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ELASTICITY — FUNDAMENTALS

dl

F

F

l

� Revision : An elastic wire of length l ,
cross­section A is subject to a stretching

force F and extends by � l .

dl

F

elastic region

fracture

� In the elastic region the wire returns to its

original length when the force is removed.

� Stretching beyond this point causes plastic

deformation and fracture.

� In the linear elastic region the material

obeys Hooke's Law. (1678a) `Ut tensio, sic vis',

which means `as the extension, so the force',

i.e. the extension is propor tional to the force.

� De�nition : for small elastic displacements

F = EA
� l
l

where E is Young's modulus.

F

F

F

F

� For the same extension the force / area.

� For the same force the extension � l / l .

aHooke actually published it in 1676 as `ceiiinosssttuv'
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YOUNG'S MODULUS AND POISSON'S RATIO

� Hooke's law:
F
A

= E
� l
l

.

� This says that the stress (force/unit area) is proportional to the strain

(fractional distortion).

dl

sdl

� Elastic medium stretched by � l due to

tension in the 1­direction

(axes �x ed in the medium).

� Response in other directions (2;3)
is a compression a by � � l .

� � is the Poisson ratio .

� For an isotropic solid (i.e. one with no preferred directions) the elastic

properties are completely determined by the Young modulus E and the

Poisson ratio � .

� We will see that the shear modulus G =
E

2(1+ � )
and

the bulk modulus B =
E

3(1� 2� )
.

aThis “compression” is in the de�nition of Poisson's ratio — some materials actually expand (i.e.

their Poisson ratio is negative.)
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STRESS AND STRAIN

� For an linear elastic medium

STRESS / STRAIN

(force/unit area trying (fractional distortions

to distort the medium) of the medium)

t

t

t

t1

2

t3

2

1

� For a unit cube of material apply tensions

(� 1;� 2; � 3) along the x; y;z­axes.

These produce distortions
� l
l

� (e1;e2;e3).

� Example: tension � 1 along the x­axis

(i.e. � 2 = � 3 = 0) produces strains

E(e1;e2;e3) = � 1(1;� � ; � � )

� N.B. (� 1;� 2; � 3) and (e1;e2;e3) are NOT vectors.

� The medium responds in a similar way if there are stresses � 2 and � 3. Since

the strains are linear we have

Ee1 = � 1 � � � 2 � � � 3

Ee2 = � � � 1 + � 2 � � � 3

Ee3 = � � � 1 � � � 2 + � 3

� That's all there is to elasticity in isotropic media. . .
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BULK MODULUS

P

P

+
� Consider a medium under isotropic pressure P:

� 1 = � 2 = � 3 = � P .

� Applying the relations

Ee1 = � 1 � � � 2 � � � 3 = � P(1 � 2� ) etc.

we get e1 = e2 = e3 = �
P(1 � 2� )

E
.

1+e

1+e1

1+e2

3� The change of volume of the unit cube is

(1+ e1)(1 + e2)(1 + e3) � 1+ (e1 + e2 + e3) :::
so that the pressure decreases the volume

by � V =
3P(1� 2� )

E
.

� The bulk modulus B is de�ned as P � � B
� V
V

so that

B =
E

3(1� 2� )

� B has to be positive for a medium to be stable, so the largest possible value

of � is � < 1
2 . For such a medium the volume change is zero.
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SHEAR STRESS AND STRAIN

txy

t xy

t yx
t yx

x

y
� Shear stress � xy is the force/unit area in the

x­direction transmitted across the y­planes.

� Shear stresses have to be symmetric � yx = � xy

as there can be no net couple in equilibrium.

t

t

t

t

angle of shear

� Shear stresses produce shear strain

de�ned by the shear angle .

� Shear can be produced by a combination

of tension and compression

� 2 = � � 1 (with � 3 = 0).

t 1t 1

t 2

t 2

� Consider a unit cube:

Shear force � =
p

2 transmitted to inner square

of side 1=
p

2 so that the shear stress is � .

e /21

e /21

q

q

A

B

� Strain given by Ee1 = � 1 � � � 2 � � (1+ � ).

� The angle marked as � in the diagram is � = e1.

� The shear angle is 2� = 2e1.

� Shear modulus Gis

(shear stress)/(shear angle)

) G =
E

2(1+ � )

� For the medium to be stable we

must have � > � 1, though this is

not much of a limit in practice.
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A CLOSER LOOK AT THE SHEAR ANGLE

e /21

e /21

q

q

A

B
1

2
p

2

� The unit cube is distorted as shown (greatly exaggerated).

� The distance AB is 1=(2
p

2).

� The point B has moved by e1=2 at angle � =4 to AB (it is e1=2 because the

distance from the centre to B 1=2.

� The angle � s therefore � �
e1=(2

p
2)

1=(2
p

2)
= e1 for small strains (e1 � 1).

� The angle of shear is de�ned to be 2� = 2e1.
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FORMAL DEFINITION OF STRESS

� Stress is de�ned as the force/unit area transmitted across planes in the

medium. It requires a matrix (tensor) notation to specify it completely. The

force dF transmitted across an element of vector area dS is dF = � �dS

� As a matrix we have � =

0

@
� xx � xy � xz

� yx � yy � yz

� zx � zy � zz

1

A

� Example: � yz is the force/unit area in the y­direction transmitted across the

z­plane (i.e. the plane perpendicular to the z­axis).

t xy

t xy

t yx
t yx

� The stress tensor is symmetric , i.e. � yx = � xy etc.

Any antisymmetric part represents a net couple

that tends to rotate the medium, rather than

distort it.

� The stress tensor can be made diagonal for a

suitable choice of axes: � =

0

@
� 1 0 0
0 � 2 0
0 0 � 3

1

A
t2

t3

t1
� Any arbitrary stresses can be expressed in terms

of three principal components (� 1;� 2; � 3).
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FORMAL DEFINITION OF STRAIN

� Local distortion of the medium takes a point at x = (x; y;z) to new position

x + X (x ) = (x + X ;y+ Y;z+ Z ).

� The derivatives
@X
@x

,
@X
@y

, etc. contain information about the strain .

Dx

Dy

A B

� x
@X
@x� Consider a small volume (� x; � y;� z).

The distortion moves the point A

at (x; y;z) by (X ;Y;Z ), but the

point B at (x + � x; y;z) is moved by

(X + � x
@X
@x

;Y + � x
@Y
@x

;Z + � x
@Z
@x

)

� The normal strains are exx =
@X
@x

, eyy =
@Y
@y

and ezz =
@Z
@z

.

@Y
@x

@X
@y

� The shear angle in the xy­plane is
@Y
@x

+
@X
@y

.

� We de�ne the shear strain

exy = eyx = 1
2

�
@X
@y

+
@Y
@x

�

@Y
@x

@X
@y

� The quantity 1
2

�
@X
@y

�
@Y
@x

�
represents

a rotation of the medium, not a distortion

(it is a component of r ����� X ).
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THE STRAIN TENSOR

� Since the quantity 1
2

�
@X
@y

�
@Y
@x

�
represents a rotation of the medium

not a distortion there are only 6 independent components of strain

(exx ;eyy ;ezz ;exy ;eyz ;exz ;).

� We write the strain tensor as

e=

0

@
exx exy exz

eyx eyy eyz

ezx ezy ezz

1

A

� In suf�x notation this is eij = 1
2

�
@X i

@xj
+

@X j

@xi

�
.

� The distortion due to strain can be written � X = e�� x.

� Because the strain tensor is symmetric we can always �nd a set of

orthogonal principal axes which diagonalise the tensor. we write

e=

0

@
e1 0 0
0 e2 0
0 0 e3

1

A .

� If the elastic medium is isotr opic , then the axes that diagonalise the strain

tensor are the same axes that diagonalise the stress tensor.
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ELASTIC CONSTANTS

� The de�nition of the Young modulus and Poisson ratio shows that the

principal stresses and strains are related by Ee1 = � 1 � � � 2 � � � 3, etc.

� The inverse relation is less easy to remember:

� 1 =
E

(1+ � )(1 � 2� )
((1 � � )e1 + � e2 + � e3)

� We can tidy this up by de�ning � �
E �

(1+ � )(1 � 2� )
a (Lamé's constant)

� 1 = � (e1 + e2 + e3) + 2Ge1 etc.

� There a part of the stress that is proportional to the strain (the G term), plus

an additional isotropic pressure proportional to the net change of volume

e1 + e2 + e3 = Tr (e) = r �X (the � term): � = � Tr (e)I + 2Ge.

� If you need to work in axes that are not the principal axes of the stress and

strain, the normal components are still related via

Eexx = � xx � � � yy � � � zz , etc.

� If there are off­diagonal shear strains, they are related to the shear stresses

by G(2exy ) = � xy etc, where the shear modulus G =
E

2(1+ � )

� Recall the formulae B =
E

3(1� 2� )
. There is also the relation � = B � 2

3 G.

aLamé's constants (another parameterisation of the elastic constants) are � and � . They are

related to the bulk and shear moduli by � = B � 2
3 G and � = G



Classical Dynamics and Fluids P 107

ENERGY STORED IN ELASTIC STRAIN

� Reminder: if force / extension F = �x , then work done

W =
Z x

0
dx0 �x 0= 1

2 �x 2.

Dx

Dz

Dy

txx

t yx
t zx� Consider a small volume (� x; � y;� z).

� Net distortion due to the strains is

� x(exx ;eyx ;ezx ).

� The forces on the faces are � y� z(� xx ;� yx ; � zx ).

� Stress / strain throughout, so the energy stored by work done on the yz
faces is W = 1

2 � x� y� z(exx � xx + eyx � yx + exz � xz )

� The total energy stored is therefore

1
2 (Volume)(� xx exx + � yy eyy + � zzezz + 2� xy exy + 2� yzeyz + 2� zx ezx )

� The energy stored in an isotropic elastic medium can only depend on the

eigenvalues of the strain tensor,so this all tidies up nicely to
1
2 (Volume)(� 1e1 + � 2e2 + � 3e3), so the elastic energy per unit volume in

a linear elastic medium is

� U(e) = 1
2

�
(B � 2

3 G)(e1 + e2 + e3)2 + 2G(e2
1 + e2

2 + e2
3)

�

� We can also express this as U(e) = 1
2

�
(B � 2

3 G)(Tr (e)) 2 + 2GTr (e2)
�
.
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ELASTICITY: EXAMPLES

q

f

L

t

r

top view

thickness
� Example 1. Thin tube, radius r and

thickness t � r twisted by angle �
over its length L .

� The angle of shear is � =
r
L

� .

� Stress � = G� and the force is

F = 2� r tG� .

� The couple is F r =
2� Gr 3t

L
� .

� For a solid cylinder of radius a, integrate over r : the couple is
� Gr 4

2L
�

P

t z

tf tf

rthickness

A
P P

B

t� Example 2.

Thin tube radius r
and thickness t � r
under pressure P.

� Consider balance of forces in the plane AB: Upward force/per unit length due

to pressure is 2r P (remember to resolve forces!).

� This is balanced by “hoop stresses” � � with force per unit length 2t � � .

� Hence � � =
r
t
P , i.e. � � is very large compared to P if the tube is thin.

� Note that the transverse strain e� is given by e� =
� r
r

.

� Balance of forces along the tube: 2� r t � z = � r 2P , so � z =
r P
2t

, again

much bigger than P.
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EXTENDED EXAMPLE — BENDING OF BEAMS

neutral axis y

R
compressed

stretched� An initially straight beam subjected to a

bending moment distorts by bending into

an arc with radius of curvature R.

� We shall only consider longitudinal stresses and strains,

which is valid for small displacements of thin beams.

� If there are no compressional forces, there will be

a neutral axis which is unstressed.

� Parts of the beam further from the centre are stretched

and parts nearer the centre are compressed.

neutral axis

stretched

compressed

y

x

� The couple tending to bend the beam is

the moment of the longitudinal forces on

an element.

� The strain at distance y from the neutral axis is exx =
y
R

so the total couple

(i.e. the bending moment) is B =
Z

dArea y �
�

E
y
R

�
.

� De�ning the “moment of area” I =
Z

y2 dArea, we have B =
EI
R

.

� The calculation of the moment of area is very similar to that of the moment of

inertia. For example, for a beam of circular cross­section with radius a it is
1
4 (� a2) a2. For a beam of rectangular cross­section a� bthere are two

principal moments of area 1
12 (ab) a2 and 1

12 (ab) b2.
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BENDING OF BEAMS II

dx

d dF=W  xF

F+  Fd
� Consider the forces on an element dx.

The upward forces F balance

downward loads dF = W(x)dx,

but produce a couple F dx which must

be balanced by a change in the bending moment B .

� Balance of forces: dF = Wdx, where W(x) is the load per unit length .

� Balance of couples: dB = � F dx.

� We then use B =
EI
R

. For small de�ections we have
1
R

= y00a where

0= d=dx.

� Since F = �
dB
dx

and W =
dF
dx

we can derive the equation

W = � E I y0000. It's sometimes useful in practice.

� To solve problems involving bent beams:

(1) draw a diagram of the forces needed to support the beam at position x.

This is called a free­bod y diagram because it shows the force necessary

to support the portion of the beam (say) to the right of x.

(2) Draw a diagram of the bending moment in the beam by taking the

moments of these forces.

(3) Then use E I y00= B (x) and apply the boundary conditions.

� Boundary conditions. Here are some common ones:

(1) Free end: no force or couple F = B = 0) y00= y000= 0.

(2) Cantilever: y and y0 given (usually zero).

aThe full formula for the radius of a curve y(x) is
1

R
=

y00

(1 + (y0)2 )3=2
. It's easy to prove. . .
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BENDING OF BEAMS: EXAMPLES

W

W

W

W

C

� Light beam loaded at end x = L ,

cantilevered at x = 0.

This corresponds to a loading

W(x) = W� (x � L ).

W

B

F

WL

x=0 x=l

� Sign convention: y is downwar ds.

� Support provides reaction force W
and couple WL .

� The stress forces on any element of the

beam are W . The bending moment

increases linearly from zero at x = L to WL at x = 0.

� Bending moment B = W(L � x) = EI y00.

� Integrating and setting y(0) = y0(0) = 0: y(x) =
W
EI

�
1
2 Lx 2 � 1

6 x3
�
.

� Beam bent most strongly at the support.

� Example 2: Beam freely supported at both ends, loaded in the middle.

W

W/2W/2 W/2

B

F

WL/4x=0

x=l

� Bending moment B = � 1
2 Wx for 0< x < 1

2 L and

B = 1
2 W(x � L ) for 1

2 L < x < L . Maximum bending moment 1
4 WL .

� Symmetric about x = 1
2 L so y0= 0 there:

y(x) =
W

4EI

�
1
4 L 2x � 1

3 x3
�

(x < 1
2 L ).

� Beam bent most strongly in the middle.
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LIGHT BEAM CANTILEVERED AT BOTH ENDS

� Example 3: Beam cantilevered at both ends.

W

W/2

WL/8

W/2

B

S
WL/8

x=0

x=l

� Force diagram is the same as Example 2. The supports now apply a couple
1
8 WL to enforce the boundary condition y0= 0

� Beam bent equally strongly in the middle and at both ends.

� Remarks

y
(1) Stiffness of a beam is / moment of area

I =
Z

y2 dArea.

This leads to the design of the “I­beam”.

(2) Stiffness varies in different directions, so the force and the de�ection are

not parallel in general. But the force and de�ection are parallel for two

orthogonal principal axes.
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RECIPROCITY THEOREM
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EULER STRUT

FF
x

y

x=0 x=L

� Beam buckled as shown between

�x ed supports. What is the force F ?

� The bending moment at position x
is B = � F y(x).

� Setting B =
EI
R

� E I y00yields y00+
F
EI

y = 0.

� Since y = 0 at x = 0 the solution is y = A sin

r
F
EI

x and the boundary

condition y = 0 at x = L sets

r
F
EI

L = � .

� Hence the Euler force is
FE =

� 2E I
L 2

� For small de�ections the Euler force is independent of the displacement.

� If a beam is loaded longitudinally with a force F < FE it will will remain un­

buckled (y(x) = 0). If the force is increased to F � FE it will suddenly buckle.

F

L

C

� The Euler force depends on the method of support.

For a beam cantilevered into the ground and loaded

vertically the Euler force is FE =
� 2E I
4L 2 .

� The large­amplitude defection of a buckled beam is

the so­called “elastica” problem and is closely related

to the large­amplitude motion of a pendulum. It was

investigated very early in the history of dynamics,

and solved completely in 1695a.

aThe Euler force is FE =
4� 2E I

L 2
K 2(sin 1

2 � 0), where K is the complete Elliptic integral.



Classical Dynamics and Fluids P 115

THE FINITE AMPLITUDE PENDULUM — NON­EXAMINABLE

� We have met the pendulum equation several times: •� + ! 2
0 sin� = 0.

� This is approximately SHM if the angle � is small, so that sin� � � .

� But what is the exact period of a �nite­amplitude pendulum?

� You won't be be told anything in the rest of your course that will enable you to

solve this problem better than you can now. To be a functioning theoretical

physicist you will have to learn where you can look up the answer .

� Experience helps — here I get the strong signal “Elliptic Integrals”. . .

� he �rst integral is E = 1
2

_� 2 � ! 2
0 cos� = � ! 2

0 cos� 0 where � 0 is the

amplitude of the motion (assumed < � ).

� The period is then T = 4

s
1

2! 2
0

Z � 0

0

d�
p

cos� � cos� 0

a

� The complete elliptic integral is K (m) =
Z � =2

0
dx

�
1� m2 sin2 x

� � 1=2

� The integral transforms to T =
2

! 0

Z � 0

0

d�
q

sin2 � 0
2 � sin2 �

2

� We now remap the end­point of the integral to � =2 with the the substitution

sin( 1
2 � 0) sinx = sin 1

2 � and see the answer T =
4

! 0
K (sin 1

2 � 0).

aNow we need help! We have the usual choices: Abramowitz & Stegun “A Handbook of Math­

ematical Functions” or Gradshteyn & Ryzhik “Table of Integrals, Series and Products”. Or Maple,

Mathematica or the web. . .
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DYNAMICS OF ELASTIC MEDIA

Dx

Dz

Dy

txx

t yx
t zx

� Consider a small volume (� x; � y;� z):

variation of stresses causes acceleration.

� The net force in the x­direction on the x­faces is

Fx = (� y� z) � � x
@� xx

@x
= Volume�

@� xx

@x

� Summing over the other faces Fx = Volume�
�

@� xx

@x
+

@� xy

@y
+

@� xz

@z

�
.

� The equation of motion of a small element is

�
@2X
@t2 =

@� xx

@x
+

@� xy

@y
+

@� xz

@z
, where � is the density.

� The full equations of motion can be written in suf�x notation as

�
@2X i

@t2 =
X

j

@� ij

@xj
or as �

@2X
@t2 = r �� .

� The stress is related to the strain: � = (B � 2
3 G)Tr (e)I + 2Ge.

� Using eij = 1
2

�
@X i

@xj
+

@X j

@xi

�
and Tr (e) = r �X we get

X

j

@� ij

@xj
= (B � 2

3 G) @
@x i

r �X + G
P

j
@

@x j

�
@X i
@x j

+ @X j

@x i

�

= (B + 1
3 G)

@
@xi

r �X + Gr 2X i

� We therefore get a vector equation of motion

�
@2X
@t2 = (B + 1

3 G)r (r �X ) + Gr 2X

� This can also be written

�
@2X
@t2 = (B + 4

3 G)r (r �X ) � Gr ����� (r ����� X )
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ELASTIC WAVES

� The vector wave equation for elastic waves:

�
@2X
@t2 = (B + 1

3 G)r (r �X ) + Gr 2X

� We can �nd wave solutions (normal modes) e.g. a wave travelling the in

x­direction X = (X 0;Y0;Z0)ei ( ! t � kx ) .

� The divergence of X is ik X 0ei ( ! t � kx ) .

� The gradient of the divergence (r (r �X )) is (� k2X 0;0;0)ei ( ! t � kx ) .

� The term r 2X is (� k2X 0;� k2Y0;� k2Z0)ei ( ! t � kx ) .

� The time derivative is
@2X
@t2 is (� ! 2X 0;� ! 2Y0;� ! 2Z0)ei ( ! t � kx ) .

y

x

� If the displacement is in the y­direction

it is a transverse shear, or S­wave:

we �nd �! 2 = Gk2,

so velocity ! 2
S = G=� . It's the same if the displacement is in the z­direction.

x

� If the displacement is in the x­direction

it is a longitudinal compressional ,

or P­wave. Both terms on the RHS

now contribute so �! 2 = (B + 4
3 G)k2.

The velocity of a longitudinal wave is ! 2
P = (B + 4

3 G)=� .

� For any k ­vector we can similarly �nd waves X = X 0ei ( ! t � k �x ) : there

are three modes; two transverse (! 2
S = G=� ) and one longitudinal

(! 2
P = (B + 4

3 G)=� ).
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ELASTIC WAVES II

� These S­waves and P­wave modes describe waves propagating in a bulk

medium (i.e. size � wavelength). Waves near the surface of a medium have

many interesting properties.

dS t
n� Boundary conditions at a surface:

1. free boundary. The normal component of the stress vanishes:

n �� �dS = 0, where dS = n jdSj.

2. Fixed boundary: normal component of the displacement vanishes:

n �X = 0.

� Example 1: longitudinal waves in x­direction on a thin rod (thickness �
wavelength). We have � yy = � zz = 0, so Eexx = � xx . The wave speed on

a thin rod is v2 = E=� .
y

xThe rod bulges sideways to relieve the

stresses in the y­ and z­directions.

� Example 2: longitudinal waves in x­direction on a thin plate in the

xy­plane(thickness � wavelength). We have � zz = 0, but the plate cannot

move sideways in the y­direction so eyy = 0. Eexx = � xx � � � yy and

0= � yy � � � xx , so that Eexx = (1 � � 2)� xx .

The wave speed on a thin plate is v2 =
E

(1 � � 2)�
.

� Example 3: longitudinal waves in x­direction in a bulk medium. The medium

cannot move sideways (eyy = ezz = 0), so

� xx =
E(1 � � )

(1+ � )(1 � 2� )
exx = (B + 4

3 G)exx .

This reproduces our earlier result for a P­wave (! 2
P = (B + 4

3 G)=� ).



Classical Dynamics and Fluids P 119

ENERGY BALANCE IN WAVES

� Waves on a string in one dimension, uniform mass/length � , under tensionT .

� Equation of motion for small transverse displacements y(x; t) is � •y = Ty00.

x

y
T

x

y

mg

T=mg

� Potential energy:

total length

Z
dx (1+ (y0)2)1=2, so

either (1) work done against elastic forces

or (2) work done lifting weight

) Potential energy �
Z

dx 1
2 T(y0)2.

� Kinetic energy: �
Z

dx 1
2 � _y2.

� Consider the total energy of the string in the interval [a;b]:

E =
Z b

a
dx 1

2

�
� _y2 + T(y0)2�

� The rate of change
dE
dt

=
Z b

a
dx (� •y _y+ T _y0y0), but � •y = Ty00so

dE
dt

=
Z b

a
dx (Ty00_y+ T _y0y0)

Z b

a
dx

d
dx

( _yTy0) = [ _y(Ty0)]b
a

�
dE
dt

must be equal to the net energy �o wing into the interval, so the energy

�o w in the x­direction is � _y(Ty0).

� Energy �o w in wave: � (velocity)� (transverse force)
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ENERGY FLOW IN TRAVELLING WAVES

� Consider a travelling wave A cos(! t � kx).

(Consider avoiding complex notation when considering energies.)

� Potential energy: 1
2 T(y0)2 = 1

2 A2Tk2 sin2(! t � kx).

� Kinetic energy: 1
2 � _y2 = 1

2 A2�! 2 sin2(! t � kx). This is equal to the

potential energy 1
2 A2Tk2 sin2(! t � kx), since �! 2 = Tk2.

� Energy �o w: � _yTy0= A2Tk! sin2(! t � kx).

� The energy �o w is equal to A2Tk2 sin2(! t � kx) �
!
k

, the total energy

density times the wave velocity.

x

x

y

energy and energy flow

displacement
� Both the kinetic and the potential

energies are concentrated in the

nodes, and the energy �o ws along

with the wave velocity.
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ENERGY FLOW IN STANDING WAVES

� Consider a Standing wave
1
2 (A cos(! t � kx) + A cos(! t + kx)) = A coskx cos! t.

� Potential energy: 1
2 A2Tk2 sin2 kx cos2 ! t .

� Kinetic energy: 1
2 A2Tk2 cos2 kx sin2 ! t (using �! 2 = Tk2). This is in

antiphase with the potential energy.

x

x

x

y

potential energy

kinetic energy

node
antinode� The kinetic energy is concentrated

in the antinodes, and the potential

energy is concentrated in the nodes.

� When the string is straight all the

energy is kinetic.

� When the amplitude is a maximum all

the energy is potential.

� The energy �o ws alternately between

the nodes and the antinodes.

� Energy �o w

� 1
4 A2Tk! sin2kx sin2! t.

� Remarks. These arguments generalise to all type of elastic wave: for a

general elastic wave the energy �o w rate is � � � _X .

� You have already met the energy �o w in electromagnetic waves: the

Poynting vector E ����� H .

� The energy and energy �o w comprise the stress­ener gy tensor . It works

for all types of wave (except gravitational waves).
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NORMAL MODES OF AN ELASTIC BAR

F+  Fd

F
x

y
� Equation of motion of a uniform elastic bar,

cantilevered at one end.

� Force on a small element: dF = � dx •y.

(sign convention y is upwar ds.)

� Force is related to the bending moment: dB = � F dx.

� The bending moment produces curvature: B = EI y00.

� Equation of motion: � •y =
dF
dx

= � E I y0000.

� Boundary conditions:

1. cantilever at x = 0: ) y(0) = y0(0) = 0;

2. free at x = L : F (L ) = B (L ) = 0) y00(L ) = y000(L ) = 0.

� Seek normal modes y(x; t) = y(x)ei! t : E I y0000� ! 2�y = 0

� Solution: y = Aeik x + B e� ik x + Cekx + e� kx , where ! 2 =
EI k4

�
.

� The boundary conditions at x = 0 restrict us to two constants

y = A(coshkx � coskx) + B (sinhkx � sinkx).

� Boundary conditions at x = L then restrict the choice of k: y00= y000= 0

0 = A(coshkL + coskL) + B (sinhkL + sinkL)

0 = A(sinhkL � sinkL) + B (coshkL + coskL)

� Homogeneous algebraic equations have non­zero solutions only if the

determinant vanishes. Here it simpli�es to:

1+ coshkL coskL = 0
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NORMAL MODES OF A CANTILEVER

� We have to solve 1+ coshkL coskL = 0 numerically, but the allowed

values of k very rapidly approach kn L � (n + 1
2 )� .

� When kn is known, we substitute it to �nd the ratio B =A.

y

x

1

3

2� The nth mode has n nodes. The �rst few modes have

kL = (1:875;4:694;7:854;10:995:::

� The frequencies are ! n =
�

E I
�L 4

� 1=2

(3:51;22:0;61:7;120:9:::).

� The modes are not harmonically related, they rapidly increase in frequency

(! n approximately proportional to n2).

� They are not particularly musical. . .
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STRESSES IN LIQUIDS AND GASES

� Liquids and gases (�uids ) cannot maintain a shear stress, because the

molecules can move past each other over some timescale tS .

t

t

tS

t xy

xye

xyG(2e )

� A sudden shear exy produces a stress � xy

that rapidly decays (for a liquid at room

temperature tS � 10� 8 s.).

� Fluids also cannot maintain a difference

between their normal stresses. The differences

in normal stress also decay (though the timescale tP can be slightly different

from tS).

� Fluids can potentially have many other interesting memories of what

happened to them in the past, but ones that are characterised by just these

two decay times are called Newtonian �uids .

t

t

t xy

xye� To maintain a stress in a �uid, it has to be

continuously sheared.

� The proportionality between the stress and

the rate of shear is called the viscosity

� xy = �
�

2
dexy

dt

�
.

� It is related to G and tS by � = GtS.

� Even in very strong materials, such as steel, stresses may eventually decay.

For example, piano wire will go out of tune (goes �at) after a period of years.



Classical Dynamics and Fluids P 125

NORMAL MODES: WAVES ON A LATTICE
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LATTICE WAVES AND k­SPACE
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DISPERSION OF LATTICE WAVES


