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NEWTONIAN EXAMPLE — THE LADDER

� The equations of motion are

m•x = N ; m•y = R � mg; I •� = Rx � N y

� The Cartesian coordinates (x; y)
are related to the angle � by

x = 1
2 l sin� y = 1

2 l cos�

_x = 1
2 l cos� _� _y = � 1

2 l sin� _�

•x = 1
2 l (cos� •� � sin� _� 2) •y = � 1

2 l (sin� •� + cos� _� 2)

� Solve for (R;N ):

R = mg� 1
2 ml (sin� •� + cos� _� 2)

N = 1
2 ml (cos� •� � sin� _� 2)

� Evaluate the moment Rx � N y:

= 1
2 ml gsin� � 1

4 ml 2
�
sin2 � •� + sin� cos� _� 2 + cos2 � •� � sin� cos� _� 2

�

= 1
2 mgl sin� � 1

4 ml 2 •�

= I •� = 1
12 ml 2 •�

� Find the equation of motion: 1
3 ml 2 •� = 1

2 mgl sin�

� But does it lose contact with the wall? Answer: yes!

N = 3
4 mgsin� (3cos� � 2cos� 0) where � 0 is the initial angle when

the ladder was at rest.
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THE FINITE AMPLITUDE PENDULUM

� We have met the pendulum equation several times: •� + ! 2
0 sin � = 0.

� This is approximately SHM if the angle � is small, so that sin � � � .

� But what is the exact period of a �nite­amplitude pendulum?

� You won't be be told anything in the rest of your course that will enable

you to solve this problem better than you can now. To be a functioning

theoretical physicist you will have to learn where you can look up the

answer .

� Experience helps — here I get the strong signal “Elliptic Integrals”. . .

� he �rst integral is E = 1
2 ma2 _� 2 � mga cos� = � mga cos� 0

where � 0 is the amplitude of the motion (assumed < � ).

� The period is then T = 4
r

a
2g

Z � 0

0

d�
p

cos� � cos� 0

a

� The complete elliptic integral is

K (m) =
Z � =2

0
dx

�
1 � m2 sin2 x

� � 1=2

� The integral transforms to T = 2
r

a
g

Z � 0

0

d�
q

sin2 � 0
2 � sin2 �

2

� We now remap the end­point of the integral to � =2 with the the

substitution sin( 1
2 � 0) sinx = sin 1

2 � and see the answer

T = 4
r

a
g

K (sin 1
2 � ).

aNow we need help! We have the usual choices: Abramowitz & Stegun “A Handbook of

Mathematical Functions” or Gradshteyn & Ryzhik “Table of Integrals, Series and Products”. Or

Maple, Mathematica or the web. . .
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THE FOUCAULT PENDULUM

� A very instructive example illustrating most of the general points in this

course.

� Method 1 Let the pendulum have angular frequency 
 2 = g=l. In a

frame rotating with the Earth (angular velocity 
 E ) at latitude � the

Cartesian equations of small oscillation are

•x + 
 2x = 2
 E sin� _y ; •y+ 
 2y = � 2
 E sin� _x

� These are coupled, second­order equations of the type that we will

meet again later. We seek the solution in matrix form by setting�
x(t)
y(t)

�
=

�
X
Y

�
ei! t , where X and Y are constant amplitudes.

� We get

�
� ! 2 + 
 2 � 2i! 
 E sin�

2i! 
 E sin� � ! 2 + 
 2

� �
X
Y

�
=

�
0
0

�
.

� This is a set of linear, homogeneous equations, which only have

non­zero solutions if the determinant of the matrix vanishes:

! 4 � 2! 2(
 2 + 2
 E sin2 � ) + 
 4 = 0

� There are two solutions for ! 2 (Normal Modes):

! 2 = 
 2 + 2
 2
E sin2 � � 2
 E sin�

q

 2 + 
 2

E sin2 �

� For 
 2
E � 
 these frequencies are approximately ! = 
 � 
 2

E sin� .

� What are the normal modes? I.e. the relative sizes of X and Y ?
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THE FOUCAULT PENDULUM II

� We have found two distinct frequencies ! 2 for the Foucault pendulum.

What are the shapes of the modes i.e. the ratio of X and Y in the

solution

�
x(t)
y(t)

�
=

�
X
Y

�
ei! t ?

� The modes are obvious here. They are modes that are proportional to�
1
i

�
and

�
1

� i

�
, i.e. modes where the x and y oscillations have

equal magnitudes, but are in quadrature (� =2 out of phase). In these

modes the particle moves in a circle (conical pendulum), either

clockwise or anticlockwise viewed from above (The Earth rotates

anticlockwise viewed from above the North Pole).).

� Inserting

�
X
Y

�
=

�
1

� i

�
into the equations of motion we see that the

equations are indeed consistent and that we have the simple equation


 2 � 2! 
 E sin� � ! 2 = 0 – simple quadratic equation for ! .

� Method 2. It is also instructive to consider the balance of forces of the

system when it is rotating as a conical pendulum at angle � to the

vertical.
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DYNAMICS OF GLOBULAR CLUSTERS AND GALAXIES

� Stellar velocities in globular clusters and elliptical galaxies have a

3­dimensional “thermal” distribution, rather like a Maxwellian.

� Spiral galaxies contain gas and dust, so also have a “disc” component

undergoing circular motion in the plane. The mass distribution is

neither very uniform, nor very centrally condensed (there can be a

black hole in the centre).

NGC 3198

� We can infer the mass distribution

by measuring the radial velocities

of stars and gas as a function

of radius from the centre.

For spiral galaxies this is called

the rotation curve.

� Rotation curves are usually very �at

in the outer regions of galaxies,

implying the presence of a massive halo of unseen dark matter

� For circular motion in a spherical potential v(r ) =

r
GM (r )

r
, so that

v(r ) = constant corresponds to M (r ) / r or � (r ) / r � 2

� The bulk density distribution is often modeled as � (r ) /
1

1 + r 2=r2
c

,

though this would not converge to a �nite mass (and the rotation curve

isn't �at enough. . . ).
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DYNAMICS OF GLOBULAR CLUSTERS AND GALAXIES II

� Orbits of stars in galaxies are

not ellipses, but are rosette

shaped. The curve illustrated

has M (r ) / r .

� Orbits of stars in the discs of

spirals are essentially circular,

but orbits of the halo stars are

fully three­dimensional, with the

radial component of the velocity

rather larger than the transverse component.

� The discs of spiral galaxies contain gas and dust, with dense star

formation regions. Components of interstellar medium:

nH /m� 3 T /K P /Pa

Molecular clouds 109 � 1010 20 3 � 10� 13

Diffuse HI � 3 � 107 70 3 � 10� 14

Intercloud HI � 3 � 105 6000 3 � 10� 14

Coronal gas < 104 5 � 105 < 7 � 10� 14

� Elliptical galaxies and globular clusters have little gas, so no further

star formation is possible.

� Gas can be stripped out of galaxies by passage through diffuse gas in

outer halos of large galaxies and clusters of galaxies.
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A NEW LOOK AT THE KEPLER PROBLEM

x

y
F=-A/r 2

r
q

a= semi-major axis

l = semi-latus rectum

l = r (1 � � cos� )

� Orbit of body under inverse­square force law is an ellipse with the

centre of attraction at one focus.

� It would all be simpler if the attraction centre was in the middle!

� Let's re­analyse the problem using Lagrangian mechanics, using

Cartesian coordinates (x; y) or polars (r ; � ) as appropriate.

� The action is

S =
Z

dt L =
Z

dt
�

1
2 m( _x2 + _y2) +

A
r

�

� Try complex transform: x + iy � z = � 2,

where � = � + i� .

) x = � 2 � � 2 ; y = 2� � ; r = � 2 + � 2 � � 2 :
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SQUARE ROOT OF THE KEPLER PROBLEM

� The transformed action is (after helpful cancelations)

S =
Z

dt
�

2m� 2( _� 2 + _� 2) +
A
� 2

�

� We would like to change the independent variable via dt = r ds, but

we have to be very careful: we have to enforce this condition

throughout the variation of (� ; � ). But it's a non­holonomic

constraint. . .

� We can do this by introducing a Lagrange multiplier (called an

“einbein”)

� 2
Z

� (r ds � dt)

.� The action now simpli�es considerably!

=
Z

ds2
�

m(( � 0)2 + (� 0)2) +
A
2

� � (� 2 + � 2 � t0)
�

where (� )0 � d(� )=ds.

� Lagrange's equations:

m� 00+ �� = 0 ; m� 00+ �� = 0 ;

which is two­dimensional simple harmonic motion!
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GENERAL SOLUTION OF THE KEPLER PROBLEM

x
hr

x

yr
q A A

B

B

C

A: =0,W ps B: = /2s pWC: = /4s pW
� The solution (w.l.o.g) is

� = � 0 cos
 s

� = � 0 sin 
 s

x = 1
2 (� 2

0 � � 2
0) + 1

2 (� 2
0 + � 2

0) cos2
 s

= a (� + cos2
 s)

y = � 0� 0 sin2
 s

= bsin2
 s

r = a (1 + � cos2
 s)

t = as +
a�
2


sin2
 s

� Works for the relativistic Kepler problem too. . . + Dirac magnetic

monopole. . .

� Many essential features of this solution were known to Newton, but the

procedure is the “Kustaanheimo­Stiefel” transformation.
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THE ONE BODY PROBLEM

� Simplest case: body with (negligible) mass m in circular orbit around

mass M , with angular velocity ! and radius r .

� Balance of forces
GM m

r 2 = m! 2r

) angular velocity given by ! 2 =
GM
r 3

� Kepler's third law: period of orbit T / r 3=2

� Kinetic energy: 1
2 m! 2r 2 =

GM m
2r

= � 1
2 � potential energy: V = �

GM m
r

.

� Consistent with Virial theorem.

� Recall the other Kepler laws: moves in ellipse with attraction centre at

one focus; sweeps out equal areas in equal times ) conservation of

angular momentum.

� Sometimes convenient to work in frame

rotating at angular velocity ! , using an

effective potential

� e� (x ) = �
GM
jx j

� 1
2 ! 2x2

� Equation of motion in rotating frame: •x + 2! ����� _x = � r � e�

� Conservation of energy: m
�

1
2 _x 2 + � e� (x )

�
= constant = E .
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ORBITS IN THE ONE­BODY EFFECTIVE POTENTIAL

� Gravity and centrifugal force balance at radius jx j = r , and the

effective potential is a maximum on this circle, decreasing both inwards

and outwards. A body at rest on this circle will stay there.

� Orbits of other bodies seen in the rotating frame are just rotating

ellipses, so the motion is bounded in radius.

� Bodies moving tangentially at the correct Keplerian velocities will

continue in circular motion.

� Body started at rest in the rotating frame at jx j 6= r drops in the

potential, but Coriolis force brings it back. Bodies outside the circle drift

so as to lag the rotation, bodies inside drift forwards. Many other

motions are possible.
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THE TWO­BODY PROBLEM

� The two masses M 1 and M 2 orbit the centre of mass.

� Each orbit is an ellipse in a common plane with the centre of mass at

one focus. The ellipses have the same eccentricity and phase.

� The important case is circular motion.

Balance of forces for M 1:
GM 1M 2

r 2 = M 1! 2
�

M 2r
M 1 + M 2

�

) ! 2 =
G(M 1 + M 2)

r 3

� Effective potential � e� (x ) = �
GM 1

jx � x 1j
�

GM 2

jx � x 2j
� 1

2 ! 2x2

� The addition of a �nite mass M 2 breaks the symmetry of the effective

potential. There are now only �v e points where the potential is

stationary: the Lagrange points.
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THE LAGRANGE POINTS

� Lagrange point L1 lies between the masses and de�nes a

�gure­of­eight potential, the interior of which is called the “Roche Lobe”.

� The Roche lobes de�ne the volumes of space that “belong” to the

masses M 1 and M 2. Many important and exotic processes that occur

in binary star systems involve transfer of material between Roche

lobes.

� Two other points L2 and L3 lie on the line joining the masses.

� The points L4 and L5 lie in the orbital plane, making approximately

equilateral triangles with the masses.
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THE RESTRICTED THREE­BODY PROBLEM

� We can use the Roche effective potential to study the motion of test

particles, such as space probes and small asteroids in the solar

system.

� The Lagrange points L1, L2 and L3 are saddle points of the potential;

they do not permit stable orbits, but the L2 point of the Sun­Earth

system is an excellent place to study the universe because you don't

have to orbit the Earth (WMAP satellite is already there, and other

missions are planned).

� The points L4 and L5 are the maxima of the effective potential; motion

around them is stable if the secondary mass is small enough.

� Bodies orbit the L4 or L5 clockwise, bound by the Coriolis force. It is

also possible to transfer between them.

� In the Sun­Jupiter system, about 1700 asteroids (called Trojan

asteroids) are known to occupy the L4 (Greek) and L5 (Troy) areas.

� When the mass ratio is less than 24:96, the L4 and L5 points are no

longer stable.
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THE HORSESHOE ORBITS

� When the mass ratio M 1=M 2 is high (e.g. for the Sun/Earth system)

the Trojan orbits are likely to be more extreme and are called

“horseshoes” .In these a small body occupies more or less the same

orbit as the small mass M 2

� It works like this: start on the inside, travelling slightly faster than the

mass M 2. You eventually catch up and begin to fall into the well.

Coriolis force whips you round and now you're on the outside, going

slower than the mass. Eventually the mass M 2 catches up, you fall

into the well and are deposited on the inside again. It's a bit like driving

on the M25, with all exits closed, and being redirected onto the

opposite carriageway at the Dartford crossing.
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CRUITHNE — EARTH'S SECOND MOON? (NO. . . )

� Earth currently has an asteroid (A 3753 also known as Cruithne)

locked in a 1:1 horseshoe resonance orbit. It take 770years to

complete the orbit.

� It is not a permanent arrangement — in a few tens of thousands of

years it will drift away as Jupiter breaks the lock.

� 3:2 resonances also occur in the solar system: Pluto orbits the Sun

twice for every three orbits of Neptune (0.2% out).

� (Tidal locking) Mercury has an

an eccentric orbit: rotates 3 times

in every 2 periods, so always

presents the same principal axis

to the Sun at perihelion.

The 3 : 2 locking allows the planet

to corotate at perihelion, when tidal

forces are strongest. The eccentricity is 0.2056, so

that the tidal forces are 3.5 times greater at perihelion than at aphelion.
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GRAVITATIONAL POTENTIAL, FIELD AND TIDAL FORCES

There three important aspects to gravitation (Newtonian or GR).

� Gravitational potential � (r ) This determines energies and

redshifts; velocities of objects and temperature of gases. Always

relative — can't have an absolute value. For point mass � = �
GM
R

.

[Newtonian potential is one part of the metric of GR.]

� Gravitational �eld g(r ) = � r � This determines

accelerations and orbits. The �eld is also relative (perhaps

surprisingly). e.g. we ( and the Local Group of galaxies) could all be

accelerating to a “Great Attractor” and nothing would change here. For

point mass jgj =
GM
R2 .

[Gravitational �eld is one part of the “connection” in GR].

� Gravitational tidal �eld R (a) = a�r g This is all one can

feel and measure locally — it describes how the gravitational �eld

varies in space. In components [R (a)] i = Rij aj where Rij �
@gi

@x j

The gravitational tidal �eld varies as 1=R3: for a point mass it is

R(û r ) =
2GM

R3 û r ; R(û � ) = �
GM
R3 û � ; R(û � ) = �

GM
R3 û � ;

This says you are stretched in the direction of the mass, and squashed

by half as much in the transverse directions.

The tidal acceleration tensor R ij = �
@2�

@x i @x j
gives the coef�cients

of the quadratic term in the Taylor expansion of the gravitational

potential.

[Tidal �eld is part of the Riemann tensor of GR].
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MORE ABOUT TIDAL FORCES

� The gravitational �eld near a point mass is directed radially and is

proportional to 1=r2. The tidal forces consist of a radial stretching

2GM =r3 and a sideways compression � GM =r3.

� For the two­body potential we must also add the contribution from

centrifugal force — this is a stretching in two directions in the plane of

rotation, and no contribution in the direction of the rotation axis. This

assumes our stick man is corotating with the orbit (i.e. keeping the

same relative orientation with respect to the mass M ).

� The sum is a stretch of 3GM =R3 along the radial direction, no

contribution in the orbital plane and � GM =R3 perpendicular to the

plane.

� Tidal forces are weak on Earth and not very strong in the solar system

(exception: Jupiter and Io), but tidal forces can be colossal near

compact objects such as neutron stars.
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ORIGIN OF THE TIDES

� Looking down on the orbital plane, we see the Earth rotating under a

tidal bulge of water, making two tides a day (� 1 hr later per day).

� The tidal acceleration in the Earth­Moon direction is
3GM 2z

r 3 , where z

is the distance from the centre of the Earth.

� Integrating to get the tidal potential we �nd � tide = �
3GM 2a2

2r 3 at

the surface at point A.

� There is no tidal potential at point B, so the height h of the tide is given

by � tide = � gh, where the gravity g =
GM 1

a2 .

� Eliminating g, the height of tides is h =
3M 2a4

2M 1r 3 = 0:5 m.

� Can be less (Mediterranean) or much more, due to limited �o w or

ampli�cation by resonances.

� Tide from the Sun about half that from the Moon — explains “spring”

and “neap” tides.

� The Moon now keeps the same face towards us — its initial additional

rotation was dissipated against Earth tides of 16m. It was once much

closer to us, and it is still receding. (The rotation of the Earth is also

slowing down.)
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HAMILTON'S PRINCIPLE

� Hamilton's principle:

�
Z

dt L (q; _q; t) = 0

� For a single coordinate q:

� S =
Z

dt � L =
Z

dt
�

� q
@L
@q

+ � _q
@L
@_q

�

=
�
� q

@L
@_q

�
+

Z
dt � q

�
@L
@q

�
d
dt

@L
@_q

�

� The variation with respect to � q is called the functional derivative:

� L = � q
� L
� q

;
� L
� q

�
@L
@q

�
d
dt

@L
@_q

� The function q(t) is being treated like a vector in a very big space

(Hilbert space).
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IS THE ACTION MINIMISED OR MAXIMISED?

� The action is stationary, but it isn't (usually) a minimum or a

maximum. . .

� To test whether a stationary point is a minimum or maximum we must

consider the second variation � 2L , which is quadratic in � q — for

single coordinate q:

� 2S =
Z

dt
�

� q2 @2L
@q2 + 2� q� _q

@2L
@q@_q

+ � _q2 @2L
@_q2

�

� Unfortunately, the “integration by parts” trick doesn't work in general

this time. . . (can do the second term, though)

Bother. . .

� But the functional second derivative
� 2L
� q2 still exists.

� We can investigate whether it's a maximum or minimum in particular

cases.

� For a free particle L = 1
2 m _q2, it's a minimum.



Classical Dynamics and Fluids — Bits in the Middle P 22

SIMPLE HARMONIC OSCILLATOR

� The case of a simple harmonic oscillator is very instructive.

� For spring constant k and mass m we have

L = 1
2 m _q2 � 1

2 kq2

.� We can take the Fourier transform ~q(! ):

Z
dt

�
1
2 m _q2 � 1

2 kq2�
=

1
4�

Z
d! j~q(! )j2

�
m! 2 � k

�

(Parseval's theorem — take care with end points and de�nition of

Fourier transform. . . )

� First­order variation shows that ~q(! ) = 0 except for ! 2 = k=m
(gives solution).

� Second­order variation

� 2S =
1

4�

Z
d! j� ~q(! )j2

�
m! 2 � k

�

can be either positive (! 2 > k=m) or negative (! 2 < k=m).
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VARY ALL YOUR PRINCIPLES. . .

� We have been varying the coordinates q so far, but we may get extra

information by varying other things too. . .

� For, example consider a constraint f (q; _q; t) = 0 with multiplier � :

�
Z

dt (L (q; _q; t) � �f (q; _q; t)) = 0

� Variation of the action with respect to � yields f (q; _q; t) = 0.

� It is good practice to set up the action so that variation of all variables

yield sensible equations.

� Variational mathematics is subtle. Remember, nothing it is so constant

that it can't be varied. . .
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THEORY OF HYDRODYNAMICAL TURBULENCE

“When we don't know what the hell is going on we call it turbulence”.
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GENERAL FEATURES OF TURBULENCE

� The spatial power spectrum W(k) of the velocity distribution in

hydrodynamical turbulence shows the general feature of all types of

turbulence.

1. Energy generation at some spatial scale (k­number).

2. Energy �o w from this region due to nonlinear effects, through a

region with a stationary spectrum (Wk / k � 5=3).

3. A region where energy is dissipated in the form of heat.

� In hydrodynamical turbulence energy is generated on large scales and

is dissipated by viscosity at the scale of the mean free path � .

� In collisionless plasma turbulence the eventual dissipation will be at low

(k­number), so the energy �o ws the other way.
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WAVES IN COMPRESSIBLE FLUIDS

� Sound waves in a gas travel at vs =

s

 P
�

.

� The sound waves carry “information” around the �uid about moving

objects, etc.

� If a �uid is moving subsonically

past a source of waves

(e.g. a body), the waves

are carried slowly downstream,

but can still propagate upstream.

� Subsonic movement of �uid is

qualitatively different from supersonic �o w.

� The Mach number M = v=vs where vs is the upstream sound speed.

� Waves get carried away quickly

downstream, leaving an

undisturbed �o w of �uid upstream

of the caustic at the Mach angle

sin � = vs=v.
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SHOCK FRONTS

� Supersonic �o ws are characterised by the presence of shock fronts,

with a sudden discontinuity of density, pressure and velocity. This is

accompanied by dissipation leading to an increase of entropy.

� In a one­dimensional shock tube a piston moves into a �uid at a speed

vp greater than the initial sound speed vs of the gas in the tube.

� A shock advances into the colder, stationary gas, and hot, shocked gas

then moves with the velocity of the piston.

� Look at the process in the frame moving with the shock. Upstream of

the shock, the particles of the �uid have an ordered, supersonic

motion. The downstream particles have a much more disordered

motion (hotter), and a lower bulk velocity.

� Collisional gases/plasmas: thickness � � collisional mean free path.

� Collisionless plasma: thickness � v=� Di due to plasma waves.
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SHOCK FRONTS II

� Shock fronts are regions dominated by microscopic physics: effects of

viscosity; thermal conduction; generation of turbulence; plasma wave;

magnetic viscosity.

� Shocks are contained to a length scale of the mean free path (though

shocks often determine the mean free path).

� Conser vation laws of the �ux es

of mass, momentum and energy

imply continuity across a normal

shock front of

Mass �ux: � 1v1 = � 2v2

Momentum �ux: P1 + � 1v2
1 = P2 + � 2v2

2

Energy �ux:

 P1v1


 � 1
+ 1

2 � 1v3
1 =


 P2v2


 � 1
+ 1

2 � 2v3
2

� Lead to the Rankine­Hugoniot shock conditions.

v2

v1
=

� 1

� 2
=


 � 1

 + 1

�
1 +

2
(
 � 1)M 2

�

P2 = P1 +
2� 1v2

1


 + 1

�
1 �

1
M 2

�

where M is the upstream Mach number
v1

vs
and vs =

s

 P1

� 1
.

(These formulae are not for examination, but very much easier to prove

than appears at �rst sight. . . )

� Density compression of 4 for the usual case of a strong shock in a

monatomic non­relativistic gas (
 = 5
3 ).
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MOMENTUM FLUX
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WEAK SHOCKS IN AIR
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HYDRAULIC JUMPS
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BLAST WAVE
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BLAST WAVE II
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SEDOV SOLUTION FOR BLAST WAVE

� Experimental data for atomic bomb in New Mexico:

� The data �t the R / t2=5 law extremely well for t > 1 ms

� G.I. Taylor used the radius versus time data and published a paper in

Nature which gave the yield of the explosion.

� This annoyed the military, as this information was classi�ed (despite

the fact that they had released the series of photographs giving radius

and time).


