
C
lassicalD

ynam
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P
2

N
E

W
TO

N
IA

N
M

E
C

H
A

N
IC

S

•
N

ew
tonian

M
echanics

is:

-
N

on-relativistic
i.e.

velocities
v
�

c
(speed

oflight=3×
10

8
m

s
−

1.)

-
C

lassicali.e.
E

t�
h̄

(P
lanck’s

constant=
1.05×

10
−

3
4

J
s.)

•
A

ssum
ptions:

-
m

ass
independentofvelocity,tim

e
orfram

e
ofreference;

-
m

easurem
ents

oflength
and

tim
e

are
independentofthe

fram
e

ofreference;

-
allparam

eters
can

be
know

n
precisely.

•
M

echanics:

=
S

tatics
(absence

ofm
otion);

+
K

inem
atics

(description
ofm

otion,using
vectors

forposition
and

velocity);

+
D

ynam
ics

(prediction
ofm

otion,and
involves

forces
and/orenergy).

C
lassicalD

ynam
ics

P
1

C
LA

S
S

IC
A

L
D

Y
N

A
M

IC
S

20
Lectures

P
rof.

S
.F.G

ull

•
H

A
N

D
O

U
T

—
com

prehensive
setofnotes

containing
allrelevantderivations.

P
lease

reportallerrors
and

typos.

•
N

O
TE

S
—

P
rovisionalhardcopy

available
in

advance.

D
efinitive

copies
ofoverheads

available
on

w
eb.

P
lease

reportallerrors
and

typos.

•
S

U
M

M
A

R
Y

S
H

E
E

TS
—

1
page

sum
m

ary
ofeach

lecture.

•
E

X
A

M
P

LE
S

—
2

exam
ple

sheets
—

2
exam

ples
perlecture.

•
W

O
R

K
E

D
E

X
A

M
P

LE
S

—
W

illbe
available

on
the

w
eb

later.

•
W

E
B

PA
G

E
—

Forfeedback,additionalpictures,m
ovies

etc.

http://w
w

w
.m

rao.cam
.ac.uk/∼

steve/part1bdyn/

There
is

a
link

to
itfrom

the
C

avendish
teaching

pages.



C
lassicalD

ynam
ics

P
4

•
The

sim
ple

harm
onic

oscillator(S
H

O
)occurs

m
any

tim
es

during
the

course.

S
IM

P
LE

H
A

R
M

O
N

IC
O

S
C

ILLATO
R

•
M

ass
m

m
oving

in
one

dim
ension

w
ith

coordinate
x

on
a

spring
w

ith
restoring

force

F
=

−
k
x

.
The

constantk
is

know
n

as
the

spring
constant.

•
N

ew
tonian

equation
ofm

otion:m
ẍ

=
−

k
x

,w
here

ẋ
denotes

d
xd
t

etc.

•
G

eneralsolution:x
=

A
cos

ω
t
+

B
sin

ω
t

w
here

ω
2

=
k
/m

.

•
C

an
also

w
rite

solution
as

x
=

<
(A

e
iω

t),w
here

A
is

com
plex.

•
W

e
can

integrate
the

equation
ofm

otion
to

geta
conserved

quantity
—

the
energy.

•
M

ultiplying
the

equation
ofm

otion
by

ẋ
(a

good
generaltrick)w

e
get

m
ẋ
ẍ

+
k
ẋ
x

=
0
⇒

12
m

ẋ
2

+
12
k
x

2
=

E
=

constant

•
H

ere
the

quantity
T

≡
12
m

ẋ
2

is
the

kinetic
energy

ofthe
m

ass
and

V
≡

12
k
x

2
is

the

potentialenergy
stored

in
the

spring.

•
Form

any
dynam

icalsystem
s

(such
as

the
S

H
O

)the
tim

e
t

does
notappearexplicitly

in
the

equations
ofm

otion
and

the
totalenergy

E
=

T
+

V
is

conserved.
This

conserved

quantity
is

also
know

n
as

the
H

am
iltonian.

C
lassicalD

ynam
ics

P
3

•
This

course
contains

m
any

applications
ofN

ew
ton’s

S
econd

Law
.

B
A

S
IC

P
R

IN
C

IP
LE

S
O

F
N

E
W

TO
N

IA
N

D
Y

N
A

M
IC

S

•
M

asses
accelerate

ifa
force

is
applied...

•
The

rate
ofchange

ofm
om

entum
(m

ass×
velocity)is

equalto
the

applied
force.

•
Vectorially

(p
=

m
v

):
d
pd
t

=
d
(m

v
)

d
t

=
F

•
U

sually
m

is
a

constantso
m

d
vd
t

=
F

•
G

eneralcase
m

d
vd
t

+
d
md
t

v
=

F
enables

you
to

do
rocketscience.

v

u

md
m

0

•
R

ocketofm
ass

m
(t)

m
oving

w
ith

velocity
v
(t)

expels
a

m
ass

d
m

ofexhaustgases
backw

ards
atvelocity−

u
0

relative
to

the
rocket.

•
In

the
absence

ofgravity
orotherexternalforces

d
m

u
0

+
m

d
v

=
0.

•
Integrating,w

e
find

v
=

u
0
log

(m
i /m

f ),

w
here

m
i,f

are
the

initialand
finalm

asses.

•
Fora

rocketaccelerating
upw

ards
againstgravity

m
d
vd
t

+
d
md
t

u
0

+
m

g
=

0.



C
lassicalD
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P
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T
H

E
E

N
E

R
G

Y
M

E
TH

O
D:

E
X

A
M

P
LE

•
Ladderleaning

againsta
sm

ooth
w

all,resting
on

a
sm

ooth
floor

(notrecom
m

ended
practice).

•
N

ew
tonian

m
ethod

needs
reaction

forces
N

and
R

.

Take
m

om
ents

to
getthe

angularacceleration.
Try

it...

•
The

energy
m

ethod
is

easier:

(1)Potentialenergy.
This

is
easy:

V
=

12
m

g
lcos

θ.

(2)K
inetic

energy.
W

rite
this

as
the

sum
ofthe

kinetic
energy

ofthe
centre

ofm
ass

plus
the

energy
ofrotation

about

the
centre

ofm
ass:

T
=

12
m

(ẋ
2

+
ẏ
2)

+
12
I
θ̇
2,

w
here

I
=

11
2
m

l
2

is
the

m
om

entofinertia
ofa

uniform
rod

aboutits
centre.

C
oordinates

ofcentre
ofm

ass:
x

=
12
lsin

θ
;

y
=

12
lcos

θ

W
ork

outvelocities:
ẋ

=
12
lcos

θ
θ̇

;
ẏ

=
−

12
lsin

θ
θ̇

T
=

12
m

(ẋ
2

+
ẏ
2)

+
12
I
θ̇
2

=
18
m

l
2θ̇

2
+

12
4
m

l
2θ̇

2
=

16
m

l
2θ̇

2

(3)E
nergy

m
ethod:

d
(T

+
V

)

d
t

=
0
⇒

θ̇
(

13
θ̈m

l
2−

12
m

g
lsin

θ
)

=
0.

(4)E
quation

ofm
otion:

θ̈
=

3g2l
sin

θ.

C
lassicalD

ynam
ics

P
5

T
H

E
E

N
E

R
G

Y
M

E
TH

O
D

•
Ifw

e
know

from
physicalgrounds

thatthe
energy

is
conserved,w

e
can

alw
ays

derive
the

equations
ofm

otion
ofsystem

s
thatonly

have
one

degree
offreedom

(such
as

the
S

im
ple

H
arm

onic
O

scillator):
12
m

ẋ
2

+
12
k
x

2
=

E
⇒

ẋ
(m

ẍ
+

k
x
)

=
0
⇒

m
ẍ

=
−

k
x

.

•
This

w
orks

because
ẋ

is
notalw

ays
zero.

W
e

w
illcallthis

the
energy

m
ethod.

•
W

e
can

som
etim

es
derive

the
equations

ofm
otion

ofm
uch

m
ore

com
plicated

system
s

w
ith

n
degrees

offreedom
is

a
sim

ilarw
ay.

It’s
certainly

notrigorous,butw
orks

form
ostofthe

system
s

studied
in

this
course.

The
theoretically

m
ore

advanced
m

ethods
ofLagrangian

and
H

am
iltonian

m
echanics

derive
the

equations
ofm

otion
from

a
variationalprinciple.

They

are
rigorous,butstilluse

the
kinetic

energy
T

and
potentialenergy

V
(actually

in
the

com
binationL

=
T
−

V
).

•
W

e
w

illsee
laterin

the
course

the
use

ofthe
energy

m
ethod

to
derive

the
equation

ofm
otion

ofa
particle

atradius
r

in
a

centralforce:
12
m

ṙ
2

+
V

e
ff
(r)

=
E

.

D
ifferentiating

w
ith

respectto
tim

e
w

e
get:

ṙ

(

m
r̈

+
d
V

e
ff

d
r

)

=
0

•
W

e
strike

outthe
ṙ

to
obtain

the
equation

ofm
otion.
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R
E

V
IS

IO
N:

V
E

C
TO

R
C

A
LC

U
LU

S
II

(S
ee

S
ection

1.2
ofH

andout)

G
radientoperator

∇
(Vectordifferentialoperator).

•
grad(Φ

);
∇

Φ
Vector

gradientofa
scalar

field
Φ

.

•
div(E

);
∇
·E

S
calar

divergence
ofa

vector
field

E
.

•
curl(E

);
∇

××× ××
E

.
Vector

curlofa
vector

field
E

.

D
ivergence

Theorem
(G

auss’Theorem
)

d
=

d
|  |

S
n

S

•
R

elates
integralofflux

vector
E

through
closed

surface
S

(n
outw

ards)to

volum
e

integralof
∇
·E

.

∮

d
S·E

=

∫

d
V

∇
·E

S
tokes’Theorem

•
R

elates
line

integralvector
E

around
closed

loop
l

to

surface
integralof

∇
××× ××
E

.
∮

d
l·E

=

∫

d
S·∇

××× ××
E

Further
identities:

∇
××× ××
(
∇

Φ
)

=
0;

∇
·(

∇
××× ××
E

)
=

0;
∇

××× ××
(
∇

××× ××
E

)
=

∇
(
∇
·E

)−
∇

2E

C
lassicalD

ynam
ics

P
7

R
E

V
IS

IO
N:

V
E

C
TO

R
C

A
LC

U
LU

S

(S
ee

S
ection

1.2
ofH

andout)

•
In

dynam
ics

w
e

use
vectors

to
describe

the
positions,velocities

and
accelerations

of

particles
and

otherbodies,as
w

ellas
the

forces
and

couples
thatacton

them

•
W

e
need

to
revise

vectors,vectorfunctions,vectoridentities
and

integraltheorem
s.

•
R

evise
scalar

product
a·b

and
vector

product
a
××× ××
b

(preferable
to

a∧
b

).

•
There

are
only

a
couple

ofvectoridentities,butyou
M

U
S

T
LE

A
R

N
TH

E
M

.

(1)S
calar

triple
product

a·(b
××× ××
c
)

=
(a

××× ××
b
)·c

(Interchange
ofdotand

cross)

a·(b
××× ××
c
)

=
b·c

××× ××
a

=
−

b·a
××× ××
c

(Perm
utations

change
sign)

(2)Vector
triple

product

This
is

the
m

ostim
portantidentity:

a
××× ××
(b

××× ××
c
)
=

a·c
b−

a·b
c

R
ule:

Vectoroutside
bracketappears

in
both

scalarproducts.

R
ule:

O
uterpairtakes

the
plus

sign.
(a

××× ××
b
)
××× ××
c

=
a·c

b−
b·c

a
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P
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O
V

E
R

A
LL

M
O

TIO
N

(S
ee

S
ection

3.1
ofH

andout)

•
D

evelopm
entfrom

N
ew

ton’s
Law

s:
m

a
r̈

a
=

F
a ,

w
here

a
=

1,N
forthe

a
th

ofN
particles.

A
rigid

body
is

a
specialcase.

•
O

verallm
otion

∑

a

m
a
r̈

a
=

∑

a

F
a

=
∑

a

F
a
0

+
∑

a

∑

b

F
a
b ,

w
here

F
a
0

is
the

externalforce
on

particle
a

and
F

a
b

is
the

force
on

a
due

to
b.

S
ince

F
a
b

=
−

F
b
a

by
N

ew
ton’s

3rd
Law

,the
∑

a

∑

b

term
above

sum
s

to
zero.

•
D

efine
M

≡
∑

a

m
a

and
M

R
≡

∑

a

m
a
r

a .
R

is
the

position
ofthe

C
entre

ofM
ass.

•
W

ith
these

definitions
M

R̈
=

∑

a

F
a
0 ≡

F
0

•
The

C
entre

ofM
ass

m
oves

as
ifitw

ere
a

particle
ofm

ass
M

acted
upon

by
the

total

externalforce
F

0 .

•
In

term
s

ofm
om

entum
ṗ

a
=

F
a ;

Ṗ
=

F
0 ,w

here
P

is
the

totalm
om

entum
.

C
lassicalD

ynam
ics

P
9

M
E

C
H

A
N

IC
S

—
R

E
V

IE
W

O
F

P
A

R
T

IA

R
evision

ofdynam
ics

ofm
any-particle

system
.(D

etailed
derivations

in
S

ection
3

ofH
andout.)

•
S

ystem
ofN

particles.
The

a
th

particle
ofm

ass
m

a
is

atposition
r

a
and

velocity
v

a .

A
cted

on
by

externalforce
F

a
0

and
internalforces

F
a
b

from
otherparticles.

•
Im

portantdefinition:
C

entre
ofm

ass
R

.
D

efine
M

≡
∑

a

m
a

and
M

R
≡

∑

a

m
a
r

a .

•
O

ther
concepts:

Totalm
om

entum
P

.
Totalangularm

om
entum

J
.

Totalexternalforce
F

0

and
couple

G
0 .

K
inetic

energy
T

,potentialenergy
U

,totalenergy
E

.

•
Totalm

om
entum

acts
as

ifitw
ere

acted
upon

by
the

totalexternalforce.

•
Totalangular

m
om

entum
acts

as
ifitw

ere
acted

upon
by

the
totalexternalcouple.

•
Intrinsic

angular
m

om
entum

:
J

′in
the

fram
e

S
′in

w
hich

P
′
=

0
(zero-m

om
entum

,or

C
entre

ofM
ass

(C
oM

)fram
e).

The
intrinsic

angularm
om

entum
is

independentoforigin.

•
The

C
entre

ofM
ass

fram
e

is
thus

special,and
should

be
used

w
hereverpossible.

•
G

alilean
transform

ation
from

C
oM

fram
e

S
′to

fram
e

S
m

oving
atvelocity

V

(C
oM

atR
′
=

V
t).

M
om

entum
:

P
=

P
′
+

M
V

A
ngular

M
om

entum
:J

=
J

′+
M

R
′
××× ××
V

.
K

inetic
energy:T

=
T

′+
12
M

V
2
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P
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C
H

O
IC

E
O

F
O

R
IG

IN

(S
ee

S
ection

3.3
ofH

andout)

•
S

uppose
w

e
m

ove
the

origin
by

a
constanta

,giving
new

coordinates
r
′w

ith
r

=
r
′+

a
.

•
Then

ṙ
=

ṙ
′and

the
overallm

otion
is

unaffected.

•
W

hataboutthe
angularm

om
entum

J
?

Forone
particle

J
a

=
J

′a
+

a
××× ××
p

a ,orforthe

system

J
=

J
′
+

∑

a

a
××× ××
p

a
=

J
′+

a
××× ××
P

i.e.J
depends

on
the

choice
oforigin

unless
P

=
0.

•
Intrinsic

angular
m

om
entum

:
J

in
the

fram
e

in
w

hich
P

=
0

(zero-m
om

entum
,orC

entre

ofM
ass

fram
e).

The
Intrinsic

angularm
om

entum
is

independentoforigin.

•
The

C
entre

ofM
ass

fram
e

is
thus

special,and
should

be
used

w
hereverpossible.

•
S

im
ilarly

G
=

G
′+

a
××× ××
F

.

C
lassicalD

ynam
ics

P
11

M
O

M
E

N
TS

(S
ee

S
ection

3.2
ofH

andout)

•
C

ouple,torque:
G

≡
r
××× ××
F

.
A

ngular
m

om
entum

:
J

≡
r
××× ××
p

.

•
S

ince
ṗ

a
=

F
a ,w

e
have

∑

a

r
a
××× ××
ṗ

a
=

∑

a

r
a
××× ××
F

a

•
E

xpand
R

H
S

:
R

H
S

=
∑

a

r
a
××× ××
F

a
0

+
∑

a

∑

b

r
a
××× ××
F

a
b

︸
︷
︷

︸
∑

b

∑a
<

b

(r
a −

r
b )

××× ××
F

a
b

︸
︷
︷

︸

=
0

•
The

latterterm
is

zero
since

F
a
b

is
assum

ed
to

be
along

the
line

betw
een

a
and

b.

W
e

have
again

used
N

ew
ton’s

Third
Law

.

•
The

LH
S

forone
particle

is
J̇

a
=

dd
t (r

a
××× ××
p

a )
=

ṙ
a
××× ××
p

a
︸

︷
︷

︸
+

r
a
××× ××
ṗ

a

zero,since
m

ṙ
=

p
•

Forthe
system

ofparticles

J̇
≡

∑

a

J̇
a

=
∑

a

r
a
××× ××
ṗ

a
=

R
H

S
=

∑

a

r
a
××× ××
F

a
0 ≡

G
0

•
G

0
is

the
resultantcouple

G
from

allexternalforces.



C
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P
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P
O

TE
N

TIA
L

A
N

D
T

O
TA

L
E

N
E

R
G

Y

(S
ee

S
ection

3.4
ofH

andout)

•
Potentialenergy:

U
is

defined
as

d
U

=
∑

∑a
<

b F
a
b
d|r

a −
r

b |

•
N

ote
the

zero
ofU

=

∫

d
U

is
undefined.

Itis
often

taken
w

ith
U

=
0

w
ith

particles
at

infinite
separation,giving

negative
U

fora
system

ofparticles
w

ith
attractive

forces.

•
Fora

rigid
body

d
U

=
0

since|r
a −

r
b |is

fixed.

•
TotalE

nergy:
E

=
T

+
U

.

•
A

s
defined

above

d
E

=
d
T

+
d
U

=
∑

a

F
a
0 ·d

r
a

•
The

R
H

S
term

is
the

w
ork

done
by

externalforces;itcan
be

incorporated
into

U
ifdesired.

C
lassicalD

ynam
ics

P
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K
IN

E
TIC

E
N

E
R

G
Y

(S
ee

S
ection

3.4
ofH

andout)

•
W

ork
done:

force ×
distance

m
oved‖

force
=

change
in

energy.

•
Fora

single
particle

F
·d

r
=

m
r̈·d

r
=

m
r̈·ṙ
︸
︷
︷
︸
d
t

dd
t (

12
ṙ·ṙ

)

or

F
·d

r
=

d
(
12
m

v
2)

•
K

inetic
energy:

T
≡

12
m

v
2.

•
W

ork
done

on
particle

=
change

in
kinetic

energy.

•
Fora

system
ofparticles

d
T

=
∑

a

d
T

a
=

∑

a

F
a ·d

r
a

=
∑

a

F
a
0 ·d

r
a

+
∑

∑a
<

b

F
a
b ·(

d
r

a −
d
r

b )

w
here

w
e

have
used

F
a
b

=
−

F
b
a .

W
e

can
w

rite
the

a
b-term

as−
F

a
b
d|r

a −
r

b |,w
here

F
a
b

has
m

agnitude
=

|F
a
b |

and
is

positive
ifforce

is
attractive,negative

ifrepulsive.



C
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G
A

LILE
A

N
T

R
A

N
S

FO
R

M
ATIO

N
—

E
N

E
R

G
Y

(S
ee

S
ection

3.5.3
ofH

andout)

•
E

nergy

T
=

∑

a

12
m

a v
2a

=
12
m

a (v
′a

+
V

)·(v
′a

+
V

)

=
T

′+
∑

a

m
a
v
′a

︸
︷
︷

︸ ·V
+

12
M

V
2.

(=
0,

ifS
′

=
zero-m

om
entum

fram
e)

or

T
=

K
E

in
zero-m

om
entum

fram
e

+
12
M

V
2

C
lassicalD

ynam
ics

P
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G
A

LILE
A

N
T

R
A

N
S

FO
R

M
ATIO

N

(S
ee

S
ection

3.5
ofH

andout)

•
G

o
from

fram
e

S
′to

S
w

ith
r

=
r
′+

V
t;V

steady;t
=

t
′.

•
M

om
entum

p
=

p
′
+

m
V

;
P

=
P

′+
M

V

i.e.P
in

S
and

P
′in

S
′change

together(orrem
ain

steady
togetherifthere

ifno
external

force).
IfP

′
=

0,then
S
′is

the
zero-m

om
entum

orC
entre

ofM
ass

fram
e.

•
A

ngular
m

om
entum

J
=

∑

a

(r
′a

+
V

t)
××× ××
(p

′a
+

m
a
V

)

•
There

are
4

term
s.

The
4th

is
V

××× ××
V

=
0.

The
others

give

J
=

J
′
+

V
t
××× ××
P

′+
∑

a

r
′a
××× ××
m

a
V

︸
︷
︷

︸
∑

a

(m
a
r
′a )

××× ××
V

=
M

R
′
××× ××
V

•
Thus

ifS
′is

the
zero-m

om
entum

fram
e,P

′
=

0
and

J
=

J
′

+
M

R
′
××× ××
V

︸
︷
︷

︸
.

in
S

intrinsic
m

otion
ofC

ofM
in

S
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D
Y

N
A

M
IC

S
IN

C
Y

LIN
D

R
IC

A
L

P
O

LA
R

S

(S
ee

S
ection

2.1
ofH

andout)

•
In

C
artesians,the

equation
ofm

otion
ofa

particle
is

m
r̈

=
F

;
or

m
ẍ

=
F

x
etc,

w
here

w
e

denote
tim

e
derivatives

d
rd
t
≡

ṙ
,

d
2r

d
t
2
≡

r̈
etc.

ê
ρ

ê
φ

•
C

onsidercylindricalpolars;ignore
z

-m
otion

forthe
m

om
ent

r
=

ρ
ê

ρ
w

here
ê

ρ ,
ê

φ
and

ê
z

are
unitvectors

in
the

directions
ofincreasing

ρ
,φ

,z
.

•
N

ote
thatthe

direction
ofthe

vectors
ê

ρ
and

ê
φ

change
as

the
particle

m
oves:

ṙ
=

ρ̇
ê

ρ
+

ρ
˙̂e
ρ

•
A

s
the

particle
m

oves
from

say
P

to
P

′in
d
t,

ê
ρ

and
ê

φ
rotate

by
d
φ

.

•
E

lem
entary

geom
etry

gives
d
ê

ρ
=

d
φ

ê
φ

or
˙̂e
ρ

=
φ̇
ê

φ
and

sim
ilarly

˙̂e
φ

=
−

φ̇
ê

ρ

giving
ṙ

=
ρ̇
ê

ρ
︸
︷
︷
︸

+
ρ
φ̇
ê

φ
︸
︷
︷
︸

radial
transverse

•
In

cylindricalpolarcoordinates
the

radialvelocity
is

ρ̇
and

the
transverse

velocity
is

ρ
φ̇

.

C
lassicalD

ynam
ics

P
17

C
O

O
R

D
IN

ATE
S

Y
S

TE
M

S

(S
ee

S
ection

1.1
ofH

andout)

•
Position

vector
r

has
C

artesian
coordinates

(x
,y

,z
),

cylindricalpolarcoordinates
(ρ

,φ
,z

)

and
sphericalpolarcoordinates

(r,θ,φ
).

•
R

elation
betw

een
coordinate

system
s:

x
=

ρ
cos

φ
=

r
sin

θ
cos

φ

y
=

ρ
sin

φ
=

r
sin

θ
sin

φ

z
=

z
=

r
cos

θ

ρ
=

√

x
2

+
y
2

r
=

√

x
2

+
y
2

+
z
2

•
W

e
define

unitvectors
(
ê

x
,
ê

y ,
ê

z )
along

x
,y

,z
axes.

•
S

im
ilarly

w
e

define
unitvectors

(
ê

ρ ,
ê

φ
,
ê

θ )
along

directions
ofincreasing

(ρ
,φ

,θ)

(unam
biguous

because
these

are
orthogonalcoordinate

system
s).

•
Position

vector
r

=
x
ê

x
+

y
ê

y
+

z
ê

z
=

ρ
ê

ρ
+

z
ê

z
=

r
ê

r
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P
O

LA
R

S
A

N
D

TH
E

A
R

G
A

N
D

D
IA

G
R

A
M

e
iφ

ie
iφ

(S
ee

H
andoutS

ection
2.1)

•
The

com
plex

plane
z
≡

x
+

iy
=

ρ
e

iφ
has

the

sam
e

structure
as

the
tw

o-dim
ensionalplane

r
=

x
ê

x
+

y
ê

y
=

ρ
ê

ρ .

•
The

unitvectors
correspond

to
com

plex
num

bers:

ê
ρ

↔
e
iφ

ê
φ

↔
ie

iφ

•
W

e
can

therefore
derive

the
radialand

transverse
com

ponents
easily

using
the

A
rgand

diagram
.

•
Velocity:

dd
t (ρ

e
iφ

)
=

ρ̇
e

iφ
+

ρ
φ̇

ie
iφ

.

•
A

cceleration:d
2

d
t
2
(ρ

e
iφ

)
=

ρ̈
e

iφ
+

2ρ̇
φ̇

ie
iφ

+
ρ
φ̈

ie
iφ

−
ρ
φ̇

2e
iφ

=
(ρ̈−

ρ
φ̇

2

︸
︷
︷

︸ )
e
iφ

+
(ρ

φ̈
+

2ρ̇
φ̇

︸
︷
︷

︸ )
ie

iφ

radial
transverse

C
lassicalD
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A
C

C
E

LE
R

ATIO
N

IN
P

O
LA

R
C

O
O

R
D

IN
ATE

S

(S
ee

S
ection

2.1
ofH

andout)

•
S

im
ilarly,w

e
can

w
ork

outthe
rate

ofchange
ofvelocity:

r̈
=

ρ̈
ê

ρ
+

ρ̇
˙̂e
ρ

︸
︷
︷
︸
+

ρ̇
φ̇
ê

φ
+

ρ
φ̈
ê

φ
+

ρ
φ̇

˙̂eφ
︸
︷
︷
︸

φ̇
ê

φ
−

φ̇
ê

ρ

=
(ρ̈−

ρ
φ̇

2)
︸

︷
︷

︸
ê

ρ
+

(2ρ̇
φ̇

+
ρ
φ̈
)

︸
︷
︷

︸
ê

φ

radial
transverse

•
The

z
-m

otion
is

independent:
(r̈)

z
is

justz̈
ê

z
since

˙̂e
z

=
0.

•
The

radialacceleration
is

ρ̈−
ρ
φ̇

2,the
second

term
being

the
centripetalacceleration

required
to

keep
a

particle
in

an
orbitofconstantradius.

•
The

transverse
acceleration

is
2ρ̇

φ̇
+

ρ
φ̈

=
1ρ

dd
t

(

ρ
2φ̇

)

and
show

s
thatitis

related
to

the

angularm
om

entum
perunitm

ass
ρ
2φ̇

.

•
S

phericalpolars
can

be
treated

by
putting

r
=

r
ê

r ,and
expanding

ṙ
etc.

w
ith

˙̂e
r

expressed
in

term
s

of
ê

r ,
ê

θ
and

ê
φ

.
W

e
shallnotneed

this
here,as

it’s
slightly

com
plicated,butifyou

have
com

puteralgebra
available

it’s
very

useful...
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R
O

TATIN
G

FR
A

M
E

S

ω
××× ××
ê

z

ê
z

ê
y

ê
x

(S
ee

S
ection

2.3
ofH

andout)
•

C
ase

2:
Fram

e
S

rotates
w

ith
angularvelocity

ω
,so

that

the
unitvectors

rotate
w

ith
respectto

the
inertialfram

e
S

0 .

•
The

rate
ofchange

is
given

by
˙̂e
z

=
ω

××× ××
ê

z
etc.

Letthe
fram

es
coincide

at t
=

0:

r
0

=
x
ê

x
+

y
ê

y
+

z
ê

z
=

r

ṙ
0

=
ẋ
ê

x
+

x
˙̂e
x

+
y

and
z

term
s

=
v

+
ω

××× ××
r

,

v
≡

ẋ
ê

x
+

ẏ
ê

y
+

ż
ê

z
is

the
apparentvelocity

in
S

.

•
The

acceleration
in

S
0

is
r̈

0
=

ẍ
ê

x
+

2ẋ
˙̂e
x
+

x
¨̂e

x
+

y
and

z
term

s

=
ẍ
ê

x
+

2(ω
××× ××
ê

x
)ẋ

+
ω

××× ××
(ω

××× ××
ê

x
)x

+
y

and
z

term
s

=
a

+
2
ω

××× ××
v

+
ω

××× ××
(ω

××× ××
r
)

w
here

a
≡

ẍ
ê

x
+

ÿ
ê

y
+

z̈
ê

z
is

the
apparentacceleration

in
S

.
W

e
rew

rite
the

m
om

entum
equation

m
r̈

0
=

F
in

term
s

ofthe
apparentquantities

r
,v

and
a

:

m
a

=
F

−
2m

(ω
××× ××
v
)−

m
ω

××× ××
(ω

××× ××
r
)

•
The

observerin
S

adds
C

oriolis
and

C
entrifugalforces

(inertialorfictitious
forces).

C
lassicalD
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F
R

A
M

E
S

IN
R

E
LATIV

E
M

O
TIO

N

(S
ee

H
andoutS

ection
2.2)

•
S

uppose
w

e
have

a
fram

e
S

0
in

w
hich

m
r̈

0
=

F
,w

ith
F

ascribed
to

know
n

physical

causes.
W

hatis
the

apparentequation
ofm

otion
in

a
m

oving
fram

e
S

?

•
C

ase
1:

S
uppose

r
=

r
0 −

R
(t).

S
uppose

the
axes

in
S

0
and

S
rem

ain
paralleland

t
=

t
0

(as
alw

ays
in

classicalphysics):
r̈

=
r̈
0 −

R̈

•
Forthe

specialcase
R̈

=
0

(i.e.steady
m

otion
betw

een
fram

es),m
r̈

=
m

r̈
0

=
F

,

i.e.the
sam

e
equation

ofm
otion

(G
alilean

transform
ation).

•
ForgeneralR

(t)
m

r̈
=

m
r̈
0 −

m
R̈

=
F

−
m

R̈

•
The

apparentforce
in

S
includes

both
the

actualforce
m

r̈
0

and
a

fictitious
force−

m
R̈

.

•
Fictitious

forces
are:

(a)associated
w

ith
accelerated

fram
es;(b)proportionalto

m
ass.

•
Q

uestion:
Is

gravity
a

fictitious
force?

•
A

nsw
er:

(according
to

generalrelativity).
Yes!

G
ravity

is
equivalentto

acceleration.



C
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C
E

N
TR

IFU
G

A
L

A
N

D
C

O
R

IO
LIS

F
O

R
C

E
S

•
C

entrifugalForce:−
m

ω
××× ××
(ω

××× ××
r
).

−
m

ω
××× ××
(ω

××× ××
r
)

=
m

(ω
2r

−
r·ω

ω
)

•
C

entrifugalForce
m

ω
2ρ

outw
ards.

•
C

oriolis
Force:−

2m
(ω

××× ××
v
)

appears
ifa

body
is

m
oving

w
ith

respectto
a

rotating
fram

e.

•
C

oriolis
Force

is
a

sidew
ays

force,perpendicularboth
to

the
rotation

axis
and

to
the

velocity.

•
P

roblem
s

involving
C

oriolis
Force

can
often

be
done

by
considering

angularm
om

entum
.

•
A

dvice:
D

o
notm

eddle
w

ith
the

signs
orthe

ordering
ofthe

term
s.

The
m

inus
sign

rem
inds

us
thatthese

term
s

cam
e

from
the

otherside
ofthe

equation,and
ω

××× ××
(ω

××× ××
r
)

construction

rem
inds

us
ofthe

operatorrelation

[
dd
t

]

S
0

=

[
dd
t

]

S

+
ω

××× ××
.
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R
O

TATIN
G

F
R

A
M

E
S

(S
ee

S
ection

2.3
ofH

andout)

•
There

is
an

operatorapproach
to

rotating
fram

es
thatis

a
good

aid
to

m
em

ory
(and

is
rigorous).

•
Forany

vector
A

the
rates

ofchange
in

fram
e

S
0

and
in

fram
e

S

are
related

by

[
d
Ad
t

]

S
0

=

[
d
Ad
t

]

S

+
ω

××× ××
A

•
A

pply
this

operatorrelation
tw

ice
to

r
(r

=
r

0
att=

0):
[
d

2r
0

d
t
2

]

S
0

=

(
[

dd
t

]

S

+
ω

××× ××

)
(

[
d
rd
t

]

S

+
ω

××× ××
r

)

•
E

xpanding
and

setting

[
d
rd
t

]

S

=
v

and

[
d
vd
t

]

S

=
a

w
e

recover

m
r̈

0
=

F
=

m
a

+
2m

(ω
××× ××
v
)+

m
ω

××× ××
(ω

××× ××
r
)

•
G

eneralcase:
O

bserverm
oves

on
a

path
R

(t)
and

uses
a

fram
e

rotating
atangular

velocity
ω

(t)
w

hich
is

also
changing.

From
previous

results
and,because

the
tim

e

derivative
now

operates
on

ω
w

e
getthe

generalform
ula:

m
a

=
F
−

2m
(ω

××× ××
v
)−

m
ω

××× ××
(ω

××× ××
r
)−

m
R̈
−

m
ω̇

××× ××
r

•
The

m
ω̇

××× ××
r

term
is

called
the

E
ulerforce.
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O
R

B
ITS

—
C

E
N

TR
A

L
F

O
R

C
E

F
IE

LD

(S
ee

S
ection
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andout)

F

O

P

r

v
•

P
article

m
oving

in
centralforce

field.
PotentialU

(r)
yields

radialforce
F

=
−

∇
U

=
−

d
Ud
r
ê

r .

•
M

otion
rem

ains
in

the
plane

defined
by

position
vector

r

and
velocity

v
.

•
N

o
couple

from
centralforce ⇒

angularm
om

entum
is

conserved:

m
r
2φ̇

=
J

=
constant

(K
eplerII)

•
Totalenergy

is
conserved:

E
=

U
(r)

+
12
m

(ṙ
2

+
r
2φ̇

2)
=

12
m

ṙ
2

+
U

(r)
+

J
2

2m
r
2

•
The

effective
potentialU

e
ff
(r)

has
a

contribution
from

the
angularvelocity.

U
e
ff
(r)≡

U
(r)

+
J

2

2m
r
2

•
The

effective
potentialhas

a
centrifugalrepulsive

term
∝

1r
2

.

C
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F
IC

TITIO
U

S
F

O
R

C
E

S
—

A
P

P
LIC

ATIO
N

S

•
C

entrifugalforce
gives

rise
to

the
E

arth’s
equatorialbulge:∼

Ω
2Rg

≈
1300

.

l

N

Y
o

u
 a

re
 h

e
re

W
•

C
oriolis

force
due

to
m

otion
on

E
arth’s

surface:
F

=
2m

Ω
v

sin
λ

D
irection

is
sidew

ays
and

to
the

rightin
the

N
orthern

H
em

isphere.

Independentofdirection
oftravel[N

S
E

W
].

F
=

2
m

v
W

l
c
o

s

z
x

E
a
s
t

•
C

oriolis
force

on
a

falling
body.

S
tarts

from
restattim

e
t
=

0.
v

=
g
t

m
ẍ

=
2m

g
tΩ

cos
λ
⇒

x
=

13
g
Ω

t
3
cos

λ

•
Foucaultpendulum

.
P

recesses
atΩ

sin
λ

.

W
hich

w
ay?

•
R

oundabouts
and

otherfairground
rides.

R
ollercoasters.

Lo
w

H
ig

h

H
ig

h

H
ig

h

N

w

Lo
w

H
ig

h

•
W

eatherpatterns,trade
w

inds,jetstream
s,

tornados,bathtubs
(??).



C
lassicalD

ynam
ics

P
28

O
R

B
ITS

IN
P

O
W

E
R-L

AW
F

O
R

C
E

(S
ee

S
ection

4.2
ofH
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r

e
ff

U

r0

E
0

r
r

e
ff

U

0

r

e
ff

U

r0

U
0

n
≥

−
1

−
3

<
n

<
−

1

n
<

−
3

•
The

potentialis
qualitatively

differentfordifferentvalues
ofn

:

n
≥

−
1:

O
rbitatr

0
stable.

A
llorbits

bound.

−
3

<
n

<
−

1:
O

rbitatr
0

stable.
U

nbound
orbits

forE
>

0.

n
<

−
3:

O
rbitatr

0
unstable.

W
illgo

to
r

=
0

orr
=

∞

C
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O
R

B
ITS

IN
P

O
W

E
R-L

AW
F

O
R

C
E

(S
ee

S
ection

4.2
ofH

andout)

•
W

e
can

gain
a

lotofinsightinto
orbits

by
studying

the
force

law
F

=
−

A
r

n
w

ith
A

positive,

so
force

is
attractive.

•
The

effective
potentialis

then
U

e
ff
(r)

=
A

r
n
+

1

n
+

1
+

J
2

2m
r
2

the
only

exception
being

n
=

−
1

(U
e
ff

then
contains

a
log

r
term

).

•
The

centrifugalpotentialis
repulsive

and ∝
r
−

2.
A

plotofU
e
ff
(r)

show
s

w
hich

values
of

the
index

n
lead

to
bound

orunbound
orbits,and

w
hich

lead
to

stable
orunstable

orbits.

•
For n

≥
−

1
(including

the
log

r
potential),the

potentialincreases
as

r
→

∞
and

the

orbits
are

bound
and

stable.

•
For−

3
<

n
<

−
1

the
potentialgoes

to
zero

atr
=

∞
and

the
orbits

can
eitherbe

bound

orunbound.

•
For n

<
−

3
the

attraction
atr

→
0

overcom
es

the
centrifugalrepulsion

and
the

orbits
are

notstable
(this

is
the

case
forthe

centralregion
ofblack

holes
in

G
R

).



C
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N
E

A
R

LY
C

IR
C

U
LA

R
O

R
B

ITS
II

•
H

ow
does

ω
p

ofthe
perturbation

com
pare

w
ith

ω
c

ofthe
circularorbitatr

0 ?

ω
c

=
φ̇

=
J
/m

r
20 .

Therefore
ω

p
=

√
n

+
3

ω
c .

•
The

sim
ple

cases
are

1.
n

=
1.

Force
proportionalto

r,i.e.sim
ple

harm
onic

m
otion.

ω
p

=
2ω

c ,giving
a

centralellipse
(Lissajous

figure).

2.
n

=
−

2.
Inverse

square
force.

ω
p

=
ω

c ,

giving
an

ellipse
w

ith
a

focus
atr

=
0

(planetary
orbit).

•
G

eneraln
gives

non-com
m

ensurate
ω

p
and

ω
c ,

w
ith

non-repeating
orbits

(e.g.
galactic

orbits).

C
ase

illustrated
is

n
=

−
1.

C
lassicalD

ynam
ics

P
29

N
E

A
R

LY
C

IR
C

U
LA

R
O

R
B

ITS
IN

P
O

W
E

R-LAW
F

O
R

C
E

r

e
ff

U

r0

U
0

•
LetF

=
−

A
r

n
,n

=
index,w

ith
com

m
on

cases

n
=

+
1

(2D
S

H
M

)and
n

=
−

2
(gravity,electrostatics).

U
e
ff

=
A

r
n
+

1

n
+

1
+

J
2

2m
r
2

•
N

early
circular

orbits
are

oscillations/perturbations
aboutr

0 .

Taylorexpansion
ofU

e
ff

gives

U
e
ff

=
U

0
+

(r−
r
0 )

d
U

e
ff

d
r

∣∣∣∣r
0

+
12
(r−

r
0 )

2
d

2U
e
ff

d
r
2

∣∣∣∣r
0

+
···

•
A

tr
=

r
0

d
U

e
ff

d
r

is
zero,giving

d
U

e
ff

d
r

=
A

r
n
−

J
2

m
r
3

=
0

at
r
0 .

•
The

second
derivative

ofU
e
ff

is
d

2U
e
ff

d
r
2

=
n
A

r
n
−

1
+

3J
2

m
r
4

=
(n

+
3)J

2

m
r
40

at
r
0 .

•
U

sing
the

energy
m

ethod
dd
t

(
12
m

ṙ
2

+
U

e
ff

)
=

ṙ

(

m
r̈

+
d
U

e
ff

d
r

)

=
0

w
e

getthe
S

H
M

equation
m

r̈
+

(n
+

3)J
2

m
r
40

(r−
r
0 )

=
0,

i.e.
sim

ple
harm

onic
m

otion
aboutr

0
w

ith
angularfrequency

ω
p
=
√

n
+

3
J

m
r
20

.
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O
R

B
ITS

IN
IN

V
E

R
S

E
S

Q
U

A
R

E
L

AW
F

O
R

C
E

•
Inverse

square
law

force:
F

=
−

Ar
2

.

•
A

ngular
m

om
entum

:J
=

m
r
2φ̇

E
nergy:

12
m

ṙ
2

+
J

2

2m
r
2
−

Ar
=

E
.

•
S

lightly
easierto

w
ork

w
ith

u
=

1/r:
ṙ

=
d
r

d
φ

φ̇
=

−
φ̇
r
2
d
u

d
φ

=
−

Jm

d
u

d
φ

.

•
S

ubstitute
into

the
energy

equation

(
d
u

d
φ

)
2

+
u

2−
2mJ

2
(E

+
A

u
)

=
0.

C
om

plete
square:

(
d
u

d
φ

)
2

=
e
2

r
20

−
(

u
−

1r
0

)
2,w

here
e
2

r
20

≡
2m

E

J
2

+
1r
20

and
w

e
have

defined
r
0

=
J

2

m
A

,the
radius

ofthe
circularorbitw

ith
the

sam
e

J
.

S
tandard

integral:
d
u

√

e
2

r
20 −

(

u−
1r
0

)
2

=
d
φ⇒

u
=

1r
0

(1
+

e
cos(φ−

φ
0 ))

•
E

quation
ofconic

section:
r
0

=
r(1

+
e
cos

φ
)

•
Fora

repulsive
potential

r
0

=
r(e

cos
φ
−

1)

C
lassicalD

ynam
ics

P
31

K
E

P
LE

R’S
L

AW
S

•
150A

D
P

tolem
y

-E
arth

atcentre
ofsolarsystem

,w
ith

S
un

rotating
around

it,and
the

planetary
orbits

described
by

a
com

bination
ofcircles

(epicycles).

•
Tycho

B
rahe

(1546-1601)m
ade

observations
ofplanetary

and
stellarpositions

to
an

accuracy
of10

arcsec
(the

resolution
ofthe

eye
is

1
arcm

in).

•
Johannes

K
epler(1571

-1630)spent5
years

fitting
circles

to
the

B
rahe’s

data
forM

ars’s
orbit

and
found

differences
ofthe

orderof8
arcm

in.
R

ejected
m

odelbecause
ofknow

n
accuracy

ofB
rahe’s

m
easurem

ents.

•
E

ventually
K

eplerconcluded
thatthe

orbits
w

ere
ellipses.

•
K

epler’s
Law

s

•
FirstLaw

:
P

lanetary
orbits

are
ellipses

w
ith

the
S

un
atone

focus.

•
S

econd
Law

:
The

line
joining

the
planets

to
the

S
un

sw
eeps

outequalareas
in

equal

tim
es.

(Im
plies

conservation
ofangularm

om
entum

.)

•
Third

Law
:

The
square

ofthe
period

ofa
planetis

proportionalto
the

cube
ofits

m
ean

distance
to

the
S

un
(itis

proportionalto
the

cube
ofthe

length
ofthe

orbit’s
m

ajoraxis).
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IN
V

E
R

S
E

S
Q

U
A

R
E

O
R

B
ITS

—
A

LTE
R

N
ATIV

E

(S
ee

S
ection

4.3.1)

•
S

hape
oforbit.

S
ince

the
vectors

J
,
v̇

and
˙̂e
r

have
m

agnitudes
m

r
2φ̇

,A
/m

r
2

and
φ̇

respectively
and

are
m

utually
perpendicular,w

e
m

ay
w

rite

J
××× ××
v̇

=
−

A
˙̂e
r

(the
sign

is
obtained

by
inspection).

•
S

ince
J

is
constant,the

equation
m

ay
be

integrated
to

give
J

××× ××
v

+
A

(
ê

r
+

e
)

=
0,

w
here

e
is

a
vectorintegration

constant.

•
Taking

the
dot-productofthis

equation
w

ith
r

gives

J
××× ××
v·r

︸
︷
︷

︸
+

A
(r

+
e·r

)
=

0

=
J·v

××× ××
r

=
−

J
2/m

•
Therefore

r(1
+

e·ê
r )

=
r(1

+
e
cos

φ
)

=
J

2

m
A

=
r
0 ,

w
hich

is
the

polarequation
ofa

conic
w

ith
focus

atr
=

0
(K

epler’s
1stLaw

).

•
The

m
ajoraxis

is
in

the
direction

of e
;e

is
the

eccentricity:
a

circle
(e

=
0);ellipse

(e
<

1),

parabola;( e
=

1)orhyperbola
(e

>
1).

C
lassicalD

ynam
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P
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IN
V

E
R

S
E

S
Q

U
A

R
E

L
AW

—
E

LLIP
TIC

A
L

O
R

B
ITS

(E
<

0)

O

P

f
r

s
e
m

i-la
tu

s
 re

c
tu

m
0 r

r
m

in
=

r
0

1
+

e

r
m

a
x

=
r
0

1−
e

•
E

llipse
ofeccentricity

e
(0

<
e

<
1).

C
entre

ofattraction
atone

focus.

•
Polarequation:

r
0

=
r(1

+
e
cos

φ
)

r
0

is
called

the
sem

i-latus
rectum

.

•
C

artesian
equation:

r
=

r
0 −

ex

y
2

+
x

2(1−
e
2)

+
2er

0 x
=

r
20 .

S
etx

′
=

x
+

r
0 e

1−
e
2
⇒

y
2

+
(x

′)
2(1−

e
2)

=
r
20

1−
e
2

E
llipse:

(x
′)

2

a
2

+
y
2

b
2

=
1

;
a

=
r
0

1−
e
2

;
b

=
r
0

√
1−

e
2

O

P

r

rφ̇
•

A
rea

ofan
ellipse

is
π
a
b

=
π
r
20

(1−
e
2)

3
/
2

•
Period

T
is

A
rea

R
ate

of
sw

eep
in

g
ou

t
area

.

•
R

ate
ofsw

eeping
outarea:

12
r
2φ̇

=
J2m

,

hence
period

T
=

2π
r
20 m

J
(1−

e
2)

3
/
2

=
2π

√

m
a
3

A
(K

epler’s
3rd

Law
).
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E
LLIP

TIC
A

L
O

R
B

ITS
—

IM
P

O
R

TA
N

T
T

H
IN

G
S

TO
R

E
M

E
M

B
E

R

O
C

P

s
e
m

i-m
a
jo

r a
x
is

s
e
m

i-la
tu

s
 re

c
tu

m

f
s
e
m

i-m
in

o
r a

x
is

b

a

0 rr

•
The

equation
ofan

ellipse
in

polarcoordinates

r
0

=
r(1

+
e
cos

φ
)

•
The

distances
ofclosestand

furthestapproach
follow

from
this:

r
m

in
=

r
0

1
+

e
and

r
m

a
x

=
r
0

1−
e

•
The

sem
i-m

ajoraxis
a

satisfies
2a

=
r
m

in
+

r
m

a
x

⇒
a

=
r
0

1−
e
2

so
thatr

m
a
x
,m

in
=

a
(1±

e).
A

lso
b

=
r
0

√
1−

e
2

•
The

sem
i-m

ajoraxis
a

determ
ines

the
energy

and
the

period
ofthe

orbit

E
=

−
A2a

;
T

=
2πω

;
ω

2
=

A

m
a
3

•
The

sem
i-latus

rectum
r
0

determ
ines

the
angular

m
om

entum
ofthe

orbit:
J

2
=

A
m

r
0

•
Ifyou

need
to

derive
any

ofthese
form

ulae
in

a
hurry

consider
a

silly
case.

U
se

the
sim

ple
balance

offorces
argum

entforcircularm
otion:

Ar
2

=
m

ω
2r

.

C
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A
LTE

R
N

ATIV
E

—
E

N
E

R
G

Y
O

F
TH

E
O

R
B

IT

•
To

getthe
energy

take
the

scalarproductofA
e

=
−

(J
××× ××
v

+
A
ê

r )
w

ith
itself

(note
thatJ

and
v

are
perpendicular).

A
2e

2
=

J
2v

2
+

2
J

××× ××
v·ê

r
︸

︷
︷

︸
A

+
A

2

=
J·v

××× ××
ê

r
=

−
J

2/m
r

Therefore

A
2(e

2−
1)

=
J

2

(

v
2−

2A

m
r

)

=
2E

J
2

m
=

2A
E

r
0

w
here

E
is

the
totalenergy.

The
m

ajoraxis
ofthe

orbitis
given

by

2a
=

r
0

(
1

1
+

e
+

1

1−
e

)

=
2r

0

1−
e
2

=
−

AE

i.e.
E

=
−

A
/2a

,independentofeccentricity.

•
The

distance
ofclosestapproach

occurs
atφ

=
0:

r
m

in
=

r
0

1
+

e
and

the
distance

of

furthestapproach
occurs

atφ
=

π
,atr

m
a
x

=
r
0

1−
e

.

•
The

sem
i-m

ajoraxis
a

satisfies
2a

=
r
m

in
+

r
m

a
x ,so

thata
=

r
0

1−
e
2

.

•
S

ubstituting,w
e

find
the

usefulrelations
r
m

a
x

=
a
(1

+
e)

and
r
m

in
=

a
(1−

e).
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E
LLIP

TIC
A

L
O

R
B

ITS
—

A
N

O
TH

E
R

(N
O

N-E
X

A
M

IN
A

B
LE)

W
AY

•
R

eturn
to

the
energy

equation:
12
m

ṙ
2

+
J

2

2m
r
2
−

Ar
=

E
.

•
C

hange
the

independentvariable,defining
a

radially-scaled
“tim

e” rd
s

=
d
t

so
that

d
rd
t

=
1r

d
r

d
s

W
e

then
get

(
d
r

d
s

)
2−

2Em
r
2−

2Am
r

+
J

2
=

0

•
D

efining
Ω

2
=

−
2E

m
(rem

em
berE

is
negative)w

e
getthe

sam
e

form
ofequation

as

before,butfor r
instead

ofu
.

The
distances

offurthestand
closestapproach

are
a
(1±

e),

so
the

solution
is

justr
=

a
(1−

e
cos

Ω
s).

•
W

e
can

now
integrate

r
=

d
t

d
s

to
find

a
nice

param
etric

form
forthe

tim
e

t

t
=

a
s−

a
eΩ

sin
Ω

s.
The

period
is

T
=

2π
a

Ω
=

2π

√

m
a
3

A
.

•
There

is
also

a
sim

ple
closed

form
forφ

(s):
tan

(
√

1−
e
2
φ2

)

=

√

1
+

e

1−
e

tan
Ω

s2
.

•
This

is
related

to
the

“square
root”ofthe

K
eplerproblem

,w
hich

transform
s

the
orbitto

a

centralellipse
(2-D

S
H

M
).M

any
essentialfeatures

ofthis
solution

w
ere

know
n

to
N

ew
ton,

butthe
procedure

is
called

the
“K

ustaanheim
o-S

tiefel”transform
ation.

C
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T
IM

E
IN

O
R

B
IT

—
(D

E
TA

ILS
N

O
N-E

X
A

M
IN

A
B

LE)

•
W

e
haven’tso

fargota
form

ula
forthe

coordinates
(r,φ

)
as

a
function

oftim
e.

There
is

an

easy
w

ay
ofdoing

this,w
hich

is
com

ing
a

bitlater,butw
e

can
in

factgeta
form

ula
fort(φ

),

ratherthan
φ
(t).

It’s
justnotvery

pretty...

•
From

the
equation

ofthe
ellipse

and
h
≡

Jm
=

r
2φ̇

w
e

get

d
φ

(1
+

e
cos

φ
)
2

=
h
d
t

r
20

•
The

integralis
found

as
form

ula
2.551

ofG
radshteyn

&
R

yzhik:

t=
r
20

h
(1−

e
2)

(−
e
sin

φ

1
+

e
cosφ

+
2

√
1−

e
2
tan

−
1

(
tan

(φ
+

14
π
)+

e
√

1−
e
2

)
)

O
C

A

P

•
You

can
also

geta
form

ula
foritby

subtracting

the
area

ofthe
triangle

C
P

O
from

the
sectorC

P
A

.
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G
R

AV
ITATIO

N
A

L
S

LIN
G

S
H

O
T

•
The

escape
velocity

ofa
spacecraft

from
the

S
olarsystem

atthe
radius

ofthe
E

arth’s
orbitis

42
km

s
−

1,

w
hich

should
be

com
pared

to
its

orbitalvelocity
of30

km
s
−

1.

•
W

e
can

use
a

gravitational‘slingshot’

around
planets

to
increase

kinetic

energy
and/orchange

direction

in
orderto

visitotherbodies

in
the

S
olarsystem

.

•
Voyager2

m
ade

a
‘grand

tour’.

C
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E
X

A
M

P
LE:

T
H

E
H

O
H

M
A

N
N

T
R

A
N

S
FE

R
O

R
B

IT

D
v

2

2D
v

1

1

aa

•
The

H
ohm

ann
transferorbitis

one
halfofan

elliptic
orbit

thattouches
both

the
initialorbitand

the
desired

orbit.

•
Forgravitationalcase

putA
=

G
M

m
.

•
In

circularorbits
T

=
−

E
=

−
12
U

,forelliptical

orbits 〈T〉
=

−
〈E

〉
=

−
12 〈U

〉
(V

irialTheorem
).

•
The

initialenergy
(fora

spacecraftofunitm
ass)is

E
1

=
−

G
M

2a
1

,and
the

velocity
has

to
be

increased

untilthe
spacecrafthas

the
energy

ofthe
transferorbitE

t
=

−
G

M

a
1

+
a
2

.

•
The

im
portantthing

to
know

is
∆

v
1 ,since

thatdeterm
ines

the
am

ountoffuelused,butw
e

can
w

ork
allthatoutfrom

the
energies:

E
t
=

−
G

M

a
1

+
a
2

=
−

G
Ma
1

+
12
v
2t
1 ⇒

12
v
2t
1

=
G

M
a
2

a
1 (a

2
+

a
1 )

•
The

restofrelations
are

easy
enough,butnotparticularly

inform
ative...

•
The

H
ohm

ann
transferis

the
m

ostfuelefficientorbit,unless
there

are
otherm

assive
bodies

in
the

vicinity,in
w

hich
case

you
can

use
the

gravitationalslingshot.
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S

•
The

tw
o

m
asses

M
1

and
M

2
orbitthe

centre
ofm

ass.

•
E

ach
orbitis

an
ellipse

in
a

com
m

on
plane

w
ith

the
centre

ofm
ass

atone
focus.

The
ellipses

have
the

sam
e

eccentricity
and

phase.

•
The

im
portantcase

is
circularm

otion.

M
ass

M
1

is
distance

M
2 r

M
1

+
M

2

from
the

C
oM

.

•
B

alance
offorces

forM
1 :

G
M

1 M
2

r
2

=
M

1 ω
2

M
2 r

M
1

+
M

2

⇒
ω

2
=

G
(M

1
+

M
2 )

r
3

•
This

is
the

really
im

portantresultand
is

usually
the

beststarting
point(e.g.

in
problem

Q
12).

•
You

getthe
sam

e
resultby

considering
the

balance
offorces

forM
2 .

•
W

e
can

rearrange
the

resultas
µ
rω

2
=

G
M

1 M
2

r
2

,in
w

hich
w

e
have

the
true

separation
r

and
the

actualforce
G

M
1 M

2

r
2

,buta
m

odified
reduced

m
ass

term
µ
≡

M
1 M

2

M
1

+
M

2

.

•
Ido

notadvocate
the

use
ofreduced

m
ass,despite

its
w

idespread
use

in
the

textbooks...

C
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a
ra

m
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c
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m

s
e
m

i-m
a
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f
f

P
a
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 fo
r re

p
u
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e
 fo
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e

b

a

0 r

r
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c

•
A

ttractive
potential:

allprevious
form

ulae
stillvalid,

bute
>

1
so

a
<

0
and

energy

E
=

−
A2a

=
(e

2−
1)A

2r
0

>
0.

•
Im

pactparam
eter b

and
velocity

atinfinity
v
∞

determ
ine

angularm
om

entum
J

=
m

bv
∞

and
energy

E
=

12
m

v
2∞

.

•
M

ostproblem
s

(e.g.
R

utherford
scattering

Q
14)

require
the

totalangle
ofdeflection

χ
=

2φ
∞

−
π

(χ
positive).

•
A

sym
ptotes

are
at ±

φ
∞

;from
the

equation
ofthe

conic
section

(valid
fore

<
1

ore
>

1)

w
e

have
cos

φ
∞

=
−

1/e
⇒

sec
φ
∞

=
−

e
⇒

tan
2
φ
∞

=
e
2−

1

.
•

N
ote

thatπ
/2

<
φ
∞

<
π

.
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T
H

E
T

W
O
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O

D
Y

P
R

O
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LE
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•
Tw

o
particles

ofm
asses

M
1

and
M

2
orbiting

each
other—

positions
r

1
and

r
2 .

M
1

M
2

2
r

1
r

C
o

M

•
The

energy,angularm
om

entum
and

equations
ofm

otion
can

be
expressed

in
term

s
ofthe

reduced
m

ass
µ
≡

M
1 M

2

M
1

+
M

2

and
r

1 −
r

2 .

•
The

centre
ofm

ass
is

at R
0

=
M

1 r
1

+
M

2 r
2

M
1

+
M

2

.

•
D

efine
ρ

1
≡

r
1
−

R
0

=
M

2

M
1

+
M

2

(r
1
−

r
2 )

ρ
2
≡

r
2
−

R
0

=
M

1

M
1

+
M

2

(r
2
−

r
1 )

•
K

inetic
energy

in
the

centre
ofm

ass
fram

e:

T
=

12
M

1 ρ̇
21
+

12
M

2 ρ̇
22

=
12

(
M

1 M
22

(M
1

+
M

2 )
2

+
M

21
M

2

(M
1

+
M

2 )
2

)

(ṙ
1
−

ṙ
2 )

2
=

µ2
(ṙ

1
−

ṙ
2 )

2

•
A

ngularm
om

entum
:
J

=
M

1 ρ
1
××× ××
ρ̇

1
+

M
2 ρ

2
××× ××
ρ̇

2
=

µ
(r

1 −
r

2 )
××× ××
(ṙ

1 −
ṙ

2 ).

•
E

quations
ofm

otion:
M

1 r̈
1

=
F

1
2

;
M

2 r̈
2

=
F

2
1

=
−

F
1
2

r̈
1 −

r̈
2

=

(
1

M
1

+
1M
2

)

F
1
2

=
1µ

F
1
2

;
R̈

0
=

0

•
R

educed
to

the
one-body

problem
in

the
centre

ofm
ass

fram
e.
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(S
ee

S
ection

4.4
ofH

andout)

O
C

P

im
p
a
c
t p

a
ra

m
e
te

r

s
e
m

i-la
tu

s
 re

c
tu

m

s
e
m

i-m
a
jo

r a
x
is

f
f

P
a
th

 fo
r re

p
u
ls

iv
e
 fo

rc
e

b

a

0 r

r

8

c

A
ttractive

potential

•
W

e
need

to
find

the
eccentricity

from
the

physicalparam
eters

E
and

J
.

•
From

the
definition

ofr
0

=
J

2

m
A

w
e

can
w

rite

(e
2−

1)
=

2r
0 E

A
=

2J
2E

m
A

2
.

•
In

term
s

of b
and

v
∞

this
m

eans

tan
2
φ
∞

=
e
2−

1
=

m
2v

4∞
b
2

A
2

⇒
tan

φ
∞

=
m

v
2∞

b

A
.

R
epulsive

potential:

•
C

hange
Ar
2
→

−
Br
2

,define
J

2
=

B
m

r
0

and
use

otherbranch
r
0

=
r(e

cos
φ
−

1).

•
a

is
positive

again
and

the
totalangle

ofdeflection
is

now
χ

=
π
−

2φ
∞

(χ
negative).

•
The

asym
ptotes

are
stillrelated

to
the

physicalparam
eters

by
tan

φ
∞

=
m

v
2∞

b

B
.

•
The

distance
ofclosestapproach

is
a
(1

+
e).
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P
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L
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A

N
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TH
E

R
W

AY

O
C

P

im
p
a

c
t p

a
ra

m
e

te
r

s
e

m
i-la

tu
s
 re

c
tu

m

s
e

m
i-m

a
jo

r a
x
is

f
f

P
a

th
 fo

r re
p

u
ls

iv
e

 fo
rc

e

b

a

0 r

r

8

c

•
W

e
can

sim
ply

use
the

results
forthe

attractive

potentialcase
(r

0
=

r(1
+

e
cos

φ
))

and
letφ

exceed
φ
∞

.

•
The

radius
r

is
then

negative
and

the
particle

traces
outthe

repulsive
branch,getting

closest

to
O

at φ
=

π
,so

thatr(π
)

=
a
(1

+
e),

w
here

a
is

now
negative.

•
This

w
orks

because
the

potentialenergy−
Ar

is
positive

w
hen

r
<

0
and

so
represents

a
repulsive

potential.

•
This

approach
has

the
considerable

advantage
thatno

sign
changes

are
needed,butithas

som
ething

ofa
“A

lice
through

the
looking

glass”quality
to

it.

C
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There
three

im
portantaspects

to
gravitation

(N
ew

tonian
orG

R
).

•
G

ravitationalpotential
φ
(r

)
This

determ
ines

energies
and

redshifts;velocities
of

objects
and

tem
perature

ofgases.
A

lw
ays

relative
—

can’thave
an

absolute
value.

Forpointm
ass

φ
=

−
G

MR
.

[N
ew

tonian
potentialis

one
partofthe

m
etric

ofG
R

.]

•
G

ravitationalfield
g
(r

)
=

−
∇

φ
This

determ
ines

accelerations
and

orbits.
The

field
is

also
relative

(perhaps
surprisingly).

e.g.
w

e
(and

the
LocalG

roup
ofgalaxies)could

allbe
accelerating

to
a

“G
reatA

ttractor”and
nothing

w
ould

change
here.

Forpointm
ass

|g|
=

G
MR
2

.
[G

ravitationalfield
is

one
partofthe

“connection”in
G

R
].

•
G

ravitationaltidalfield
R

(a
)

=
a·∇

g
This

is
allone

can
feeland

m
easure

locally
—

itdescribes
how

the
gravitationalfield

varies
in

space.
In

com
ponents

[R
(a

)]i
=

R
ij a

j
w

here
R

ij ≡
∂
g

i

∂
x

j
.

The
gravitationaltidalfield

varies
as

1/R
3.

Fora
pointm

ass
itis

R
(û

r )
=

2G
M

R
3

û
r ;

R
(û

θ )
=
−

G
MR
3

û
θ ;

R
(û

φ
)
=
−

G
MR
3

û
φ
;

There
is

a
radialstretching,and

a
squashing

by
halfas

m
uch

in
the

transverse
directions.

The
tidalacceleration

tensorR
ij

gives
the

coefficients
ofthe

quadratic
term

in
the

Taylor

expansion
ofthe

gravitationalpotential.
[Tidalfield

is
partofthe

R
iem

ann
tensorofG

R
].

C
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•
S

om
e

hierarchicalsystem
s

can
be

stable
indefinitely

e.g.
S

un,E
arth

and
the

M
oon.

•
A

general3-body
encountercan

be
very

com
plicated,buta

generalfeature
em

erges.

•
If3

bodies
are

allow
ed

to
attracteach

otherfrom
a

distance
(a),they

w
illspeed

up
and

interactstrongly
(b).

E
ventually

the
interaction

is
likely

to
form

a
close

binary
(negative

gravitationalbinding
energy)releasing

kinetic
energy,w

hich
m

ay
be

enough
forthe

bodies
to

escape
to

infinity
(c).

•
This

m
echanism

is
responsible

for“evaporation”ofstars
from

starclusters.
(m

aybe
also

invalidates
the

virialtheorem
?)

•
The

planetP
luto

has
a

close
com

panion
C

haron,and
has

an
eccentric

orbitw
hich

takes
it

inside
N

eptune’s
orbit.

A
3-body

collision
am

ongstN
eptune’s

m
oons

is
the

m
ostlikely

cause.
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•
Looking

dow
n

on
the

orbitalplane,w
e

see

the
E

arth
rotating

undera
tidalbulge

ofw
ater,

m
aking

tw
o

tides
a

day
(≈

1
hrlaterperday).

•
The

tidalacceleration
in

the
E

arth-M
oon

direction

is
3G

M
2 z

r
3

,w
here

z
is

the
distance

from
the

centre
ofthe

E
arth.

•
Integrating

to
getthe

tidalpotentialw
e

find
φ

tid
e

=
−

3G
M

2 a
2

2r
3

atthe
surface

atpointA
.

•
There

is
no

tidalpotentialatpointB
,so

the
heighth

ofthe
tide

is
given

by
φ

tid
e

=
−

g
h

,

w
here

the
gravity

g
=

G
M

1

a
2

.

•
E

lim
inating

g
,the

heightoftides
is

h
=

3M
2 a

4

2M
1 r

3
=

0.5
m

.

•
C

an
be

less
due

to
lim

ited
flow

(M
editerranean),orm

uch
m

ore
in

estuaries
(e.g.

S
t.

M
alo

and
B

ristolC
hannel).

C
an

be
com

plicated
due

to
am

plification
by

resonances
(e.g.

S
olent).

•
Tide

from
the

S
un

abouthalfthatfrom
the

M
oon

—
explains

“spring”and
“neap”tides.

•
The

M
oon

now
keeps

the
sam

e
face

tow
ards

us
—

its
initialadditionalrotation

w
as

dissipated
againstE

arth
tides

of 16
m

.
Itw

as
once

m
uch

closerto
us,and

itis
stillreceding.

(The
rotation

ofthe
E

arth
is

also
slow

ing
dow

n.)

C
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•
The

gravitationalfield
neara

pointm
ass

is
directed

radially
and

is
proportionalto

1/r
2.

The

tidalforces
consistofa

radialstretching
2G

M
/r

3
and

a
sidew

ays
com

pression−
G

M
/r

3.

•
Forthe

tw
o-body

potentialw
e

m
ustalso

add
the

contribution
from

centrifugalforce
—

this
is

a
stretching

in
tw

o
directions

in
the

plane
ofrotation,and

no
contribution

in
the

direction
of

the
rotation

axis.
This

assum
es

ourstick
m

an
is

corotating
w

ith
the

orbit(i.e.
keeping

the

sam
e

relative
orientation

w
ith

respectto
the

m
ass

M
).

•
The

sum
is

a
stretch

of 3G
M

/R
3

along
the

radialdirection,no
contribution

in
the

orbital

plane
and−

G
M

/R
3

perpendicularto
the

plane.

•
Tidalforces

are
w

eak
on

E
arth

and
notvery

strong
in

the
solarsystem

(exception:
Jupiter

and
Io),buttidalforces

can
be

colossalnearcom
pactobjects

such
as

neutron
stars.


