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B
asic

equations:
(S

ee
S

ection
5.1

ofH
andout.)

1)M
R̈

=
F

0 ;centre
ofm

ass
m

oves
like

particle
ofm

ass
M

underaction
ofthe

resultant

externalforce.
H

ere
w

e
w

illonly
considerm

otion
in

the
zero-m

om
entum

(C
oM

)fram
e.

2)J̇
=

G
0 ;the

rate
ofchange

ofofangularm
om

entum
is

equalto
the

totalexternalcouple.
w

r

v
•

The
angularvelocity

ω
determ

ines
the

velocity
ofa

particle
atposition

r
in

the
C

oM
fram

e:
v

=
ω

××× ××
r

.

•
The

angularm
om

entum
J

is
therefore:

J
=

∑

r
××× ××
p

=
∑

r
××× ××
m

(ω
××× ××
r
)
=

∑

m
r
2ω

−
∑

m
r
(ω

·r
)

Therefore
J

is
proportionalto

ω
butnotnecessarily

parallelto
ω

,

w
e

callthis
a

tensor
relationship

J
=

I
·
ω

orJ
i =

I
ij ω

j .

•
U

sing
m

atrix
notation,w

e
can

w
rite

this
in

detail:


J
x

J
y

J
z


=



∑
m

(y
2
+

z
2)

−
∑

m
x
y

−
∑

m
x
z

−
∑

m
x
y

∑
m

(x
2
+

z
2)

−
∑

m
y
z

−
∑

m
x
z

−
∑

m
y
z

∑
m

(x
2
+

y
2)





ω
x

ω
y

ω
z



•
I

is
the

M
om

entofInertia
tensor

—
here

w
ritten

as
a

m
atrix.

•
The

energy
can

also
be

w
ritten

in
term

s
ofthe

Inertia
tensor

T
=

∑
12
m

(ω
××× ××
r
)·(ω

××× ××
r
)
=

∑
12
m

ω
·r

××× ××
(ω

××× ××
r
)
=

12
ω
·J
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•
A

rigid
body

is
a

specialcase
ofthe

m
any-particle

system
w

e
have

already
studied,in

w
hich

allthe
interparticle

distances
are

fixed.

•
The

location
ofallthe

particles
in

the
body

can
therefore

be

described
by

6
coordinates:

the
position

R
ofthe

centre
ofm

ass,

and
3

angles
(θ,φ

,χ
)

(the
E

ulerangles),w
hich

describe
the

attitude
ofthe

body
w

ith
respectto

the
spatial(x

,y
,z

)-axes.

W
e

w
illdefine

these
angles

later.

•
M

ore
im

portantly,the
velocity

ofany
particle

in
the

body
is

determ
ined

by
the

velocity
v

of

the
C

oM
and

a
single

angularvelocity
ω

.

•
The

dynam
ics

ofthe
rigid

body
is

then
determ

ined
by

its
totalm

ass
and

the
inertia

tensor

thatrelates
the

angularm
om

entum
J

to
the

angularvelocity
ω

.

•
This

inertia
tensoris

the
generalisation

ofthe
m

om
entofinertia

ofa
body

rotating
abouta

fixed
axis.

•
Fora

body
spinning

abouta
fixed

axis
(say

ê
z ),the

m
om

entofinertia
I
=

∑

m
(x

2
+

y
2)

relates
the

angularm
om

entum
J

to
the

angularvelocity
ω

via
J

=
I
ω

.

•
The

kinetic
energy

is
also

related
to

the
angularvelocity

via
T

=
12
I
ω

2
=

12
J
ω

.
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•
The

M
om

entofInertia
tensoris

sym
m

etrical.
There

are
therefore

3
realeigenvalues

{I
1 ,I

2 ,I
3 }

and
3

m
utually

perpendiculareigenvectors
{
ê
1 ,

ê
2 ,

ê
3 }.

•
W

ith
respectto

these
eigenvectoraxes, I

′=



I
1

0
0

0
I
2

0

0
0

I
3



•
W

e
can

w
rite

J
=

I
1 ω

1
ê
1
+

I
2 ω

2
ê
2
+

I
3 ω

3
ê
3 ,orin

m
atrix

form
J

=



I
1 ω

1

I
2 ω

2

I
3 ω

3



•
The

kinetic
energy

is
T

=
12
(I

1 ω
21
+

I
2 ω

22
+

I
3 ω

23 ).

•
{I

1 ,I
2 ,I

3 }
are

called
the

P
rincipalM

om
ents

ofInertia
and

are
the

m
om

ents
ofinertia

in

the
ordinary

sense
aboutthe

eigenvectoraxes;the
eigenvectoraxes

ê
1 ,

ê
2

and
ê
3

are

called
the

P
rincipalA

xes.

•
In

ω
-space,a

surface
ofconstantT

=
T

(ω
)

is
an

ellipsoid,w
hich

is
fixed

to
the

body
—

the

Inertia
E

llipsoid;the
axes

ofthe
ellipsoid

have
length

∝
I
−

1
/
2

i
sm

allestI
i

corresponds
to

longestaxis).

•
In

ω
-space,the

gradient
∇

ω
T

=

(
∂
T

∂
ω

1

,
∂
T

∂
ω

2

,
∂
T

∂
ω

3

)

=
(I

1 ω
1 ,I

2 ω
2 ,I

3 ω
3 )
≡

J
,

i.e.
J

is
perpendicularto

the
surface

ofconstantT
at

ω
.
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R
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A
X

E
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TH
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M
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B
E

LL

w

J

y

x

zG

F
=

m
r

w
2

•
C

onsidera
rotating

dum
bbell,w

ith
pointm

asses
m

separated

by
a

length
2a

,w
ith

its
axis

at45
◦

to
the

axis
ofrotation

ê
y :

•
M

asses
at (x

,y
,z

)
coordinates:



a√
2

−
a√
2

0


and



−
a√
2

a√
2

0



giving:
I
ij

=



m
a
2

m
a
2

0

m
a
2

m
a
2

0

0
0

2m
a
2



•
The

angularm
om

entum
is

then
given

by

J
=

I
·ω

=



m
a
2

m
a
2

0

m
a
2

m
a
2

0

0
0

2m
a
2





0ω0


=



m
a
2ω

m
a
2ω

0


w

hich
is

notparallelto
ω

.

A
s

the
dum

bbellrotates, J
precesses

around
w

ith
it,w

hich
m

eans
a

couple
m

ustbe
applied

to
the

dum
bbellforitto

rotate
aboutthe

y
-axis:

G
=

J̇
=

ω
××× ××
J

=
−

m
a
2ω

2
ê

z

•
The

sam
e

couple
m

ay
be

derived
by

view
ing

the
dum

bbellin
a

fram
e

rotating
at

ω
w

ith

respectto
the

inertialcentre
ofm

ass
fram

e
and

calculating
the

effectofcentrifugalforces.

•
This

couple
precesses

w
ith

angularvelocity
ω

,justas
J

—
giving

a
tim

e-varying
couple

on

the
bearing

thatsupports
the

dum
bbell,causing

‘juddering’.
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P
R

IN
C

IPA
L

A
X

E
S

O
F

TH
E

IN
E

R
TIA

T
E

N
S

O
R

(see
S

ections
5.1.1

and
5.1.2

ofH
andout.)

•
The

principalaxes
are

fixed
in

the
body

and
m

ustbe
perpendicularto

each
other,w

hatever

the
shape

ofthe
body.

•
A

s
faras

theirrotationalproperties
are

concerned,bodies
com

e
in

three
types:

1.
S

phericalTops;all I
i ’s

equal,e.g.sphere,cube.
Fora

sphericaltop
J

=
I
ω

w
ith

a

scalar
I

,i.e.
J
‖
ω

in
this

case.

R
otationally,the

body
is

isotropic,w
ith

the
sam

e
I

aboutany
axis.

2.
S

ym
m

etricalTops; I
1
=

I
2
6=

I
3 ,e.g.m

any
sim

ple
m

olecules.
S

ubgroups
are

oblate

(lens
ordisc

shaped)and
prolate

(cigarshaped).
ê
3

axis
unique;

ê
1

and
ê
2

anyw
here

in

plane
perpendicularto

ê
3 .

3.
A

sym
m

etricalTops;allthree
I

’s
different.

P
rincipalaxes

unique.

•
N

o
one

I
i

can
be

largerthan
the

sum
ofthe

othertw
o.

Thus,w
ith

respectto
x
,y

,z
along

principalaxes) I
1
+

I
2
=

∑

m
(y

2
+

z
2
+

x
2
+

z
2)

=
I
3
+

2
∑

m
z
2
≥

I
3

•
A

specialcase
is

a
flatlam

ina,z
=

0,forw
hich

I
1
+

I
2
=

I
3 ,w

hich
is

know
n

as
the

Theorem
ofPerpendicularA

xes.
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•
Foran

objectto
rotate

sm
oothly

aboutan
axis,itm

ustnotonly
be

‘statically’balanced
(axis

passes
through

the
C

oM
),butalso

‘dynam
ically’balanced.

•
This

requires
thatitis

setup
so

that
ω

is
parallelto

J
.

This
occurs

w
hen

the
axis

lies
along

a
‘principalaxis’.

•
C

ase
1.

S
tatic

im
balance.

C
entre

ofgravity
is

noton
the

axle
—

C
auses

bouncing
ofthe

w
heel.

w
J

•
C

ase
2.

D
ynam

ic
im

balance.

The
axle

is
nota

principalaxis.

C
auses

w
obbling

ofthe
w

heel.

•
W

ords
and

diagram
s

courtesy
ofATS

Ltd.
circa

1986....
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•

S
uppose

F
=

0,
G

=
0,i.e.an

isolated
body

is
spinning

freely.
The

angularm
om

entum
J

is
constant.

W
hataboutω

?
The

answ
eris

easy
if
J

and
ω

are
along

a
principalaxis.

•
If

J
and

ω
do

notlie
along

a
principalaxis

the
m

otion
is

m
uch

m
ore

com
plicated:

the

direction
of

ω
varies

both
in

space
and

w
ith

respectto
the

body;forasym
m

etricaltops,the

m
agnitude

of
ω

varies
too.

These
variations

are
called

free
precession,to

distinguish
them

from
the

forced
precession

produced
by

an
externalcouple.

•
The

problem
ofhandling

free
precession

m
ay

be
treated

in
three

quite
differentw

ays:

1.
E

uler’s
equations,w

hich
are

the
equations

ofm
otion

in
a

coordinate
fram

e
m

oving
w

ith

the
body.

This
is

the
easiestapproach

to
getsom

e
usefulresults,butitis

slightly

aw
kw

ard
to

see
w

hatis
going

on
in

space
axes.

2.
Lagrange’s

approach,w
hich

gives
the

equations
ofm

otion
w

ith
respectto

fixed
axes.

This
is

straightforw
ard

once
the

E
ulerangles

are
defined.

3.
Poinsot’s

geom
etricalapproach,w

hich
is

eitherdeeply
insightfulorm

ind-num
bing,

depending
on

the
beholder.

•
The

firsttw
o

ofthese
generalise

readily
to

include
forced

m
otion,i.e.w

ith
externalcouples.

•
W

e
w

illstartw
ith

E
uler’s

equations,then
briefly

illustrate
Poinsot’s

construction
and

finally

exam
ine

the
Lagrange

approach
(probably

the
m

ostsystem
atic).

C
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E
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M
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•
E

xam
ple

ofa
lam

ina:
D

isc,m
ass

M
,radius

a
:

I
3
=

∑

m
(x

2
+

y
2)

=

∫
a

0

2π
rd

r
Mπ
a
2
r
2
=

12
M

a
2.

I
1
=

I
2
=

m
om

entofinertia
abouta

diam
eter=

14
M

a
2.

•
Theorem

ofP
arallelaxes.

ForI
aboutan

axis
notthrough

centre
ofm

ass,say
a

aw
ay

and

parallelto
a

principalaxis.

I
=

∑

m
(r

+
a
)·(r

+
a
)
=

I
0
+

M
a
2
+

2
(
∑

m
r
)

·a
=

I
0
+

M
a
2

since
∑

m
r

is
zero

w
hen

r
is

w
ith

respectto
C

oM
.

[Vectors
r

etc
here

are
alltaken

as
2-D

projections
in

plane
perpendicularto

I
axis.]

•
O

therusefulm
om

ents
ofinertia:

-
S

phere,m
ass

M
,radius

a
:
I
=

25
M

a
2

-
Thin

rod,m
ass

M
,length

l:
I
=

11
2
M

l
2

-
R

od,m
ass

M
,length

l,radius
a

:
I
1
=

I
2
=

M
(
14
a
2
+

11
2
l 2),I

3
=

12
M

a
2
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•
W

e
firststudy

a
sim

ple
case

—
the

sym
m

etric
top

w
ith

I
1
=

I
2
6=

I
3 .

•
E

uler’s
equations

are
I
1 ω̇

1
=

(I
1
−

I
3 )ω

2 ω
3

;
I
1 ω̇

2
=

(I
3
−

I
1 )ω

1 ω
3

;
I
3 ω̇

3
=

0.

•
This

im
plies

thatω
3

is
constant.

D
efining

the
body

frequency
Ω

b
≡

I
1
−

I
3

I
1

ω
3 ,w

e
see

thatω̇
1
=

Ω
b ω

2
and

ω̇
2
=
−

Ω
b ω

1
⇒

ω̈
1
+

Ω
2b ω

1
=

0

w

3
in

e
rtia

 e
llip

s
o
d

p
o
lh

o
d
e

b
o
d
y
 c

o
n
e

•
The

generalsolution
ofthese

tw
o

coupled
O

D
E

s
is

ω
1
=

A
sin

(Ω
b t+

φ
0 ),

ω
2
=

A
cos(Ω

b t+
φ

0 )
so

that,

in
the

body
fram

e, ω
precesses

around
the

3-axis
w

ith

angularvelocity
Ω

b ,w
hich

is
know

n
as

the
body

frequency.

•
The

body
frequency

Ω
b

can
eitherbe

the
sam

e
sign

as
ω

3

(prolate
inertia

ellipsoids
(I

1
>

I
3 )),orhave

the
opposite

sign
( I

3
>

I
1 ).

•
The

surface
traced

outby
the

angularvelocity
vectoris

know
n

as
the

body
cone.

•
The

curve
traced

outon
the

inertia
ellipsoid

by
the

angularvelocity
vectoris

know
n

as
the

polhode.

C
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E
uler’s

equations
resultfrom

consideration
ofthe

change
ofangularm

om
entum

in
the

body

fram
e

S
.

The
equations

ofm
otion

are
relatively

sim
ple

in
this

fram
e,butthe

body
axes

are

rotating
w

ith
respectto

the
inertialfram

e
S

0 .
S

uppose
there

is
an

externalcouple
G

.
w

J

•
In

the
inertialfram

e
S

0
w

e
have

[
d
Jd
t

]

S
0

=
G

.
The

rates
ofchange

of
J

in
fram

es
S

and
S

0
are

related
a

by

[
d
Jd
t

]

S
0

=

[
d
Jd
t

]

S

+
ω

××× ××
J

•
W

e
therefore

have
the

vectorequation
G

=

[
d
Jd
t

]

S

+
ω
××× ××
J

•
ω

in
fram

e
S

is
(ω

1 ,ω
2 ,ω

3 )
and

J
is

(I
1 ω

1 ,I
2 ω

2 ,I
3 ω

3 ),hence

G
1
=

I
1 ω̇

1
+

ω
2 I

3 ω
3
−

ω
3 I

2 ω
2
=

I
1 ω̇

1
+

(I
3
−

I
2 )ω

2 ω
3

and
G

2 ,G
3

sim
ilarly..

•
E

uler’s
equations

forthe
m

otion
ofa

rigid
body

w
ritten

outin
fullare

G
1

=
I
1 ω̇

1
+

(I
3
−

I
2 )ω

2 ω
3

G
2

=
I
2 ω̇

2
+

(I
1
−

I
3 )ω

3 ω
1

G
3

=
I
3 ω̇

3
+

(I
2
−

I
1 )ω

1 ω
2

aTo
see

this
easily

note
that:

(1)
if

J
is

notchanging
in

S
,then

in
S

0
the

J
vector

justrotates
around

ω
;

(2)
Ifthe

body
is

notrotating,the
rates

ofchange
of

J
in

S
and

S
0

are
the

sam
e.

The
tw

o
term

s
are

linearin
J

,hence
result.
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•
Tw

o
frequencies

are
im

portant:

1.
The

‘S
pace

Frequency’ Ω
s ≡

the
rotation

speed
ofthe

plane
of

ω
and

ê
3

aboutJ
.

Itis

the
‘free

precession’speed
as

seen
by

an
inertialobserver.

W
e

see
from

the
above

argum
entthatithas

the
value

Ω
s
=

J
/I

1
so

thatitis
alw

ays
in

the
sense

of
J

and
is

ofthe
sam

e
orderofm

agnitude
as

the
rotation

speed.
2.

The
‘B

ody
Frequency’Ω

b
≡

the
rate

atw
hich

ω
describes

its
cone

aboutthe
3-axis.

From
the

E
ulerequations

w
e

see
that

Ω
b
=

I
1
−

I
3

I
1

ω
3

This
can

take
eithersign

w
rt

to
Ω

s
and

can
be

very
sm

allifthe
body

is
nearly

spherical(in
term

s
ofits

principal

m
om

ents
ofinertia).

•
Tw

o
angles

are
im

portant:

1.
The

‘S
pace

C
one’ofhalf-angle

θ
s ≡

the
cone

sw
eptoutby

ω
as

itprecesses
aboutJ

.
It

is
the

angle
of‘free

precession’seen
by

an
inertialobserver.

2.
The

‘B
ody

C
one’θ

b
≡

the
cone

sw
eptoutby

ω
as

itprecesses
about

ê
3 .

•
W

e
can

illustrate
the

relation
betw

een
these

angles
and

frequencies
furtherusing

Poinsot’s

construction.
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F
R

E
E

P
R

E
C

E
S

S
IO

N
—

TH
E

IN
E

R
TIA

L
O

B
S

E
R

V
E

R’S
P

O
IN

T
O

F
V

IE
W3

2

1

3

w
w

J

q
s

•
(S

ection
5.4.1.)

N
.B

.the
case

illustrated
is

oblate
(i.e.

I
3
>

I
1 ).

a

•
C

onsideraxes
fixed

in
the

body
—

ω
precesses

aboutthe

3-axis
atthe

body
frequency

Ω
b
=

I
1
−

I
3

I
1

ω
3 .

•
J

is
notparallelto

ω
butstillprecesses

aboutthe
3-axis

atthe
body

frequency.

•
M

eanw
hile,back

in
the

space
axes

J
is

fixed
and

everything

is
rotating

aboutω
.

3

2

1

w

Jq
s

•
To

find
the

space
frequency,look

dow
n

the
J

vectorw
hen

ω
1
=

0.

•
The

projected
com

ponentofω
show

n
is

ω
p
≡
|ω

|sin
θ
s
=

|J
××× ××
ω
|

|J
|

.

3

1

w

w

J

p

.

1
w .

P
ro

je
c
te

d
 c

o
m

p
o

n
e

n
t

•
A

tthis
m

om
entJ

××× ××
ω

is
in

the
1-direction

and
has

m
agnitude

=
(I

1
−

I
3 )ω

2 ω
3 .

•
R

ate
ofprecession

(space
frequency)is

given
by

Ω
s
=

ω̇
1

ω
p

.

•
B

utI
1 ω̇

1
=

(I
1
−

I
3 )ω

2 ω
3 ,so

the
space

frequency
is

Ω
s
=

JI
1

aR
em

em
berthatthe

sm
allaxis

ofthe
inertia

ellipsoid
corresponds

to
the

largest
principalm

om
entofinertia.



C
lassicalD

ynam
ics

P
66

E
X

A
M

P
LE:

F
R

E
E

P
R

E
C

E
S

S
IO

N
—

T
H

E
E

A
R

TH

•
The

E
arth

is
in

force-free
m

otion,butis

slightly
oblate

and
J

is
slightly

inclined

to
the

sym
m

etry
axis.

•
The

E
arth’s

oblateness:

(I
3
−

I
1 )/I

1
≡

β
≈

Ω
2Rg

≈
1

300
.The

space-cone
angle

θ
s

is
negative

forthis
case.

•
A

ngles
are

tiny:
θ
s
≈
−

β
θ
b
≈
−

θ
b /300.

•
S

pace-cone
tiny

and
inside

the
body-cone,

w
hich

sw
ings

round
iteach

day.

•
In
≈

300
days,ω

m
oves

in
a

cone
round

ê
3 ,

giving
a

latitude
change:

Polar
w

ander,or

C
handler

w
obble.

The
J
−

ê
3

angle
is

about0.1
arcsec

(a
few

m
etres

atthe
surface).

•
The

period
is

actually
427-days,and

irregular;the
E

arth
is

notrigid
and

its
deform

ations

affectthe
argum

ents.
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P
O

IN
S

O
T’S

TR
E

ATM
E

N
T

FO
R

F
R

E
E

P
R

E
C

E
S

S
IO

N

w

3

in
e
rtia

 e
llip

s
o
d

p
o
lh

o
d
e

b
o
d
y
 c

o
n
e

s
p
a
c
e
 c

o
n
e

in
v
a
ria

b
le

 p
la

n
e

J
h
e
rp

o
lh

o
d
e

q
b

q
s

O

P

•
(S

ection
5.3.)

N
.B

.case
illustrated

is
prolate.

•
Forfree

precession
(no

externalcouple)only:

constant J
and

T
=

12
ω
·J

im
plies

that

the
com

ponentof
ω

in
the

J
-direction

rem
ains

constant.

•
A

s
the

ω
-vectorvaries,itkeeps

its
tip

P

in
a

plane
perpendicularto

J
;

the
plane

is
called

the
invariable

plane.

•
S

ince
J

is
perpendicularto

the
surface

ofthe
ellipsoid

atP
,itfollow

s
thatthe

ellipsoid
is

tangentialto
the

invariable
plane

atP
.

•
The

crucialstep
in

Poinsot’s
argum

entis
to

say
that,since

the
instantaneous

m
otion

is
a

rotation
about O

P
,P

is
instantaneously

atrest,and
the

ellipsoid
therefore

rolls,ratherthan

slides,on
the

invariable
plane.

•
The

locus
ofthe

tip
ofthe

ω
vectoron

the
plane

is
called

the
herpolhode.

•
You

can
calculate

the
space

and
body

frequencies
from

geom
etric

considerations,e.g.

Ω
b
sin

θ
b
=

Ω
s sin

θ
s

follow
s

from
the

condition
ofno

slipping
betw

een
the

space
and

body

cones
as

they
rollaround

ω
.

B
utthat’s

as
faras

w
e’llgo

here...
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T
H

E
M

A
JO

R
A

X
IS

T
H

E
O

R
E

M
FO

R
N

O
N-R

IG
ID

B
O

D
IE

S

•
R

ealobjects
are

neitherperfectly
rigid

norperfectly
elastic.

•
D

uring
free

precession,w
hilstthe

angularm
om

entum
is

conserved,the
centrifugalforces

change
as

ω
axis

m
oves.

The
objecttherefore

deform
s,and

loses
energy.

•
J

can
m

ove
w

.r.tprincipalaxes,but
J

2
is

constant,so
as

T
is

decreasing,the
energy

ellipsoid
shrinks.

•
To

getthe
m

inim
um

energy
fora

certain
J

—
align

J
w

ith
axis

w
ith

largestI
,i.e.

the
m

ajor

axis.

•
If

J
is

notaligned
w

ith
the

m
ajoraxis,energy

can
stillbe

lost.

•
M

ajor
axis

theorem
‘A

ny
freely-rotating

body
thatis

notperfectly
rigid,w

illlose
kinetic

energy
and,w

hilstits
angularm

om
entum

rem
ains

constantin
m

agnitude
and

direction
in

space,its
angularvelocity

vectorm
oves

w
ith

respectto
the

body
coordinates

untilthe
body

is
rotating

aboutits
m

ajoraxis’.
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F
R

E
E

P
R

E
C

E
S

S
IO

N
—

T
R

IA
X

IA
L

B
O

D
IE

S

(S
ee

sections
5.3.2

and
5.4.2

ofH
andout.)

•
Triaxialbody

has
allprincipalm

om
ents

ofinertia
different.

A
ssum

e
I
1
<

I
2
<

I
3 .

•
Free

rotation
is

com
plicated,butw

e
have

the
conservation

law
s:

J
is

conserved:
(I

1 ω
1 ,I

2 ω
2 ,I

3 ω
3 )

;

T
is

conserved:
12
(I

1 ω
21
+

I
2 ω

22
+

I
3 ω

23 ).

•
Ifthe

body
spins

aboutthe
1-axis

itcan’tchange
ω

atconstantJ
w

ithoutdecreasing
its

energy.
Itis

therefore
S

TA
B

LE
(though

read
on...).

•
Ifthe

body
spins

aboutthe
3-axis

itcan’tchange
ω

atconstantJ
w

ithoutincreasing
its

energy.
Itis

therefore
S

TA
B

LE
.

•
Ifthe

body
spins

aboutthe
2-axis

itcan
change

ω
atconstantJ

in
m

any
w

ays
w

hilst

conserving
energy.

Itis
therefore

U
N

S
TA

B
LE

,and
the

polhode
w

illm
ake

large
excursions

around
the

inertia
ellipsoid.

•
To

see
this

w
e

can
use

E
uler’s

equations
forω̇

1 ,ω̇
2 :

ω̇
1

ω̇
2

=
d
ω

1

d
ω

2

=
I
2

I
1

ω
2 (I

2
−

I
3 )

ω
1 (I

3
−

I
1 )

•
Integrating,w

e
find

the
locus

is
a

conic
section:

ω
21

I
2 (I

3
−

I
2 )

+
ω

22

I
1 (I

3
−

I
1 )

=
constant

•
The

locus
can

be
(as

here)an
ellipse

(stable)ora
hyperbola

(unstable),depending
on

the

signs
ofI

i −
I
j .
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L
A

G
R

A
N

G
E’S

A
P

P
R

O
A

C
H

(S
ee

section
5.5

ofH
andout.)

•
The

m
ostdirectand

system
atic

treatm
entofthe

m
otion

w
ith

respectto
fixed

axes
is

via

Lagrangian
M

echanics
(see

TP
1

nextyear).
H

ere
w

e
obtain

the
sam

e
equations

by
inspection.

z

3

q

c
f

m
g

2

+
1

•
W

e
considerthe

m
otion

ofa
sym

m
etricaltop,atfirstisolated,

and
then

supported
atits

base
undergravity

(take
I
1
=

I
2
6=

I
3 ).

•
Let (θ,φ

)
be

the
sphericalpolarcoordinates

ofthe
sym

m
etry

3-axis

and
χ

the
angle

ofrotation
ofthe

top
aboutthe

3-axis
.

•
(θ,φ

,χ
)

are
the

E
uler

angles
and

are
suitable

coordinates

to
describe

the
attitude

ofthe
body.

q
c .

f . z

3

θ̇
inw

ards

•
Fora

sym
m

etric
top

w
e

can
m

ake
a

convenientchoice
ofaxes:

letthe

1-axis
be

(instantaneously)horizontal;the
z

-axis
is

in
the

2-3
plane.

•
A

tthis
m

om
entoftim

e
ω

=
(ω

1 ,ω
2 ,ω

3 )
=

(θ̇,φ̇
sin

θ,χ̇
+

φ̇
cosθ)

χ
is

m
easured

w
rtthe

m
oving

z
-3

plane.

•
The

angularm
om

entum
in

body
axes

is
given

by
J

=
(I

1 θ̇,I
1 φ̇

sin
θ,I

3 (χ̇
+

φ̇
cosθ))

•
The

sym
m

etry
I
1
=

I
2

provides
a

considerable
sim

plification;in
generalw

e
have

to
resolve

θ̇
and

φ̇
sin

θ
onto

the
1-and

2-axes
w

hich
are

rotated
by

the
angle

χ
aboutthe

3-axis.
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E
X

A
M

P
LE

S
O

F
TH

E
M

A
JO

R
A

X
IS

T
H

E
O

R
E

M

•
C

elestialobjects.
Freely-rotating

celestialobjects
usually

rotate
abouttheirm

ajoraxes
–

asteroids,planets
like

the
E

arth,stars
orspiralgalaxies.

•
C

handler
W

obble
ofthe

E
arth.

The
E

arth
is

notrigid
—

free
precession

decays
in

about

68
years.

The
E

arth’s
precession

m
ustbe

continuously
excited/driven.

The
principalcause

ofthe
C

handlerw
obble

a
is

fluctuating
pressure

on
the

bottom
ofthe

ocean,caused
by

tem
perature

and
salinity

changes
and

w
ind-driven

changes
in

the
circulation

ofthe
oceans.

•
E

xplorer
1

S
atellite:

In
1958,a

few
m

onths
afterS

putnik
I,the

U
S

launched
E

xplorer1.
It

w
as

a
long

cylindricalobject,w
ith

flexible
radio

antennae
protruding

from
the

sides.

-
Ifthe

orientation
ofa

satellite
m

atters
(e.g.

fordirecting
antennae

orsolarpanels)itm
ust

be
stabilised

—
a

typicalsatellite
w

ith
a

solarpanelw
illrotate

90
◦

degrees
in

an
hour

from
restdue

to
radiation

pressure
alone.

-
They

‘stabilised’itby
spinning

aboutits
length

—
the

m
inoraxis.

D
uring

firstorbitthe

angularm
om

entum
vectorm

oved
to

the
m

ajoraxis
(perpendicularto

the
m

iddle
ofthe

satellite).
Itspentthe

restofits
m

ission
cart-w

heeling
through

space...

•
Lew

is
S

atellite
w

as
lostin

A
ugust1997

shortly
afterlaunch...

a‘The
excitation

ofthe
C

handlerw
obble’R

.S
.G

ross,G
eophysicalR

esearch
Letters

27,2329-2332
(2000).
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(S
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q
c .

f .
z

3

2

J

q

z

3
2

J

I
2 φ̇

sin
θ

I
3 (χ̇

+
φ̇

cosθ)

•
S

uppose
thatthe

body
is

isolated
in

free
space.

Take
the

J
direction

as
defining

the
z

-axis.

•
Then

J
z
=

J
since

the
totalJ

is
along

z
-axis

and
J

3
=

J
cosθ.

Therefore

φ̇
=

J
(1
−

cos
2
θ)

I
1
sin

2
θ

=
JI
1

=
Ω

s ,

χ̇
=

J
cosθ

I
3

−
JI
1

cosθ
=

I
3 ω

3

(
1I
3

−
1I
1

)

=
I
1
−

I
3

I
1

ω
3
=

Ω
b

•
The

above
constitutes

anotherderivation
ofthe

space
and

body
frequencies

Ω
s

and
Ω

b

(there
is

a
third

via
Poinsot’s

construction
using

sim
ple

geom
etry,w

hich
is

in
the

handout).

•
The

relationships
betw

een
the

differenttreatm
ents

are
notatallobvious;textbooks

can
be

baffling
since

few
books

give
m

ore
than

one
treatm

ent.
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L
A

G
R

A
N

G
E’S

A
P

P
R

O
A

C
H

II

(S
ee

section
5.5

ofH
andout.)

•
The

m
om

entofinertia
I
1

is
taken

w
ith

respectto
the

stationary
pointw

ithin
the

body
(i.e.

the

C
ofM

ass
forthe

isolated
body,base

ifsupported
undergravity).

The
gravitationalcouple

G
,ifpresent,is

in
the

1-direction.

(S
ee

section
5.5

ofH
andout.)

•
There

are
three

constants
ofm

otion,giving
three

equations

1.
J

3
=

I
3 (χ̇

+
φ̇

cosθ)
is

constant.
This

follow
s

from
E

uler’s
equation

forω̇
3

w
ith

G
3
=

0

and
I
1
=

I
2 ,im

plying
J̇

3
=

I
3 ω̇

3
=

0.

2.
J

z
=

J
3
cosθ

+
J

2
sin

θ
=

J
3
cosθ

+
I
1 φ̇

sin
2
θ

is
constant.

This
is

because
G

z
=

0.

3.
The

totalenergy
E

=
T

+
U

is
constant.

The
firsttw

o
equations

enable
us

to
express

φ̇
and

χ̇
in

term
s

ofthe
angularm

om
entum

constants
J

z
and

J
3

and
the

angle
θ:

φ̇
=

J
z
−

J
3
cosθ

I
1
sin

2
θ

χ̇
=

J
3

I
3

−
φ̇

cosθ
=

J
3

I
3

+
J

3
cos

2
θ
−

J
z
cosθ

I
1
sin

2
θ



C
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q

U

q
1

q
2

e
ff

E

a
llo

w
e
d
 re

g
io

n

•
E

xceptin
the

specialcaseJ
z
=

J
3

(‘sleeping
top’)

the
effective

potentialhas
the

form
sketched.

•
Forenergies

E
above

the
m

inim
um

in
U

e
ff

there
is

an
allow

ed
region

ofθ
w

here
θ̇
2
≥

0.

•
In

steady
precession

θ
is

atthe
‘equilibrium

’position
(m

inim
um

ofU
e
ff

)and
constant

( E
=

U
0 ).

C
onservation

ofthe
angularm

om
enta

im
ply

thatφ̇
and

χ̇
are

constant.

•
The

m
otion

thus
consists

ofsteady
rotation

by
χ̇

aboutthe
sym

m
etry

axis,w
ith

the
axis

itself

steadily
precessing

by
φ̇

atconstantθ
to

the
vertical.

q
1

q
2

•
IfE

is
slightly

largerthan
the

m
inim

um
ofU

e
ff

,then
the

θ
m

otion
can

be
treated

as
approxim

ate
S

H
M

by

Taylorexpansion
ofU

e
ff

aboutthe
m

inim
um

.

•
The

oscillations
of θ

give
nutation,i.e.

oscillations

in
χ̇

and
φ̇

aboutthe
steady

precession
values.

•
Forenergies

substantially
higherthan

U
0 ,

the
nutation

can
be

quite
com

plicated
a.

a(w
ith

apologies
forthe

artistic
standard...)

C
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E
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E
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E
S

S
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N
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TH
E

G
Y

R
O

S
C

O
P

E

m
g

z
3

q

•
(S

ee
section

5.5.2
ofH

andout.)
H

ereafterw
e

considerthe
body

supported
atits

base,so
thatthere

is
a

couple
due

to
gravity.

I
1

is
now

aboutthe
support,w

hich
is

ath
from

the
C

ofM
ass.

•
C

onservation
ofJ

z
and

J
3

give
φ̇

and
χ̇

as
know

n
functions

ofθ.

O
nce

θ
is

know
n

as
a

function
oftim

e,φ
and

χ
m

ay
in

principle

be
found

by
integration.

•
The

angle
θ

m
ay

be
found

from
the

energy
equation:

E
=

12
I
1 (θ̇

2
+

φ̇
2
sin

2
θ)+

12
I
3 (χ̇

+
φ̇

cosθ)
2
+

m
g
h
cosθ

=
constant

•
S

ubstituting
for

φ̇
and

χ̇
gives

E
=

12
I
1 θ̇

2
+

(J
z
−

J
3
cosθ)

2

2I
1
sin

2
θ

+
m

g
h
cosθ

+
J

23

2I
3

︸
︷
︷

︸
U

e
ff
(θ)

•
The

problem
is

now
solved

in
principle,since

θ̇
is

a
know

n
function

ofθ
and

m
ay

be

integrated
to

give
θ(t);φ

and
χ

then
follow

.

•
The

integrations
involve

elliptic
integrals

and
can

be
found

in
standard

reference
books.

•
The

im
portantphysicalresults

can
be

seen
w

ithoutresource
to

the
fullm

athem
atics

by

treating
the

θ
m

otion
as

oscillation
in

an
effective

potentialU
e
ff

as
in

the
treatm

entoforbits.
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F
O

R
C

E
D

P
R

E
C

E
S

S
IO

N
—

N
U

TATIO
N

(S
ee

section
5.5.4

ofH
andout.)

•
The

analysis
ofnutation

aboutprecession
atgeneralθ,even

in
the

gyroscopic
lim

it,is

algebraically
laborious.

The
case

ofnutation
ofa

horizontalgyroscope
is

reasonably

straightforw
ard.

•
N

utation
ofa

gyroscope,w
ith

axis
horizontaland

supported
atone

end.

P
utθ

=
π
/2

+
ε.

Forsm
allε,cosθ

≈
−

ε,sin
θ
≈

1
−

ε
2/2.

Then
U

e
ff
(θ)

=
constant

+
ε

(
J

z J
3

I
1

−
m

g
h

)

+
ε
2

(
J

23

2I
1

+
J

2z

2I
1

)

+
···forpow

erseries

expansion
in

ε.
The

term
∝

ε
is

zero
atθ

0 ;therefore
J

z
=

m
g
h
I
1

J
3

;
φ̇

=
m

g
h

J
3

.

The
gyroscope

condition
is

J
23
�

m
g
h
I
1

and
hence

�
J

2z
.

The
ε
2-term

gives
the

‘restoring
force’term

in
U

e
ff

and
hence

the
equation

ofm
otion

as
follow

s:

U
e
ff

=
constant

+
ε
2

J
23

2I
1

⇒
I
1 ε̈

+
J

23

I
1

ε
=

0.
This

gives
S

H
M

in
ε

atΩ
≡

Ω
s
=

J
3 /I

1 .

•
A

notherlim
iting

case
thatcan

be
handled

relatively
easily

is
the

conicalpendulum
,i.e.as

above
butw

ith
I
3
=

0.
There

is
no

gyroscopic
action

and
the

pendulum
can

only
hang

below
the

support(form
otion

atsteady
θ).

N
ote

thatcom
pared

to
conventionaltreatm

ents,

θ
is

m
easured

from
the

upw
ard

ratherthan
dow

nw
ard

vertical.

C
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S
TE

A
D

Y
P

R
E

C
E

S
S

IO
N

O
F

A
G

Y
R

O
S

C
O

P
E

(S
ee

section
5.5.3

ofH
andout.)

•
The

condition
forsteady

precession
is

d
U

e
ff
/d

θ
=

0,w
hich

gives
an

equation
forθ

in
term

s

ofthe
constants

J
z

and
J

3 .
A

ftersom
e

algebra,itm
ay

be
rew

ritten
as

φ̇
2I

1
cosθ

−
φ̇
J

3
+

m
g
h

=
0.

•
This

gives
us

the
steady

precession
speed

φ̇
as

a
function

ofinclination
θ.

Itis
a

quadratic,

w
ith

solutions
φ̇

=
J

3
±

√

J
23
−

4I
1 m

g
h
cosθ

2I
1
cosθ

This
show

s
that,ifcosθ

is
positive

(i.e.the
top

is
standing

above
its

base
and

nothanging

below
it),φ̇

is
im

possible
unless

J
23
≥

4I
1 m

g
h
cosθ

Thus
steady

precession
requires

the

top
to

be
spinning

fastenough.
In

the
‘gyroscopic

lim
it’J

is
very

large
from

rapid
rotation

aboutthe
sym

m
etry

axis
and

J
23
�

m
g
h
I
1 .

•
The

quadratic
for

φ̇
show

s
there

are
tw

o
possible

precession
frequencies

forgiven
θ;in

the

gyroscopic
lim

itthey
are

φ̇
≈

m
g
h
/J

3 ,independentofθ;this
is

the
‘slow

precession’,as
derived

in
P

artIA
.

φ̇
≈

J
3 /(I

1
cosθ),independentof

G
;this

is
the

‘free
precession’as

derived
above:

J
is

entirely
in

the
z

-direction
and

φ̇
≡

Ω
s .
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R
E

M
IN

D
E

R:
P

R
E

A
M

B
LE

TO
N

O
R

M
A

L
M

O
D

E
S

x

U
(x)

x
0

U
0

•
P

article
in

a
potentialw

ellU
(x

).

•
Totalenergy

is
conserved:

E
=

T
+

U
=

12
m

ẋ
2
+

U
(x

).

•
E

nergy
m

ethod:
d
Ed
t

=
0
⇒

ẋ
(m

ẍ
+

d
Ud
x

)
=

0.

•
The

resulting
equation

ofm
otion

m
ẍ

+
d
Ud
x

=
0

m
ay

w
ellbe

nonlinear.

•
S

uppose
there

is
an

equilibrium
position

at x
0

w
here

d
Ud
x

=
0 .

•
To

study
sm

alloscillations
aboutx

0 ,expand
U

(x
)

in
a

Taylorseries:

U
(x

)
=

U
0
+

12

d
2U

d
x

2

∣∣∣∣x
0

(x
−

x
0 )

2
+

...

•
D

efining
the

sm
alldisplacem

entξ
≡

x
−

x
0

and
denoting

d
2U

d
x

2

∣∣∣∣x
0

≡
U

′′0
(i.e.

a
constant)

w
e

getthe
linearequation

ofm
otion

m
ξ̈
+

U
′′0
ξ
=

0

w
hich

is
S

H
M

atangularfrequency
ω

2
=

U
′′0

m
.

C
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IN
TR

O
D

U
C

TIO
N

TO
N

O
R

M
A

L
M

O
D

E
S

(S
ee

section
6

ofH
andout.)

•
Fora

generalN
ew

tonian
system

,the
equations

ofm
otion

take
the

form
d

2

d
t
2

variables
=

F

(

variables,
dd
t variables

)

•
These

equations
are

often
very

com
plicated

(e.g.
rigid

body
m

otion).

•
H

ow
ever,w

e
are

often
interested

in
sm

alldisplacem
ents

ofa
system

from
equilibrium

.

•
Ifw

e
expand

the
variables

(by
long

tradition
w

e
denote

them
as

{q
i }

orq)abouttheir

equilibrium
values

q
e
q :

variables
≡

q
≈

q
e
q
+

δ
q

w
e

obtain
the

approxim
ate

equations

q̈
=

∂
F∂
q

∣∣∣∣
e
q

·δ
q

+
∂
F∂
q̇

∣∣∣∣
e
q

·q̇
i.e.

linear
equations

•
In

general,sm
alldisplacem

ents
aboutequilibrium

lead
to

linear
equations.

•
This

in
turn

leads
to

the
superposition

ofsolutions.
[i.e.

w
e

can
analyse

the
problem

in

pieces
and

add
them

allup
afterw

ards...]



C
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D
Y

N
A

M
IC

S
O

F
A

T
W

O
-M

A
S

S
S

Y
S

TE
M

k
k

k

m
m

x
1

x
2 =

0

•
S

uppose
the

m
ass

atx
1

is
displaced

from
equilibrium

att=
0,butx

2
=

0.

The
m

asses
are

then
released

and

allow
ed

to
oscillate

freely.

t

x (t)
1

x (t)
2

•
W

e
getthe

follow
ing

m
otion:

•
The

oscillation
looks

com
plicated,but

there
are

actually
only

tw
o

frequencies

presentin
the

oscillation
(because

there
are

tw
o

coordinates

—
this

is
a

generalresult).

C
lassicalD

ynam
ics

P
79

D
E

FIN
ITIO

N
O

F
A

N
O

R
M

A
L

M
O

D
E

•
W

e
w

illstudy
the

free
(unforced)sm

alloscillations
ofdynam

icalsystem
s

aboutequilibrium
.

The
system

w
illoscillate,buta

system
w

ith
m

any
dynam

icalvariables
can

oscillate
in

m
any

differentw
ays.

The
im

portantconceptis
thatofthe

norm
alm

ode
ofoscillation.

•
D

efinition
ofa

norm
alm

odel:

A
norm

alm
ode

ofa
system

is
an

oscillation
thathas

a
single

frequency.

•
In

a
norm

alm
ode

allparts
ofthe

system
share

the
sam

e
periodic

tim
e

dependence.

•
A

llthe
m

ore
generalfree

oscillations
ofthe

system
can

be
expressed

in
term

s
ofthese

sim
ple

norm
alm

odes.

•
Itis

w
orth

em
phasising

once
m

ore
thatw

e
are

considering
free

oscillations
in

the
absence

ofexternalforces.

m
mx

x
2

1

k
k

k

•
E

xam
ple:

a
system

oftw
o

m
asses

and
3

springs:

(x
1 ,x

2 )
are

the
displacem

ents
ofthe

m
asses

from
equilibrium

.
The

m
asses

are
both

m
and

the
spring

constants
are

allk
.

•
The

generalm
otion

is
rathercom

plicated.

•
H

ow
ever,the

system
has

a
sym

m
etry

as
the

m
asses

and
spring

constants
are

equal.
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N
O

R
M

A
L

C
O

O
R

D
IN

ATE
S

O
F

A
T

W
O

-M
A

S
S

S
Y

S
TE

M

•
The

m
atrix

(
2
k
−

m
ω

2
−

k

−
k

2
k
−

m
ω

2

)

has
eigenvalues

ω
2
=

3km
and

ω
2
=

km
.

x
x

2
1 m

m
•

The
eigenvectors

are
the

norm
alm

odes
ofthe

system
.

(1)
ω

2
=

3km
:
⇒

(
−

k
−

k

−
k

−
k

)
(

X
1

X
2

)

=

(
00

)

⇒
X

1
+

X
2
=

0.

The
norm

alm
ode

is
any

m
ultiple

of

(
1−
1

)

.

(2)
ω

2
=

km
:
⇒

(
k

−
k

−
k

k

)
(

X
1

X
2

)

=

(
00

)

⇒
X

1
−

X
2
=

0.

The
norm

alm
ode

is
any

m
ultiple

of

(
11

)

.

•
E

quations
ofm

otion:
m

ẍ
1
=
−

2k
x

1
+

k
x

2

m
ẍ

2
=

k
x

1
−

2k
x

2

⇒
m

(ẍ
1
+

ẍ
2 )

=
−

k
(x

1
+

x
2 )

m
(ẍ

1
−

ẍ
2 )

=
−

3k
(x

1
−

x
2 )

•
W

e
have

sim
ple

(decoupled)equations
fornew

variables
ξ
1
≡

X
1
−

X
2

and

ξ
2
≡

X
1
+

X
2 .

•
The

variables
(ξ

1 ,ξ
2 )

(orany
m

ultiples
a)are

the
norm

alcoordinates
ofthe

system
.

aO
ne

can
use

norm
alised

coordinates
ξ
1
,
2
=

1√2
(1

,∓
1
) ,butitis

notcom
pulsory

in
C

lassicalphysics.

C
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D
Y

N
A

M
IC

S
O

F
A

T
W

O
-M

A
S

S
S

Y
S

TE
M

II

m
mx

x
2

1

s
p
rin

g
s
p
rin

g
s
p
rin

g
1

2
3

k
k

k

•
E

quations
ofm

otion
fora

tw
o-m

ass
system

:

m
ẍ

1
=

−
k
x

1
︸

︷
︷

︸
+

k
(x

2
−

x
1 )

︸
︷
︷

︸

spring
1

spring
2

m
ẍ

2
=

−
k
(x

2
−

x
1 )

︸
︷
︷

︸
+

(−
k
x

2 )
︸

︷
︷

︸

spring
2

spring
3

•
W

e
can

rew
rite

this
com

pactly
using

m
atrix

notation

(
m

ẍ
1

m
ẍ

2

)

=
−

(
2k

−
k

−
k

2k

)
(

x
1

x
2

)

.

•
The

equations
ofm

otion
are

coupled
O

D
E

s
—

w
e

seek
the

C
om

plem
entary

Function
by

using
a

trialsolution

(
x

1 (t)

x
2 (t)

)

=

(
X

1

X
2

)

e
iω

t
w

here
X

1 ,X
2

are
constants.

•
The

resultis
a

setofhom
ogeneous

linearequations
forX

1 ,X
2 :

(
2k

−
m

ω
2

−
k

−
k

2k
−

m
ω

2

)
(

X
1

X
2

)

=

(
00

)

•
H

om
ogeneous

equations
only

have
non-trivialsolutions

(i.e.
otherthan

zero)ifthe

determ
inantofthe

m
atrix

is
zero.

This
im

plies
(2k

−
m

ω
2)

2
−

k
2
=

0
or

(3k
−

m
ω

2)(k
−

m
ω

2)
=

0.

•
W

e
have

tw
o

eigenvalues
orcharacteristic

frequencies:
ω

2
=

3km
and

ω
2
=

km
.
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S
Y

S
TE

M
W

ITH
T

W
O

U
N

E
Q

U
A

L
M

A
S

S
E

S

x
x

2
1 m

1
m

2
•

E
quations

ofm
otion:

m
1 ẍ

1
=
−

2k
x

1
+

k
x

2

m
2 ẍ

2
=

k
x

1
−

2k
x

2

•
W

e
seek

norm
alm

odes

(
x

1 (t)

x
2 (t)

)

=

(
X

1

X
2

)

e
iω

t
as

before.

•
This

again
gives

a
setofhom

ogeneous
linear(m

atrix)equations:
(

2k
−

m
1 ω

2
−

k

−
k

2k
−

m
2 ω

2

)
(

X
1

X
2

)

=

(
00

)

•
The

frequencies
ofthe

norm
alm

odes
are

found
by

setting
the

determ
inantto

zero

⇒
3k

2
−

2k
(m

1
+

m
2 )ω

2
+

m
1 m

2 ω
4
=

0
so

that

ω
2
=

k

m
1 m

2

(

m
1
+

m
2
±

√

m
21
−

m
1 m

2
+

m
22

)

•
H

aving
determ

ined
the

norm
alfrequencies

w
e

use
them

to
find

the
shape

ofthe
norm

al

m
odes:

X
2

X
1

=

(

m
2
−

m
1
∓

√

m
21
−

m
1 m

2
+

m
22

)

m
2

•
N

.B
.Itis

instructive
to

plot
X

2

X
1

and
the

ratio
ofthe

tw
o

frequencies
as

a
function

of
m

2

m
1

.

•
There

are
stilltw

o
norm

alm
odes,in

w
hich

the
system

oscillates
ata

single
frequency.

•
The

general(free)oscillation
is

then
an

arbitrary
sum

ofthe
tw

o
norm

alm
odes.

C
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N
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M
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M

•
The

sym
m

etry
ofthe

tw
o-m

ass
system

m
akes

the
norm

alm
odes

obvious.

x
2

x
1

s
tre

tc
h
e
d
 1

 u
n
it

c
o
m

p
re

s
s
e
d
 2

 u
n
its

•
S

ym
m

etric
m

ode:
has

X
2
=
−

X
1 ,so

thatthe
centralspring

is

com
pressed

by
tw

ice
as

m
uch

as
the

outersprings
are

extended.

•
W

e
then

have
the

equation
ofm

otion
m

ẍ
1
=
−

3k
x

1
(S

H
M

as
before).

•
K

now
ing

the
shape

(i.e.
X

2
=
−

X
1 )ofthe

norm
alm

ode
w

e
can

usually
calculate

the

frequency
using

the
G

eneralrule
a:

ω
2
=

restoring
force

perunitextension

m
ass

.

•
Forthe

sym
m

etric
m

ode
the

restoring
force

on
m

ass
1

perunitdisplacem
entis

3k
so

that

ω
2
=

3km
as

before
(sam

e
form

ass
2,so

w
e

have
a

norm
alm

ode).

x
x

2
1

•
A

ntisym
m

etric
m

ode:
has

X
2
=

X
1 ,so

thatthe
centralspring

is
unchanged.

m
ẍ

1
=
−

k
x

1 ,so
ω

2
=

km
.

•
These

are
the

norm
alm

odes
ofourtw

o-m
ass

system
.

aIn
othercircum

stances
itm

ightbe
(e.g.)

ω
2
=

restoring
couple

perunitangle

m
om

entofinertia
.
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N
O

R
M

A
L

M
O

D
E

S
O

F
A

G
E

N
E

R
A

L
S

Y
S

TE
M

•
S

uppose
the

state
ofa

system
is

specified
by

N
coordinates

{q
i }.

E
xam

ples:

1.
system

of M
particles

in
3-D

—
{
r

i }
(N

=
3M

);

2.
system

oftw
o

m
asses

and
three

springs
in

1-D
—

{x
1 ,x

2 }
(N

=
2);

3.
gyroscope

—
{θ,φ

,χ
}

(N
=

3).

•
The

variables
{q

i }
orq

are
usually

called
generalised

coordinates.

•
S

uppose
thatthe

system
has

a
position

ofequilibrium
at q

=
0.

S
ince

the
coordinates

q

specify
the

state
ofthe

system
can

w
rite

the
kinetic

energy
as

T
=

12

∑

system

m
|ṙ
| 2,

w
here

r
=

r
(q

i )
are

the
C

artesian
coordinates

ofallofthe
parts

ofthe
system

.

•
N

earequilibrium
,w

e
can

m
ake

a
Taylorexpansion

ṙ
≈

∑

i

q̇
i

∂
r

∂
q
i

∣∣∣∣
e
q ,so

that

T
=

12

∑

ij

M
ij q̇

i q̇
j
≡

12
q̇

T
·M

·q̇

•
The

‘m
ass

m
atrix’M

ij
≡

∑

system

m
∂
r

∂
q
i

∣∣∣∣
e
q

·
∂
r

∂
q
j

∣∣∣∣
e
q

is
a

constant.

•
Thus,fora

system
nearequilibrium

,the
kinetic

energy
is

a
quadratic

function
ofthe

q̇.

C
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•
Ifw

e
know

from
physicalgrounds

thatthe
energy

is
conserved,w

e
can

alw
ays

derive
the

equations
ofm

otion
ofsystem

s
thatonly

have
one

degree
offreedom

(such
as

the
S

H
O

):

12
m

ẋ
2
+

12
k
x

2
=

E
⇒

ẋ
(m

ẍ
+

k
x
)
=

0
⇒

m
ẍ

+
k
x

=
0

•
This

w
orks

because
ẋ

is
in

generalnon-zero.

•
W

e
have

called
this

the
energy

m
ethod.

•
W

e
can

often
derive

the
equations

ofm
otion

ofm
ore

com
plicated

system
s

w
ith

N
variables

in
a

sim
ilarw

ay.
It’s

certainly
notrigorous,butw

orks
forsm

alloscillations
nearequilibrium

.

•
The

m
ore

advanced
m

ethods
ofLagrangian

and
H

am
iltonian

m
echanics

derive
the

equations
ofm

otion
ofa

system
from

a
variationalprinciple

thatinvolves
the

kinetic
and

potentialenergies
in

the
form

ofthe
Lagrangian

L
=

T
−

U
.

This
is

rigorous,and
alw

ays

w
orks.

•
The

advantage
ofLagrangian

and
H

am
iltonian

m
ethods

is
thatw

e
only

have
to

w
ork

outthe

totalkinetic
and

potentialenergies
ofa

system
.

In
N

ew
tonian

m
echanics

w
e

need
to

evaluate
allthe

forces
acting,in

orderto
calculate

the
accelerations.

•
E

xam
ple:

forourtw
o-m

ass
system

w
ith

three
springs,w

e
have

T
=

12
m

(ẋ
21
+

ẋ
22 )

and

U
=

12
k
(x

21
+

(x
1
−

x
2 )

2
+

x
22 ).
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•
Fora

generalsystem
specified

by
a

setofN
coordinates

q
i ,the

equations
ofm

otion
for

sm
alloscillations

aboutequilibrium
atq

=
0

are
M

·q̈
+

K
·q

=
0

•
The

properties
ofnorm

alm
odes

w
illbe

illustrated
furtherby

considering
specific

exam
ples.

M
ore

R
igorous

M
ethod.

•
Ifthe

state
ofa

system
is

specified
by

a
setofN

coordinates
q

i ,the
Lagrangian

is
in

general L
≡

T
−

U
=
L

({q
i },{q̇

i },t)

•
The

Lagrangian
recipe

form
echanics

(w
hich

is
notem

phasied
in

this
course)then

says

thatthe
equations

ofm
otion

are
derived

from
the

E
uler-Lagrange

equations:
dd
t

∂
L

∂
q̇
i
=

∂
L

∂
q
i

•
Foroursystem

in
equilibrium

atq
=

0,the
Lagrangian

approach
confirm

s
ourearlierresult.

C
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•
The

potentialenergy
ofa

generalsystem
can

also
be

w
ritten

as
a

function
ofthe

generalised

coordinates:

U
=

U
(q)

≈
U

0
+

∑

i

q
i
∂
U

∂
q
i

∣∣∣∣
e
q

︸
︷
︷

︸

+
12

∑

ij

q
i q

j
∂

2U

∂
q
i ∂

q
j

∣∣∣∣
e
q

︸
︷
︷

︸

+
...

=
0

≡
K

ij

in
equilibrium

constant

•
The

potentialenergy
ofa

system
nearequilibrium

is
thus

a
quadratic

function
ofthe

q.

•
The

totalenergy
E

=
U

0
+

12

∑

ij

M
ij q̇

i q̇
j
+

12

∑

ij

K
ij q

i q
j

is
constant,so

d
Ed
t

=
0
⇒

∑

ij

q̇
i (M

ij q̈
j
+

K
ij q

j )
=

0

•
H

ealth
w

arning:

the
follow

ing
argum

entis
notrigorous,butyields

the
correctequations

ofm
otion.

•
The

equations
ofm

otion
forthe

system
are

then
∑

j

M
ij q̈

j
+

∑

j

K
ij q

j
=

0

or,equivalently,
M

·q̈
+

K
·q

=
0

.
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A
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P
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—
TH

E
T

R
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M
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U
LEm

M
m

x
x

2
3

x
1

k
k

•
W

e
m

ake
a

(C
lassical)m

odelofa
triatom

ic
m

olecule

consisting
ofthree

m
asses

and
tw

o
springs:

•
C

onsiderone-dim
ensionalm

otion
only:

coordinates
(x

1 ,x
2 ,x

3 ).

•
K

inetic
energy:

T
=

12
(m

ẋ
21
+

M
ẋ

22
+

m
ẋ

23 )
=

12
ẋ

T
·M

·ẋ
⇒

M
=



m
0

0

0
M

0

0
0

m


.

•
Potentialenergy:

U
=

12
(k

(x
2
−

x
1 )

2
+

k
(x

3
−

x
2 )

2)
=

12
x

T
·K

·x

⇒
K

=



k
−

k
0

−
k

2k
−

k

0
−

k
k


.

•
S

eek
norm

alm
odes

x
(t)

=
X

e
iω

t
⇒

(K
−

ω
2M

)·X
=

0.

•
N

on-trivialsolution
only

ifd
et(K

−
ω

2M
)
=

0

d
et



k
−

m
ω

2
−

k
0

−
k

2
k
−

M
ω

2
−

k

0
−

k
k
−

m
ω

2


=

ω
2(k

−
m

ω
2)(m

M
ω

2
−

(2m
+

M
)k

)
=

0.

•
The

norm
alm

odes
ofthe

system
:

ω
2
=

0;
ω

2
=

km
;

ω
2
=

k
(M

+
2m

)

M
m

tra
n
s
la

tio
n

s
y
m

m
e
tric

v
ib

ra
tio

n
a
n
tis

y
m

m
e
tric

v
ib

ra
tio

n

C
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•
To

solve
a

problem
involving

norm
alm

odes
w

e
usually

need
to

w
rite

dow
n

the
‘m

ass
m

atrix’

M
and

the
‘spring

constant’m
atrix

K
.

•
E

xam
ple:

the
tw

o-m
ass

system
has

coordinates
q
=

(
x

1

x
2

)

,and
the

energies
are

T
=

12
m

(ẋ
21
+

ẋ
22 )

and
U

=
12
k
(x

21
+

(x
1
−

x
2 )

2
+

x
22 ).

•
The

m
atrix

M
is

straightforw
ard

since
itcontains

only
diagonalterm

s:
The

idea
is

to
w

rite

T
=

12
m

(ẋ
21
+

ẋ
22 )

=
12
(ẋ

1
ẋ

2
)

(
m

0

0
m

)
(

ẋ
1

ẋ
2

)

•
The

m
atrices

M
and

K
are

by
construction

sym
m

etric
(e.g.

K
ij

=
K

j
i ).

This
is

because

(1)no
antisym

m
etric

partofK
ij

could
contribute

to
the

quadratic
form

12

∑

ij

K
ij q

i q
j

and

(2)the
sym

m
etry

of
∂

2U

∂
q
i ∂

q
j

=
∂

2U

∂
q
j ∂

q
i .

•
The

potentialenergy
is

U
=

12
(2k

x
21
−

2k
x

1 x
2
+

2k
x

22 ).
W

hen
assem

bling
the

K
m

atrix

w
e

place
the

2k
x

21
and

2k
x

22
on

the
diagonal,buthave

to
splitthe

off-diagonalterm

−
2k

x
1 x

2
equally

on
eitherside:

i.e.
U

=
12
(x

1
x

2
)

(
2k

−
k

−
k

2k

)
(

x
1

x
2

)

.

In
this

w
ay

w
e

getthe
correctresultw

hen
the

m
atrix

products
are

evaluated.
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•
O

urequation
forthe

norm
alm

odes
(K

−
ω

2M
)·Q

=
0

is
a

sim
ple

generalisation
ofthe

eigenvalue
equation

(A
−

λ
I
)·x

=
0

thatyou
have

already
m

et.

•
The

m
atrices

are
sym

m
etric,so

the
eigenvalues

ω
2i

are
real,butthe

norm
alm

odes
are

not

orthogonalin
the

usualsense.
They

are,how
ever,orthogonalin

an
im

portantphysical

sense:
e.g.

the
asym

m
etric

vibration
ofthe

triatom
ic

m
olecule

has
no

netlinearm
om

entum
.

•
You

can
m

ake
the

norm
alm

ode
system

look
m

ore
like

the
usualeigenvalue

equation
by

w
riting

itas
(M

−
1K

−
ω

2I
)·Q

=
0,w

hich
an

eigenvalue
equation

as
as

taughtin

m
athem

atics,butithas
the

sam
e

(possibly
non-orthogonal)eigenvectors,and

is
no

longer

necessarily
sym

m
etric

(as
forthe

triatom
ic

system
)...

•
S

om
e

books
advise

w
orking

w
ith

M
−

1K
but,in

m
y

experience,the
inversion

ofM
is

sim
ply

a
w

aste
oftim

e
w

hen
w

orking
by

hand.
H

ow
ever,w

hen
using

a
com

puteralgebra

package,w
orking

w
ith

M
−

1K
enables

the
use

ofstandard
eigenvectortools.

•
The

norm
alm

odes
w

e
have

found
Q

i
are

actually
orthogonalin

the
sense

that

Q
Ti
·M

·Q
j
=

0
fori6=

j.
This

is
very

easy
to

prove.

•
This

m
eans

thatthe
“squashed”m

odes
M

1
/
2
·Q

j
a

are
orthogonalin

the
usualsense.

aTo
find

the
square

rootofa
positive

sem
i-definite

m
atrix,diagonalise

it,take
the

square
rootofthe

diagonalelem
ents

and
rotate

back.

C
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•
The

norm
alm

odes
ofthe

C
lassicalm

odelofa
triatom

ic
m

olecule:

1.
ω

2
=

0
m

ode
is
∝



111



This
m

ode
is

free
translation

ofthe
w

hole
system

along
w

ith
the

centre
ofm

ass.

A
ntisym

m
etric

m
ode

w
ith

respectto
inversion

aboutcentralm
ass).

2.
ω

2
=

km
m

ode
is
∝



10

−
1



This
is

a
sym

m
etric

vibration
(w

rtinversion
aboutcentralm

ass).

There
is

no
m

otion
ofthe

C
ofM

ass
orthe

centralatom
.

3.
ω

2
=

k
(M

+
2m

)

M
m

m
ode

is
∝



1

−

2
m

M1



This
is

a
antisym

m
etric

vibration.
There

is
no

m
otion

ofthe
C

ofM
ass.

•
A

lternative
procedure

1.
G

uess
the

shapes
ofthe

norm
alm

odes
(allare

obvious).

2.
S

ubstitute
in

to
find

the
frequencies.
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•
The

conceptofa
norm

alm
ode

is
very

im
portant,both

theoretically
and

in
practice.

•
S

tability:
The

norm
alfrequencies

ω
2

are
real.

1.
Ifallthe

ω
2s

are
positive,the

system
is

stable.
2.

Ifany
ofthe

ω
2s

are
negative

(ω
2
=
−

κ
2),then

grow
ing

m
odes

∝
e

κ
t

existand
the

system
is

unstable.
3.

Zero-frequency
m

odes
can

exist,and
usually

correspond
to

translation
orrotation

ofthe

w
hole

system
.

(R
em

em
berthatthe

generalsolution
to

ẍ
=

0
is

x
=

A
t+

B
).

•
D

egeneracy:
tw

o
orm

ore
norm

alfrequencies
are

equal.
This

often
occurs

because
ofsom

e

sym
m

etry
inherentin

the
system

,butcan
also

be
accidental(i.e.

notdue
to

sym
m

etry).

•
You

can
use

sym
m

etry
to

guess
norm

alm
odes:

you
can

then
usually

find
the

frequencies

fairly
easily

via
elem

entary
argum

ents.

•
G

roup
representation

theory
is

a
very

pow
erfulw

ay
ofdeducing

the
nature

ofnorm
alm

odes.

Forexam
ple,applied

to
the

triatom
ic

m
olecule

problem
itsays

thatthe
are

tw
o

antisym
m

etric
m

odes
and

one
sym

m
etric

m
ode.

•
A

pplied
to

the
equilateraltriatom

ic
m

olecule
problem

itsays
thatthere

is
a

tw
o-dim

ensional

vibrationalm
ode

and
a

one-dim
ensionalsym

m
etric

m
ode.

Italso
says

thatthere
are

three

zero-frequency
m

odes,tw
o

ofw
hich

are
degenerate,and

one
otherone-dim

ensionalm
ode

thathas
a

differentcharacter
to

the
one-dim

ensionalvibrationalm
ode.
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•
W

e
have

seen
thatthe

correcteigenvalue
problem

fornorm
alm

odes
is

actually
(

M
−

1
/
2K

M
−

1
/
2
−

ω
2I

)

·(M
1
/
2
·Q

)
=

0,w
hich

retains
allthe

helpfulsym
m

etry
and

orthogonality
properties.

•
W

e
can

find
suitable

‘squashed’coordinates
thatsim

ultaneously
diagonalise

M
and

K
.

•
This

is
a

properprocedure
forgetting

orthonorm
alm

odes.
In

detail:

1.
diagonalise

M
;

2.
squash

the
coordinates

so
thatM

becom
es

a
unitm

atrix
—

this
equivalentto

taking
the

square
rootof M

.

3.
diagonalise

K
in

the
new

coordinates.

•
In

this
w

ay
the

M
rem

ains
diagonalduring

the
finalstep.

•
In

quantum
m

echanics
itis

know
n

thatyou
cannotsim

ultaneously
diagonalise

tw
o

non-com
m

uting
m

atrices.
Yet,the

above
is

a
procedure

fordoing
exactly

that!
H

ow
have

w
e

achieved
the

im
possible?

•
In

quantum
m

echanics
w

e
have

to
use

transform
ations

thatpreserve
the

innerproduct(i.e.

are
unitary).

There
is

no
such

restriction
in

C
lassicalm

echanics
(the

squashing
step

is

non-unitary).
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•
The

system
looks

com
plicated,butm

ostofthe
norm

alm
odes

are
obvious.

{

d
e
g
e
n
e
ra

te
 b

y
 s

y
m

m
e
try

a
c
c
id

e
n
ta

l d
e
g
e
n
e
ra

c
y

ω
2
=

3km
•

The
three

m
odes

w
ith

ω
2
=

0
correspond

to
translations

and
rotation.

•
There

is
also

a
sym

m
etric

vibrational(“breathing”)m
ode

w
ith

ω
2
=

3km
.

ω
2
=

3k

2m

•
The

rem
aining

vibrationalm
odes

are
degenerate,butm

ustbe
orthogonal

to
the

others,and
so

m
usthave

no
nettranslation,no

netrotation
and

no
netoutw

ard
m

otion.
O

ne
possible

m
ode

is
show

n.
•

W
e

can
find

otherm
odes

w
ith

the
sam

e
frequency

by
rotating

this
m

ode
by

120
◦.

•
There

are
only

tw
o

independentm
odes

w
ith

ω
2
=

3k

2m
since

the
sum

ofthe
three

m
odes

illustrated
is

zero

and
they

are
notlinearly

independent.

•
The

sym
m

etry
properties

ofthe
norm

alm
odes

(i.e.
tw

o
differentone-dim

ensionalm
odes

and
tw

o
sets

tw
o-dim

ensionalm
odes)ofcan

be
determ

ined
by

group
representation

theory.

C
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m

m
x

y

x
2

3 y

x
1

1

y
2

3
k

k

k

•
C

onsiderthe
classicalsystem

ofthree
m

asses

and
three

springs
in

an
equilateraltriangle

as
show

n.

•
It’s

a
classicalm

odelforan
ozone

m
olecule

a

•
The

M
m

atrix
is

easy
butthe

K
m

atrix
is

a
little

m
ore

tricky:

M
=

m



1
0

0
0

0
0

0
1

0
0

0
0

0
0

1
0

0
0

0
0

0
1

0
0

0
0

0
0

1
0

0
0

0
0

0
1



K
=

k



12
0

−
14

√
3

4
−

14
−

√
3

4

0
32

√
3

4
−

34
−

√
3

4
−

34

−
14

√
3

4
54

−
√

3
4

−
1

0
√

3
4

−
34

−
√

3
4

34
0

0

−
14

−
√

3
4

−
1

0
54

√
3

4

−
√

3
4

−
34

0
0

√
3

4
34



•
W

e
find

the
norm

alfrequencies:
ω

2
=

{

0,0,0, 3km
,
3k

2m

3k

2m

}

...

aC
hem

ist’s
say

thatthe
ozone

m
olecule

is
notactually

equilateral,although
w

e
can’ttellw

hich
atom

has
the

odd
angle

out...
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TH

E
R

E
X

A
M

P
LE

S
O

F
N

O
R

M
A

L
M

O
D

E
S

II

+
+-

+
+- -

+
+

-
-

{

d
e

g
e

n
e

ra
te

+
-

+-{
d

e
g

e
n
e

ra
te

+

+ -

-
+

+

--{

d
e

g
e

n
e

ra
te

•
E

xam
ple

2.

W
aves

on
a

circularm
em

brane
—

drum
ofradius

a
.

B
oundary

conditions:
y
(r

=
a
)
=

0.

•
The

(n
,m

)th
m

ode
has

n
nodes

in
r

and

m
nodes

in
φ

:

y
(x

,t)
=

A
J

m
(k

n
m

r)
cos

sin
(m

φ
)

cos(ω
t+

χ
)

constant
am

plitude
shape

of
norm

alm
ode

tim
e

dependence
(sam

e
forw

hole
system

)

w
here

J
m

(k
n

m
a
)

is
the

n
th

zero
ofthe

B
esselfunction

oforderm
.

•
The

frequencies
are

ω
n

m
=

√

Tρ
k

n
m

and
are

notharm
onically

related.

•
The

low
estm

ode
has

ω
0
1
=

1.551

√

Tρ

1a
.

C
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O
TH

E
R

E
X

A
M

P
LE

S
O

F
N

O
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M
A

L
M

O
D

E
S

0
L

y

x

•
S

tanding
w

aves
on

a
string.

Fixed
(y

=
0)atx

=
0

and
x

=
L

.

•
Tension

T
and

m
ass

perunitlength
ρ

,gives
equation

ofm
otion

T
∂

2y

∂
x

2
=

ρ
∂

2y

∂
t
2

•
S

eek
w

ave
solution

∝
ex

p
(i(ω

t−
k
x
)).

•
Find

relationship
betw

een
k

and
ω

:
ω

2
=

Tρ
k

2.

•
The

boundary
conditions

fix
the

allow
ed

k
values:

k
n

=
n
πL

(in
this

case
they

are
harm

onically
related).

•
The

n
th

harm
onic

has
n

antinodes:

y
(x

,t)
=

A
sin

k
n
x

cos(ω
t+

χ
)

constant
am

plitude
shape

of
norm

alm
ode

tim
e

dependence
(sam

e
forw

hole
system

)
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O

N
JU

G
ATE

M
O

M
E

N
TA

A
N

D
C

O
N

S
E

R
VATIO

N
L

AW
S

x

t

lo
w

 fre
q

u
e

n
c

y v
a

ria
tio

n
s

h
ig

h
 fre

q
u
e

n
c

y v
a

ria
tio

n
s

sin
u
so

id
a

l o
sc

illa
tio

n

•
E

xam
ple

illustrated.

S
im

ple
harm

onic
m

otion:
q
1
=

x
.
T

=
12
m

ẋ
2;U

=
12
k
x

2.

L
=

T
−

U
⇒

∂
L

∂
ẋ

=
m

ẋ
;
∂
L

∂
x

=
−

k
x

.

E
quation

ofm
otion:

m
ẍ

=
−

k
x

.

S
olution:

x
=

A
cosω

t+
B

sin
ω
t,w

here
ω

2
=

k
/m

.

A
ction

on
classicalpath

x
0 (t

0 )
to

x
(t):

S
=

m
ω2

(x
2
+

x
20 )cosω

(t−
t
0 )−

2x
x

0

sin
ω
(t−

t
0 )

•
Possible

variations
(high

and
low

frequencies)δx
around

the
classicalpath

are
illustrated.

•
The

im
portantquantities

∂
L

∂
q̇
i
≡

p
i

are
know

n
as

the
conjugate

m
om

enta
and

play
a

crucialrole
in

H
am

iltonian
dynam

ics,and
hence

in
the

correspondence
betw

een
classical

dynam
ics

and
quantum

m
echanics.

•
Ifthe

Lagrangian
does

notdepend
on

one
ofthe

coordinates,say
q
1

(i.e.
∂
L

∂
q
1

=
0),then

from
Lagrange’s

equations
dd
t

∂
L

∂
q̇
1

=
0

and
the

conjugate
m

om
entum

p
1

is
a

constant.

•
S

ym
m

etries
(here

L
independentofq

1 )thus
lead

to
conservation

law
s.

C
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TLIN
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O
F

L
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G
R

A
N

G
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N
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E
C

H
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N
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x

t

lo
w

 fre
q

u
e

n
c

y v
a

ria
tio

n
s

h
ig

h
 fre

q
u
e

n
c

y v
a

ria
tio

n
s

sin
u
so

id
a

l o
sc

illa
tio

n

•
Lagrangian

m
echanics

starts
w

ith
H

am
ilton’s

P
rinciple

a

thatthe
action

S
=

∫

d
t
L

(q
i ,q̇

i ,t)
is

stationary
for

sm
allvariations

δq
i (t)

aboutthe
path

q
i (t).

•
C

onsiderthe
variation

δS
as

the
path

varies
from

q
i (t)

to
q
i (t)+

δq
i (t):

δS
=

∫
t
2

t
1

d
t

∑

i

(

δq
i ∂

L

∂
q
i
+

δq̇
i ∂

L

∂
q̇
i

)

•
H

ow
ever,the

variations
ofδq̇

i (t)
are

determ
ined

by
δq

i (t),so
w

e
m

ay
integrate

by
parts:

δS
=

∑

i

[

δq
i ∂

L

∂
q̇
i

]
t
2

t
1

+

∫
t
2

t
1

d
t

∑

i

δq
i

(
∂
L

∂
q
i
−

dd
t

∂
L

∂
q̇
i

)

•
P

rovided
the

integrated
parts

vanish,the
condition

thatδS
=

0
forallvariations

δq
i (t)

is

dd
t

∂
L

∂
q̇
i
=

∂
L

∂
q
i

foralli

•
These

are
Lagrange’s

equations
ofm

otion.
In

classicalm
echanics

w
e

can
usually

take
as

Lagrangian
L

=
T
−

U
,w

here
T

is
the

kinetic
energy

and
U

is
the

potentialenergy.

aThis
is

often
called

the
“P

rinciple
of

Least
A

ction”.
It’s

not
a

particularly
good

nam
e

since,
although

the
action

is

stationary,it’s
notactually

a
m

inim
um

,exceptforthe
case

ofa
free

particle.
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A

G
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A
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G
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N
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Y
N

A
M

IC
S

—
E

X
A

M
P

LE
S

•
S

im
ple

harm
onic

m
otion:

L
=

12
m

ẋ
2
−

12
k
x

2.

L
does

notdepend
on

t.

⇒
The

energy
(H

am
iltonian)E

=
12
m

ẋ
2
+

12
k
x

2
is

conserved.

•
O

rbits
in

centralpotential:
L

=
12
m

(ṙ
2
+

r
2φ̇

2)−
U

(r).

L
does

notdepend
on

φ
ort:

⇒
The

angularm
om

entum
( p

φ
)J

=
m

r
2φ̇

is
conserved;

⇒
The

energy
(H

am
iltonian)E

=
12
m

(ṙ
2
+

r
2φ̇

2)+
U

(r)
is

conserved.

•
S

ym
m

etric
top:

L
=

12
I
1 (θ̇

2
+

φ̇
2
sin

2
θ)+

12
I
3 (χ̇

+
φ̇

cosθ)
2
−

m
g
h
cosθ.

L
does

notdepend
on

φ
,χ

ort:

⇒
The

angularm
om

entum
(p

φ
)J

z
=

I
3 (χ̇

+
φ̇

cosθ)cosθ
+

I
1 φ̇

sin
2
θ

is
conserved;

⇒
The

angularm
om

entum
(p

χ
)J

3
=

I
3 (χ̇

+
φ̇

cosθ)
is

conserved;

⇒
The

energy
E

=
12
I
1 (θ̇

2
+

φ̇
2
sin

2
θ)+

12
I
3 (χ̇

+
φ̇

cosθ)
2
+

m
g
h
cosθ

is
conserved.

C
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M
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N
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Y
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A
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A
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D
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•
Lagrangian

dynam
ics

uses
L

(q
i ,q̇

i ,t)
w

here
there

is
a

dependence
betw

een
q
i

and
q̇
i .

The
m

otivation
forH

am
iltonian

dynam
ics

is
to

find
a

function
H

(q
i ,p

i ,t)
thatis

nota

function
ofthe

velocities
q̇
i .

This
is

easily
done

by
form

ing
the

H
am

iltonian

H
≡

∑

i

p
i q̇

i −
L

(q
i ,q̇

i ,t).

•
The

totalvariation
of H

is
d
H

=
∑

i

(

q̇
i d

p
i +

p
i d

q̇
i −

∂
L

∂
q
i d

q
i −

∂
L

∂
q̇
i d

q̇
i )

−
∂
L∂
t
d
t.

B
y

the
definition

ofp
i

and
Lagrange’s

equations
this

sim
plifies

to

d
H

=
∑

i

(q̇
i d

p
i −

ṗ
i d

q
i )−

∂
L∂
t
d
t.

•
This

show
s

thatH
responds

only
to

changes
d
q
i ,d

p
i ,t

and
is

nota
function

ofq̇
i .

Itis
a

function
H

(q
i ,p

i ,t)
as

required.
B

y
construction

w
e

have
H

am
ilton’s

equations:

q̇
i =

∂
H

∂
p

i
;

ṗ
i =

−
∂
H

∂
q
i

;
−

∂
L∂
t

=
∂
H∂
t

.

•
W

e
therefore

find
d
Hd
t

=
∑

i

(q̇
i ṗ

i −
ṗ

i q̇
i )−

∂
L∂
t

=
−

∂
L∂
t

•
This

leads
to

the
im

portantresultthat,ifthe
Lagrangian

does
notdepend

on
tim

e
explicitly

(i.e.
∂
L∂
t

=
0),the

H
am

iltonian
is

conserved.


