side gives ¥ to within a complex multiple. Defining

7 = ip(eiﬁ + vyo — € Sios + 573) (3.23)
we find that, up to an arbitrary phase factor,
W = (pe 27 (272)7V2, (3.24)

The identification of the rotor R suggests that the vector RyoR can be interpreted as a
4-velocity field. This idea is examined critically in a further paperl”, in which integral curves
(streamlines) are plotted following this 4-velocity. In conventional formulations of the Dirac
equation, a velocity operator is found whose eigenvalues are plus or minus the speed of light.
It is argued that an accurate determination of the velocity, by measuring the position of a
particle at two different times, leads to a large uncertainty in the momentum, which then
favours higher velocities. Even in the context of conventional Dirac theory, this argument
has a number of problems?!). Applied to the STA velocity, the argument contains the further
flaw that it assumes an incorrect relation between velocity and momentum. The status of
velocity in the conventional operator approach to Dirac theory remains problematic, whereas
the STA formalism provides an unambiguous answer.

An arbitrary Dirac operator M|¢> is written as a multilinear function M (v)), which acts
linearly on the entire even subalgebra of the STA. The 64 real dimensions of this space of
linear operators are reduced to 32 by the constraint (2.18)

and, proceeding as at (2.22), the formula for the Dirac adjoint is
Mpa() = M(). (3.26)

Self-adjoint Dirac operators satisfy M () = M(?])), and clearly include the 4,. The Hermitian
adjoint, My 4, is derived in the same way:

My a(ip) = MT(4pT), (3.27)

in agreement with the non-relativistic equation (2.22).
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We now examine two important operator classes: projection and symmetry operators.
The particle/antiparticle projection operators translate into

%(m%ﬁ’yﬂp“ﬂ@ — %(mz/@p%/}%), (3.28)

and the spin-projection operators become

S A" 3s) ) o (¢ sihy). (3.29)

Provided that p-s = 0, the spin and particle projection operators commute.
The three discrete symmetries C; P and T translate equally simply (following the con-
vention of Bjorken & Drelll')):

1:3|¢> Y0 ()70
C'leb) Yo (3.30)
Tl) =  iyp(—2)n,

!

!

where T = 927y is (minus) a reflection in the time-like 4o axis.
We stress that this analysis is not limited to the Dirac equation, but is applicable to any
type of equation involving Dirac spinors. For example, the equation for a zero-charge particle

with an anomalous magnetic moment!?2,

7 (30" + A & F*) i) = mlp), (3.31)

becomes
Vipios + & Fipivys = mapyo, (3.32)

and provides a model for a relativistic oscillator[*® when used with the quadratic potential
A= %mwx'yo:z:. The STA formalism can also be employed in the study of nonlinear spinor
equationst?® 2%l and semi-classical models. An example of the latter is the Lagrangian of

Barut & Zanghil*®],

L= () + (& — (D13ul0)) + A (&

Yu Ault), (3.33)

which translates into

L = (diostp + p- (& — Pyorh) + eAvyo)). (3.34)

This form of the Lagrangian has been used by one of usl' to study its predictions for the

behaviour of an electron in a magnetic field. The Lagrangian (3.34) is also considered in
Paper III'7 of this series, where its symmetries are examined.

4 The Weyl Representation and 2-Spinor Calculus

In this section we develop a translation for the Weyl representation, after the manner of
Section 3. This is the starting point for a reformulation of the 2-spinor calculus of Penrose

& Rindler® .,



Doran, Lasenby & Gull / States and Operators 12

The Weyl (chiral) representation is defined by!?

. (0 —=I . [ 0 —oy
’yo—<_] 0) and %_(&k 0), (4.1)

and is obtained from the Dirac-Pauli representation (3.1) via the unitary matrix

u:%(flf) (4.2)

A spinor in this representation is written as

9) = ( " ) , (43)

where |k) and |w) are 2-component spinors. This is translated as

w=(1]) = v=mtra-ci-n. (44

where k£ and w are the Pauli-even equivalents of the the 2-component complex spinors |x),
o), defined by equation (2.5). The action of the 4, translates in the same way as for Dirac
spinors (3.3), as we see from the relations

Folw) = ( :lﬁi ) o —wi(l+03) + £3(1 - 03) = %70 (4.5)
and
) = ( _?]jﬁi ) o —opwoss(l + 03) — opkosz(l — 03) = V. (4.6)

We have used (2.6) and the fact that 79 commutes with all Pauli-even elements. The action
of j and 45 also translate as in (3.3), so that the chiral projection operators 1(1 4 45) result

in
%(1 +95)[¢) < ¢%(1 +03) = ’f%(l + 03) (4.7)
F1=%)¥) < vl —03) = —wi(l —o3).
Our fundamental translation for a relativistic 2-spinor is consequently
k) < /{%(1 + 03). (4.8)

This differs from the Pauli spinor translation (2.5), and is closer to the usual ‘minimal left
ideal’ definition of a spinor ", The true significance of (4.8) lies not in the algebraic structure
of the Pauli algebra, however, but in the fact that the projector %(1 + 03) adds a scalar to a
vector, and 1s a 3-space expression of a null vector. The reason for identifying the projector
with a null vector will become apparent when we consider the vector current.
Under a Lorentz transformation the spinor 1 transforms to R, so that the STA 2-spinors
transform into
KS(1+o03) = R/i%(l + 03)

(1—03) = Rwl(l—oy), (4.9)

B[00 [ =

C{)/
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and in the STA both spinors therefore have the same transformation law. If we examine how
the corresponding column spinors transform, we find that

R/{%(l +03) = R+l€%(1 + 03) + R_;{gg%(l + 03)

4.10
Rwl(1 = o3) = Rywl(l — 03) — R_wosl(1 — o) (4.10)

where R, = %(R + BT) and R_ = %(R — RT). The column spinors now have different

transformation laws: the |k) transforms simply enough to ]:?|/£>, but the |©) transforms under
the operator equivalent of

R—R_ = ’}/0B’}/0

(0 Rv0)
= (RY, (4.11)

so that |©) = (R~1)t|@). This splitting of Lorentz transformations into two distinct opera-
tions is an unattractive feature of the 2-spinor formalism. The problem is that in carrying
out relativistic manipulations in the Pauli algebra, the 2-spinor formalism has already singled
out a preferred time-like axis (the 7o axis). This breaks up expressions in a way that dis-
guises their frame-independent meaning. By working in the even subalgebra of the STA this
problem can be avoided, since recourse is always available to the full STA.

The transformation (4.9) shows why it is necessary to supplement the Pauli-even spinors
K, w, with the projectors %(1 +03). An arbitrary rotor R would, in general, map a Pauli-even
element into the full 8-dimensional Pauli algebra. The presence of a factor of (1 + o3) on
the right, on the other hand, projects out a 4-dimensional space which is closed under the
action of a rotor R, and therefore forms an invariant subspace.

We are now in a position to consider the 2-spinor calculus approach to relativistic quantum

[8, 27]

mechanics . The basic idea is to treat Weyl spinors as 2-component complex vectors, using

standard vector-space notions. Thus the spinor |&) is written as &4

eap 1s introduced whose components are defined to be those of the matrix 165, We can

, and a skew metric tensor

therefore write
P /{%(1 + 03)

Kqg iagﬁ%(l—l—ag),

(4.12)

although there is rarely any need to distinguish x4 and x4, since the translation into the
STA eliminates all reference to components.

In (4.3) there are two different types of spinor, which transform differently under Lorentz
rotations. To distinguish these ‘modules’, the second type |w) are usually given primed
indices. In terms of components the two modules are related by k4 = (£4)*. The Pauli-even
equivalent of (k4)* is o3(103k)02 = Kiog, bringing us to the next aspect of our translation

IZJA/ — —/fiUg%(l —0'3), (413)

where & is the Pauli-even equivalent of k4. We have differed slightly from our previous

(10]

definition'™ in order to maintain consistency with the conventions adopted in section 2. As

before, k4 and k4 transform differently under Lorentz rotations:
k4 (R)A kP

B’ 4.14
Fa — (R—lT)AI R, ( )
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but these are merely separate manifestations of the same underlying transformation k — Rk.
The 2-spinor inner products are written as £
we first expand

wy and &4 @ 4. In order to translate these,

kAws = W' — kW
= (—a062 —abt +a*° + ale) + j(—a362 +a’' — a'b® + aQbS), (4.15)
where we have used the identification (2.5). It can be verified that (4.15) translates to

ko, o (1o2kw) — to3(io1Rw) = (102kw)g, (4.16)

where again ( )s denotes the projection of {1,053} components. The 2-spinor inner product

is antisymmetric, k4ws = —wAk 4, which is seen from (4.16) as follows:
(1ogkw)s = —(WKio2)s
= —(109WK)s. (4.17)

. _ Al . .
Since k4 w4 = (k%wa)*, we see similarly that

’

B wa e (Rwioy)g = (to9(—kioy)(—wios))s. (4.18)

A particularly instructive way to express the 2-spinor inner product is to construct the full
Dirac spinor

P = /{%(1 + 03) — wiag%(l — 03), (4.19)
and observe that
1/)77/; = m'agé(l — 03)0 — w%(l + 03)i03k
= —(102kw) + 1{io1Rw). (4.20)

Apart from an irrelevant minus sign this has the same form as (4.16), except that the pro-
jection is now onto the {1,7} components. The advantage of the form (4.20) is that Lorentz
invariance is manifest, since Rypth R = 1b¢p. Furthermore, (4.20) demonstrates that a ‘normal-
ised spin frame’ in the sense of Penrose & Rindlerl® is equivalent to a Lorentz transformation.
Equation (4.20) also defines the zero-component of the Cartan mapl?® from C? x C? to C*,
which arises naturally in the context of the 2-particle STA.

In order to treat the Dirac equation, we need first the 2-spinor equivalents of the -
matrices. These are the JfAI and o}, , operators, which are the 2-spinor forms of the ‘vector’
operators &, = (1,6;) and o, = (1, —6;). A full derivation of the translation of these operators
can be carried out in the multiparticle STA, but it is obvious from (4.5) and (4.6) that this
must be: e o

o, Rar < —%magi(l — 03)7%

UZ,A/{A PN 7“/{%(1—%03)70. (421)

If the 7o is (anti)commuted through to the left hand side, it changes the sign of the projector.
This agrees with the behaviour of the Jﬁml and oy, , operators, which interchange modules.
We now take the 2-spinor form of the Dirac equation,

AN gus A
jo ' = mr (4.22)
JOui 40,k = Mmooy,
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and translate these into the pair of equations:

—Vu)iag%(l — 03)70'503 = m’f%(l + 03)7 (4 23)
Vﬁ%(l + 03)Y0103 = —mWiU2%(1 — 03). |
With ¢ defined as in (4.19), these combine into the single equation
Vibiorn = mi. (4.24)

which is Pauli-even. Postmultiplying by o recovers equation (3.7), demonstrating the true
representation-independence of this equation.

Of the pair of equations (4.22), Penrose & Rindler® write ‘an advantage of the 2-spinor
description is that the v-matrices disappear completely — and complicated y-matriz identities
simply evaporate!’. While this is true, the comment applies even more strongly to the equation
(4.24), in which complicated 2-spinor identities have also been eliminated!

The translation (4.21), together with the inner product (4.20), enables us to write the
2-spinor vector current as

AA’? . 1 . ~
KAC, " Ear & yY0ki0a5(1 + 03)iok 4 reverse

= =7 (K(0 + 73)R). (4.25)

This identifies the null vector —&(q0 + v3)& as the relativistic current, justifying our earlier
comment that the idempotent %(1 + o3) should be viewed as a (Pauli) null vector rather than
as an algebraic projector. If we define the spinor

= k5(1 + 03), (4.26)

the null vector is given (up to a factor of one-half) by @/}70;/;. In this way, the observables in
the 2-spinor approach are unified with those from the translation of the Dirac-Pauli repres-
entation.

We conclude this section with two examples of how the STA formulation considerably sim-

plifies 2-spinor equations. The first is the relativistic spinor equations discussed by Marx[?:
jaﬂai//AKjA = —'r)/LRA/7 (4 27)
j@“af}A (IJA/ = mwA. '

These translate into the pair of equations

V"}/OKJ%(l — 03)ioy = mm'ag%(l — 03),

—V’yowz'ag%(l + o3)ioy = mw%(l + o3) (4.28)
which, on defining the full spinor ¢ as in (4.19), can be written as
V@/}%(l + 0'3)2.0'3 = m;b%(l + 0'3)Z'O'2"}/0, (4 29)

VL/)%(l — 03)ioy = m;b%(l — 03)109%0
and combined into the single equation

Vipioy = —mapyo, (4.30)
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which is much easier to interpret and solve. Equation (4.30) is not gauge-invariant, since
o3 is not a solution of (4.30) if ¢ is. However, the only difference between (4.30) and (3.7)
is the replacement of the right 03 with an ¢oy, so that any solution of the free-field Dirac
equation (3.7) is transformed into a solution of (4.30) by right-multiplying by e=#27/4, The
transformation 1 — 1he~2"/4 is natural in the STA, where it may be viewed as an electroweak
gauge transformation, but it is much harder to express in the standard formalism because it
mixes [1) and [)*.

Our second application of the STA approach to 2-spinors is the Lagrangian introduced
by Plyuschay®® 31 which provides a classical model for a massless, spinning particle. The
Lagrangian is

_ _1.p AA
L= st

’/%A//{A—I-kaRa — Sp, (431)

where the k, are a set of three Lagrangian multipliers,

Rl = /{A/.{A —|— RA//;{A/
RQ = j(/iA/'{A - /%A,/;{A/) (432)
Rg = GMO'f}A/(/%A//'{A—F/;{A//iA),
e and s are constants, and
1 R .
p = Ee“aﬁm J(Rarka — Karka) (4.33)
E = o Ruka. (4.34)

On translation into the STA, we find

Rl — 2</§ZO’2/N€>
Ry « 2(kioyk) (4.35)
Rs < —2(ek(y0 + v3)k),

so that R; and R, are the 107 and 105 components of the bivector kio3k. After variation of the
Lagrangian, e is set equal to 79, whereupon Rs becomes 2(k&), which is no longer Lorentz-
invariant. This is the reason for introducing the arbitrary vector e. The STA approach
provides a more attractive way to circumvent this problem: replace £ by an arbitrary Dirac
spinor ¥, and then impose the constraint that b be Pauli-even after variation. The result is
the same, but the STA Lagrangian is considerably more compact:

= —QSM + 2{2(y0 + 73)77/~)> + <¢i03377/~)>. (4.36)

(V)

Here the three scalar Lagrangian multipliers have been replaced by a single space-like bivector.
The Lagrangian (4.36) is now manifestly Lorentz-invariant, and can be manipulated using
the approach developed in Paper 111" of this series.

5 Further Developments

In this section we consider two final topics. The first is the more general matrix representation
theory of the Dirac algebra, and the second is the Dirac equation in 241 dimensions!®?, which
is important in the study of anyonic systems (these are systems with fractional statistics).



Doran, Lasenby & Gull / States and Operators 17

5.1 Changes of Representation

In the matrix theory, a change of representation is carried out by a 4 x 4 complex matrix S’,
which defines new matrices

4= 94,871, (5.1)

with a corresponding spinor transformation [¢) — §|¢> For the Dirac equation, it is also
a requirement that the transformed Hamiltonian be Hermitian, restricting (5.1) to a unitary
transformation

4 = 84,8t S8t =1. (5.2)

The STA approach proceeds instead by finding the analogue of the map (3.2) corresponding to
any given representation. In Section 4 this was carried out for the Weyl matrices, and in Ap-
pendix A a construction is given for the Majorana representation. Finding the map is routine
once the form of § which relates the required representation to the Dirac-Pauli matrices is
determined. In constructing this map there is freedom to rescale the STA equivalent spinor,
which in Section 4 was used to remove some factors of /2.

Once the map has been found, the action of j and the {%,,45} matrices translates in the
same way as for the Dirac and Weyl representations (3.3), and the action of the C'; P and T
operators is given by equation (3.30). The STA form of these operators is independent of the
matrix representation from which they were obtained, and the Dirac equation always takes
on the same form (3.7), which is manifestly representation-free.

The Hermitian and Dirac adjoints always translates as in (3.13), although the separate
transpose and complex conjugation operations retain some dependence on representation.
For example, complex conjugation in the Dirac-Pauli and Weyl representations translates as

(3.5),
)" o =y, (5.3)

whereas in the Majorana representation (Appendix A), we find that

)« o, (5.4)

This clearly limits the usefulness of the complex conjugation operator. Equation (5.4)
also demonstrates that, in the Majorana representation, complex conjugation coincides with
charge conjugation (up to a conventional phase factor).

5.2 2+ 1 Dimensions

We can adapt the approach of Section 2 to describe the Dirac theory in 2 + 1 dimensions.
The result could be derived from the full Dirac equation (3.7) by ignoring one of the spatial
directions, but it is useful to make contact with the standard matrix theory approach. A

suitable representation is given by the 2 x 2 matrices®?

. (1 0 . [0 1 . (0

A 2-component complex spinor is placed in one-to-one correspondence with an even element
Y via
a+ jao )
) = ( 2_ g ) = Y=o+ ZCLk’YIm (5.6)

—da
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where ¢ = 49y172. The quantum matrix operators translate in the expected manner:

) = o
J) e byye = bir, (5.7)

and the Dirac equation in 2 + 1 dimensions becomes simply
Vi = ma, (5.8)

or
V192 = mipyo. (5.9)

This does indeed have the same form as the full Dirac equation (3.7), and could have been
found by projecting out the 43 direction. Equation (5.9) can be analysed with the techniques
described in other papers of this seriesl™ 7.

6 Discussion and Conclusions

The spacetime algebra is the natural language for relativistic quantum mechanics, express-
ing the physics in a manifestly Lorentz-invariant way. All relations can be manipulated
without ever introducing a matrix representation, greatly simplifying the algebra involved.
Furthermore, every term in an expression is given a clear geometric meaning. The unit
scalar imaginary of quantum mechanics is replaced by a fixed bivector in real space, and
the 2-particle generalisation of this bivector results in a projection operator which correlates
each particle’s space. This strongly suggests that a scalar unit imaginary is unnecessary for
quantum mechanics, a point frequently emphasised by Hestenes!®. The real formulation also
has clear conceptual benefits, especially at the multiparticle level. For example, the construc-
tion of 2-particle observables demonstrates that the quantum correlator locks particle phases
together and describes non-local interactions between particles. This analysis will be given a
relativistic extension in a forthcoming paper, in which the generalisation to curved spacetime
will also be discussed.

It has been suggested® that the STA cannot contain as much structure as the complex
Dirac algebra, since it is defined over the reals. We have demonstrated that this is not true; the
STA not only incorporates the Dirac theory, it also extends it in ways that were previously
unavailable. The geometry of real physical spacetime is richer than is often realised, and
spacetime algebra is the natural language to exploit this richness.
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A Majorana Spinors

The Majorana representation(? is defined by



Doran, Lasenby & Gull / States and Operators 21

Our translation for spinors in this representation is:

a® + jb°
—a* 4 jb? 1 - q
|4h) = ol t b = = ¢5(1 + 0y) + wioyz(1 — 02), (A.3)
—a’ — b3
where o .
¢ = a’+i1d"0y
w = B+ ibkoy. (A.4)

This ensures that the {%,} and j operators translate as for the Dirac and Weyl representations.
Verification is a matter of computation. The simplest translation to verify is 7, since

Vios = —w%(l +09) + ¢i03%(1 — 03) (A.5)

has the effect of switching the rows of the column spinor and introducing a minus sign,
as required. The Dirac equation, the bilinear covariants, and the C'; P and T operations
all translate in the same manner as in Section 3, although complex conjugation (which is
representation-dependent) translates differently:

)" e Yo (A.6)

It follows that Majorana (real) spinors are represented in the STA as

[Vhmaj & P31+ 02), (A7)

and are therefore very similar to 2-spinors, but with a different choice of null vector for the
Pauli projector. With charge conjugation defined as in (3.30) we see that, in the Majorana
representation, charge conjugation and complex conjugation play the same role. Applica-
tions of this translation include the classical model of Hasiewicz et al.l’¥ and the geometric
construction of Gibbons!?3,



