
ClassicalDynamicsP53 RIGIDBODYDYNAMICS

•Arigidbodyisaspecialcaseofthemany-particlesystemwehave

alreadystudied,inwhichalltheinterparticledistancesarefixed.

•Thelocationofalltheparticlesinthebodycanthereforebe

describedby6coordinates:thepositionRofthecentreofmass,

and3angles(θ,φ,χ)(theEulerangles),whichdescribethe

attitudeofthebodywithrespecttothespatial(x,y,z)-axes.

Wewilldefinetheseangleslater.

•Moreimportantly,thevelocityofanyparticleinthebodyisdeterminedbythevelocityvof

theCoMandasingleangularvelocityω.

•Thedynamicsoftherigidbodyisthendeterminedbyitstotalmassandtheinertiatensor

thatrelatestheangularmomentumJtotheangularvelocityω.

•Thisinertiatensoristhegeneralisationofthemomentofinertiaofabodyrotatingabouta

fixedaxis.

•Forabodyspinningaboutafixedaxis(sayêz),themomentofinertiaI=
∑

m(x
2
+y

2
)

relatestheangularmomentumJtotheangularvelocityωviaJ=Iω.

•ThekineticenergyisalsorelatedtotheangularvelocityviaT=
1
2Iω

2
=

1
2Jω.



ClassicalDynamicsP54 RIGIDBODYDYNAMICS

Basicequations:(SeeSection5.1ofHandout.)

1)MR̈=F0;centreofmassmoveslikeparticleofmassMunderactionoftheresultant

externalforce.Herewewillonlyconsidermotioninthezero-momentum(CoM)frame.

2)J̇=G0;therateofchangeofofangularmomentumisequaltothetotalexternalcouple.
w

r

v •Theangularvelocityωdeterminesthevelocityofa

particleatpositionrintheCoMframe:v=ω×××××r.

•TheangularmomentumJistherefore:

J=
∑

r×××××p=
∑

r×××××m(ω×××××r)=
∑

mr
2
ω−

∑

mr(ω·r)

ThereforeJisproportionaltoωbutnotnecessarilyparalleltoω,

wecallthisatensorrelationshipJ=I·ωorJi=Iijωj.

•Usingmatrixnotation,wecanwritethisindetail: 
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•IistheMomentofInertiatensor—herewrittenasamatrix.

•TheenergycanalsobewrittenintermsoftheInertiatensor

T=
∑

1
2m(ω×××××r)·(ω×××××r)=

∑
1
2mω·r×××××(ω×××××r)=

1
2ω·J



ClassicalDynamicsP55 EXAMPLE:PRINCIPALAXESOFTHEDUMBBELL
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•Considerarotatingdumbbell,withpointmassesmseparated

byalength2a,withitsaxisat45
◦

totheaxisofrotationêy:

•Massesat(x,y,z)coordinates:
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giving:Iij=
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•Theangularmomentumisthengivenby

J=I·ω=




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whichisnotparalleltoω.

Asthedumbbellrotates,Jprecessesaroundwithit,whichmeansacouplemustbeapplied

tothedumbbellforittorotateaboutthey-axis:G=J̇=ω×××××J=−ma
2
ω

2
êz

•Thesamecouplemaybederivedbyviewingthedumbbellinaframerotatingatωwith

respecttotheinertialcentreofmassframeandcalculatingtheeffectofcentrifugalforces.

•Thiscoupleprecesseswithangularvelocityω,justasJ—givingatime-varyingcoupleon

thebearingthatsupportsthedumbbell,causing‘juddering’.



ClassicalDynamicsP56 THEMOMENTOFINERTIATENSOR

(SeeSection5.1ofHandout.)

•TheMomentofInertiatensorissymmetrical.Therearetherefore3realeigenvalues

{I1,I2,I3}and3mutuallyperpendiculareigenvectors{ê1,ê2,ê3}.

•Withrespecttotheseeigenvectoraxes,I
′
=


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
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•WecanwriteJ=I1ω1ê1+I2ω2ê2+I3ω3ê3,orinmatrixformJ=


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•ThekineticenergyisT=
1
2(I1ω

2
1+I2ω

2
2+I3ω

2
3).

•{I1,I2,I3}arecalledthePrincipalMomentsofInertiaandarethemomentsofinertiain

theordinarysenseabouttheeigenvectoraxes;theeigenvectoraxesê1,ê2andê3are

calledthePrincipalAxes.

•Inω-space,asurfaceofconstantT=T(ω)isanellipsoid,whichisfixedtothebody—the

InertiaEllipsoid;theaxesoftheellipsoidhavelength∝I
−1/2

ismallestIicorrespondsto

longestaxis).

•Inω-space,thegradient∇ωT=

(
∂T

∂ω1

,
∂T

∂ω2

,
∂T

∂ω3

)

=(I1ω1,I2ω2,I3ω3)≡J,

i.e.JisperpendiculartothesurfaceofconstantTatω.



ClassicalDynamicsP57 EXAMPLE:BALANCINGOFWHEELS

•Foranobjecttorotatesmoothlyaboutanaxis,itmustnotonlybe‘statically’balanced(axis

passesthroughtheCoM),butalso‘dynamically’balanced.

•ThisrequiresthatitissetupsothatωisparalleltoJ.

Thisoccurswhentheaxisliesalonga‘principalaxis’.

•Case1.Staticimbalance.

Centreofgravityisnotontheaxle—Causesbouncingofthewheel.

wJ

•Case2.Dynamicimbalance.

Theaxleisnotaprincipalaxis.

Causeswobblingofthewheel.

•WordsanddiagramscourtesyofATSLtd.circa1986....



ClassicalDynamicsP58 PRINCIPALAXESOFTHEINERTIATENSOR

(seeSections5.1.1and5.1.2ofHandout.)

•Theprincipalaxesarefixedinthebodyandmustbeperpendiculartoeachother,whatever

theshapeofthebody.

•Asfarastheirrotationalpropertiesareconcerned,bodiescomeinthreetypes:

1.SphericalTops;allIi’sequal,e.g.sphere,cube.ForasphericaltopJ=Iωwitha

scalarI,i.e.J‖ωinthiscase.

Rotationally,thebodyisisotropic,withthesameIaboutanyaxis.

2.SymmetricalTops;I1=I26=I3,e.g.manysimplemolecules.Subgroupsareoblate

(lensordiscshaped)andprolate(cigarshaped).ê3axisunique;ê1andê2anywherein

planeperpendiculartoê3.

3.AsymmetricalTops;allthreeI’sdifferent.Principalaxesunique.

•NooneIicanbelargerthanthesumoftheothertwo.Thus,withrespecttox,y,zalong

principalaxes)I1+I2=
∑

m(y
2
+z

2
+x

2
+z

2
)=I3+2

∑

mz
2
≥I3

•Aspecialcaseisaflatlamina,z=0,forwhichI1+I2=I3,whichisknownasthe

TheoremofPerpendicularAxes.



ClassicalDynamicsP59 EXAMPLES:MOMENTSOFINERTIA

•Exampleofalamina:Disc,massM,radiusa:

I3=
∑

m(x
2
+y

2
)=

∫a

0

2πrdr
M

πa2r
2
=

1
2Ma

2
.

I1=I2=momentofinertiaaboutadiameter=
1
4Ma

2
.

•TheoremofParallelaxes.ForIaboutanaxisnotthroughcentreofmass,sayaawayand

paralleltoaprincipalaxis.

I=
∑

m(r+a)·(r+a)=I0+Ma
2
+2

(∑

mr
)

·a=I0+Ma
2

since
∑

mriszerowhenriswithrespecttoCoM.

[Vectorsretcherearealltakenas2-DprojectionsinplaneperpendiculartoIaxis.]

•Otherusefulmomentsofinertia:

-Sphere,massM,radiusa:I=
2
5Ma

2

-Thinrod,massM,lengthl:I=
1
12Ml

2

-Rod,massM,lengthl,radiusa:I1=I2=M(
1
4a

2
+

1
12l

2
),I3=

1
2Ma

2



ClassicalDynamicsP60 FREEPRECESSIONOFRIGIDBODIES

(SeeSection5.2ofHandout.)
•SupposeF=0,G=0,i.e.anisolatedbodyisspinningfreely.TheangularmomentumJ

isconstant.Whataboutω?TheansweriseasyifJandωarealongaprincipalaxis.

•IfJandωdonotliealongaprincipalaxisthemotionismuchmorecomplicated:the

directionofωvariesbothinspaceandwithrespecttothebody;forasymmetricaltops,the

magnitudeofωvariestoo.Thesevariationsarecalledfreeprecession,todistinguishthem

fromtheforcedprecessionproducedbyanexternalcouple.

•Theproblemofhandlingfreeprecessionmaybetreatedinthreequitedifferentways:

1.Euler’sequations,whicharetheequationsofmotioninacoordinateframemovingwith

thebody.Thisistheeasiestapproachtogetsomeusefulresults,butitisslightly

awkwardtoseewhatisgoingoninspaceaxes.
2.Lagrange’sapproach,whichgivestheequationsofmotionwithrespecttofixedaxes.

ThisisstraightforwardoncetheEuleranglesaredefined.
3.Poinsot’sgeometricalapproach,whichiseitherdeeplyinsightfulormind-numbing,

dependingonthebeholder.

•Thefirsttwoofthesegeneralisereadilytoincludeforcedmotion,i.e.withexternalcouples.

•WewillstartwithEuler’sequations,thenbrieflyillustratePoinsot’sconstructionandfinally

examinetheLagrangeapproach(probablythemostsystematic).



ClassicalDynamicsP61 EULER’SEQUATIONSFORRIGIDBODYMOTION

(Seesection5.4ofHandout.)
Euler’sequationsresultfromconsiderationofthechangeofangularmomentuminthebody

frameS.Theequationsofmotionarerelativelysimpleinthisframe,butthebodyaxesare

rotatingwithrespecttotheinertialframeS0.SupposethereisanexternalcoupleG.
w

J

•IntheinertialframeS0wehave

[
dJ

dt

]

S0

=G.Theratesofchange

ofJinframesSandS0arerelated
a

by

[
dJ

dt

]

S0

=

[
dJ

dt

]

S

+ω×××××J

•WethereforehavethevectorequationG=

[
dJ

dt

]

S

+ω×××××J

•ωinframeSis(ω1,ω2,ω3)andJis(I1ω1,I2ω2,I3ω3),hence

G1=I1ω̇1+ω2I3ω3−ω3I2ω2=I1ω̇1+(I3−I2)ω2ω3andG2,G3similarly..

•Euler’sequationsforthemotionofarigidbodywrittenoutinfullare
G1=I1ω̇1+(I3−I2)ω2ω3

G2=I2ω̇2+(I1−I3)ω3ω1

G3=I3ω̇3+(I2−I1)ω1ω2
aToseethiseasilynotethat:(1)ifJisnotchanginginS,theninS0theJvectorjustrotatesaroundω;(2)Ifthe

bodyisnotrotating,theratesofchangeofJinSandS0arethesame.ThetwotermsarelinearinJ,henceresult.



ClassicalDynamicsP62 FREEPRECESSIONOFTHESYMMETRICTOP

(Seesection5.4.1ofHandout.)

•Wefirststudyasimplecase—thesymmetrictopwithI1=I26=I3.

•Euler’sequationsareI1ω̇1=(I1−I3)ω2ω3;I1ω̇2=(I3−I1)ω1ω3;I3ω̇3=0.

•Thisimpliesthatω3isconstant.DefiningthebodyfrequencyΩb≡
I1−I3

I1

ω3,wesee

thatω̇1=Ωbω2andω̇2=−Ωbω1⇒ω̈1+Ω
2
bω1=0

w

3
inertia ellipsod

polhode

body cone •ThegeneralsolutionofthesetwocoupledODEsis

ω1=Asin(Ωbt+φ0),ω2=Acos(Ωbt+φ0)sothat,

inthebodyframe,ωprecessesaroundthe3-axiswith

angularvelocityΩb,whichisknownasthebodyfrequency.

•ThebodyfrequencyΩbcaneitherbethesamesignasω3

(prolateinertiaellipsoids(I1>I3)),orhavetheopposite

sign(I3>I1).

•Thesurfacetracedoutbytheangularvelocityvectorisknownasthebodycone.

•Thecurvetracedoutontheinertiaellipsoidbytheangularvelocityvectorisknown

asthepolhode.



ClassicalDynamicsP63 FREEPRECESSION—THEINERTIALOBSERVER’SPOINTOFVIEW

3

2

1

3

w w

J

qs

•(Section5.4.1.)N.B.thecaseillustratedisoblate(i.e.I3>I1).
a

•Consideraxesfixedinthebody—ωprecessesaboutthe

3-axisatthebodyfrequencyΩb=
I1−I3

I1

ω3.

•Jisnotparalleltoωbutstillprecessesaboutthe3-axis

atthebodyfrequency.

•Meanwhile,backinthespaceaxesJisfixedandeverything

isrotatingaboutω.

3

2

1

w

J

qs

•Tofindthespacefrequency,lookdowntheJvectorwhenω1=0.

•Theprojectedcomponentofωshownisωp≡|ω|sinθs=
|J×××××ω|

|J|
.

3

1

w

w

J

p

.

1
w

.

Projected component

•AtthismomentJ×××××ωisinthe1-directionandhasmagnitude=(I1−I3)ω2ω3.

•Rateofprecession(spacefrequency)isgivenbyΩs=
ω̇1

ωp

.

•ButI1ω̇1=(I1−I3)ω2ω3,sothespacefrequencyisΩs=
J

I1

aRememberthatthesmallaxisoftheinertiaellipsoidcorrespondstothelargestprincipalmomentofinertia.



ClassicalDynamicsP64 SPACEANDBODYFREQUENCIESANDCONES

(Seesection5.3.1ofHandout.)
•Twofrequenciesareimportant:

1.The‘SpaceFrequency’Ωs≡therotationspeedoftheplaneofωandê3aboutJ.Itis

the‘freeprecession’speedasseenbyaninertialobserver.Weseefromtheabove

argumentthatithasthevalueΩs=J/I1sothatitisalwaysinthesenseofJandis

ofthesameorderofmagnitudeastherotationspeed.
2.The‘BodyFrequency’Ωb≡therateatwhichωdescribesitsconeaboutthe3-axis.

FromtheEulerequationsweseethatΩb=
I1−I3

I1

ω3Thiscantakeeithersignwrt

toΩsandcanbeverysmallifthebodyisnearlyspherical(intermsofitsprincipal

momentsofinertia).

•Twoanglesareimportant:

1.The‘SpaceCone’ofhalf-angleθs≡theconesweptoutbyωasitprecessesaboutJ.It

istheangleof‘freeprecession’seenbyaninertialobserver.
2.The‘BodyCone’θb≡theconesweptoutbyωasitprecessesaboutê3.

•WecanillustratetherelationbetweentheseanglesandfrequenciesfurtherusingPoinsot’s

construction.



ClassicalDynamicsP65 POINSOT’STREATMENTFORFREEPRECESSION

w

3

inertia ellipsod

polhode

body cone

space cone

invariable plane

J herpolhode

qb

qs

O

P

•(Section5.3.)N.B.caseillustratedisprolate.

•Forfreeprecession(noexternalcouple)only:

constantJandT=
1
2ω·Jimpliesthat

thecomponentofωintheJ-direction

remainsconstant.

•Astheω-vectorvaries,itkeepsitstipP

inaplaneperpendiculartoJ;

theplaneiscalledtheinvariableplane.

•SinceJisperpendiculartothesurfaceoftheellipsoidatP,itfollowsthattheellipsoidis

tangentialtotheinvariableplaneatP.

•ThecrucialstepinPoinsot’sargumentistosaythat,sincetheinstantaneousmotionisa

rotationaboutOP,Pisinstantaneouslyatrest,andtheellipsoidthereforerolls,ratherthan

slides,ontheinvariableplane.

•Thelocusofthetipoftheωvectorontheplaneiscalledtheherpolhode.

•Youcancalculatethespaceandbodyfrequenciesfromgeometricconsiderations,e.g.

Ωbsinθb=Ωssinθsfollowsfromtheconditionofnoslippingbetweenthespaceandbody

conesastheyrollaroundω.Butthat’sasfaraswe’llgohere...



ClassicalDynamicsP66 EXAMPLE:FREEPRECESSION—THEEARTH

•TheEarthisinforce-freemotion,butis

slightlyoblateandJisslightlyinclined

tothesymmetryaxis.

•TheEarth’soblateness:

(I3−I1)/I1≡β≈
Ω

2
R

g
≈

1

300
.The

space-coneangleθsisnegativeforthiscase.

•Anglesaretiny:θs≈−βθb≈−θb/300.

•Space-conetinyandinsidethebody-cone,

whichswingsrounditeachday.

•In≈300days,ωmovesinaconeroundê3,

givingalatitudechange:Polarwander,or

Chandlerwobble.TheJ−ê3angleisabout0.1arcsec(afewmetresatthesurface).

•Theperiodisactually427-days,andirregular;theEarthisnotrigidanditsdeformations

affectthearguments.



ClassicalDynamicsP67 FREEPRECESSION—TRIAXIALBODIES

(Seesections5.3.2and5.4.2ofHandout.)

•Triaxialbodyhasallprincipalmomentsofinertiadifferent.AssumeI1<I2<I3.

•Freerotationiscomplicated,butwehavetheconservationlaws:

Jisconserved:(I1ω1,I2ω2,I3ω3);

Tisconserved:
1
2(I1ω

2
1+I2ω

2
2+I3ω

2
3).

•Ifthebodyspinsaboutthe1-axisitcan’tchangeωatconstantJwithoutdecreasingits

energy.ItisthereforeSTABLE(thoughreadon...).

•Ifthebodyspinsaboutthe3-axisitcan’tchangeωatconstantJwithoutincreasingits

energy.ItisthereforeSTABLE.

•Ifthebodyspinsaboutthe2-axisitcanchangeωatconstantJinmanywayswhilst

conservingenergy.ItisthereforeUNSTABLE,andthepolhodewillmakelargeexcursions

aroundtheinertiaellipsoid.

•ToseethiswecanuseEuler’sequationsforω̇1,ω̇2:
ω̇1

ω̇2

=
dω1

dω2

=
I2

I1

ω2(I2−I3)

ω1(I3−I1)

•Integrating,wefindthelocusisaconicsection:
ω

2
1

I2(I3−I2)
+

ω
2
2

I1(I3−I1)
=constant

•Thelocuscanbe(ashere)anellipse(stable)orahyperbola(unstable),dependingonthe

signsofIi−Ij.



ClassicalDynamicsP68 THEMAJORAXISTHEOREMFORNON-RIGIDBODIES

•Realobjectsareneitherperfectlyrigidnorperfectlyelastic.

•Duringfreeprecession,whilsttheangularmomentumisconserved,thecentrifugalforces

changeasωaxismoves.Theobjectthereforedeforms,andlosesenergy.

•Jcanmovew.r.tprincipalaxes,butJ
2

isconstant,soasTisdecreasing,theenergy

ellipsoidshrinks.

•TogettheminimumenergyforacertainJ—alignJwithaxiswithlargestI,i.e.themajor

axis.

•IfJisnotalignedwiththemajoraxis,energycanstillbelost.

•Majoraxistheorem‘Anyfreely-rotatingbodythatisnotperfectlyrigid,willlosekinetic

energyand,whilstitsangularmomentumremainsconstantinmagnitudeanddirectionin

space,itsangularvelocityvectormoveswithrespecttothebodycoordinatesuntilthebody

isrotatingaboutitsmajoraxis’.



ClassicalDynamicsP69 EXAMPLESOFTHEMAJORAXISTHEOREM

•Celestialobjects.Freely-rotatingcelestialobjectsusuallyrotateabouttheirmajoraxes–

asteroids,planetsliketheEarth,starsorspiralgalaxies.

•ChandlerWobbleoftheEarth.TheEarthisnotrigid—freeprecessiondecaysinabout

68years.TheEarth’sprecessionmustbecontinuouslyexcited/driven.Theprincipalcause

oftheChandlerwobble
a

isfluctuatingpressureonthebottomoftheocean,causedby

temperatureandsalinitychangesandwind-drivenchangesinthecirculationoftheoceans.

•Explorer1Satellite:In1958,afewmonthsafterSputnikI,theUSlaunchedExplorer1.It

wasalongcylindricalobject,withflexibleradioantennaeprotrudingfromthesides.

-Iftheorientationofasatellitematters(e.g.fordirectingantennaeorsolarpanels)itmust

bestabilised—atypicalsatellitewithasolarpanelwillrotate90◦degreesinanhour

fromrestduetoradiationpressurealone.

-They‘stabilised’itbyspinningaboutitslength—theminoraxis.Duringfirstorbitthe

angularmomentumvectormovedtothemajoraxis(perpendiculartothemiddleofthe

satellite).Itspenttherestofitsmissioncart-wheelingthroughspace...

•LewisSatellitewaslostinAugust1997shortlyafterlaunch...

a‘TheexcitationoftheChandlerwobble’R.S.Gross,GeophysicalResearchLetters27,2329-2332(2000).



ClassicalDynamicsP70 LAGRANGE’SAPPROACH

(Seesection5.5ofHandout.)

•Themostdirectandsystematictreatmentofthemotionwithrespecttofixedaxesisvia

LagrangianMechanics(seeTP1nextyear).Hereweobtainthesameequationsbyinspection.
z

3

q

c
f

mg

2

+1

•Weconsiderthemotionofasymmetricaltop,atfirstisolated,

andthensupportedatitsbaseundergravity(takeI1=I26=I3).

•Let(θ,φ)bethesphericalpolarcoordinatesofthesymmetry3-axis

andχtheangleofrotationofthetopaboutthe3-axis.

•(θ,φ,χ)aretheEuleranglesandaresuitablecoordinates

todescribetheattitudeofthebody.

q
c. f.

z

3

θ̇inwards

•Forasymmetrictopwecanmakeaconvenientchoiceofaxes:letthe

1-axisbe(instantaneously)horizontal;thez-axisisinthe2-3plane.

•Atthismomentoftimeω=(ω1,ω2,ω3)=(θ̇,φ̇sinθ,χ̇+φ̇cosθ)

χismeasuredwrtthemovingz-3plane.

•TheangularmomentuminbodyaxesisgivenbyJ=(I1θ̇,I1φ̇sinθ,I3(χ̇+φ̇cosθ))

•ThesymmetryI1=I2providesaconsiderablesimplification;ingeneralwehavetoresolve

θ̇andφ̇sinθontothe1-and2-axeswhicharerotatedbytheangleχaboutthe3-axis.



ClassicalDynamicsP71 LAGRANGE’SAPPROACHII

(Seesection5.5ofHandout.)

•ThemomentofinertiaI1istakenwithrespecttothestationarypointwithinthebody(i.e.the

CofMassfortheisolatedbody,baseifsupportedundergravity).Thegravitationalcouple

G,ifpresent,isinthe1-direction.

(Seesection5.5ofHandout.)

•Therearethreeconstantsofmotion,givingthreeequations

1.J3=I3(χ̇+φ̇cosθ)isconstant.ThisfollowsfromEuler’sequationforω̇3withG3=0

andI1=I2,implyingJ̇3=I3ω̇3=0.

2.Jz=J3cosθ+J2sinθ=J3cosθ+I1φ̇sin
2
θisconstant.ThisisbecauseGz=0.

3.ThetotalenergyE=T+Uisconstant.

Thefirsttwoequationsenableustoexpressφ̇andχ̇intermsoftheangularmomentum

constantsJzandJ3andtheangleθ:

φ̇=
Jz−J3cosθ

I1sin
2
θ

χ̇=
J3

I3

−φ̇cosθ=
J3

I3

+
J3cos

2
θ−Jzcosθ

I1sin
2
θ
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(Seesection5.5.1ofHandout.)

q
c. f.

z

3

2

J

q

z

3 2

J

I2φ̇sinθ
I3(χ̇+φ̇cosθ)

•Supposethatthebodyisisolatedinfreespace.TaketheJdirectionasdefiningthez-axis.

•ThenJz=JsincethetotalJisalongz-axisandJ3=Jcosθ.Therefore

φ̇=
J(1−cos

2
θ)

I1sin
2
θ

=
J

I1

=Ωs,

χ̇=
Jcosθ

I3

−
J

I1

cosθ=I3ω3

(
1

I3

−
1

I1

)

=
I1−I3

I1

ω3=Ωb

•TheaboveconstitutesanotherderivationofthespaceandbodyfrequenciesΩsandΩb

(thereisathirdviaPoinsot’sconstructionusingsimplegeometry,whichisinthehandout).

•Therelationshipsbetweenthedifferenttreatmentsarenotatallobvious;textbookscanbe

bafflingsincefewbooksgivemorethanonetreatment.
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mg

z
3

q

•(Seesection5.5.2ofHandout.)Hereafterweconsiderthebody

supportedatitsbase,sothatthereisacoupleduetogravity.

I1isnowaboutthesupport,whichisathfromtheCofMass.

•ConservationofJzandJ3giveφ̇andχ̇asknownfunctionsofθ.

Onceθisknownasafunctionoftime,φandχmayinprinciple

befoundbyintegration.

•Theangleθmaybefoundfromtheenergyequation:

E=
1
2I1(θ̇

2
+φ̇

2
sin

2
θ)+

1
2I3(χ̇+φ̇cosθ)

2
+mghcosθ=constant

•Substitutingforφ̇andχ̇givesE=
1
2I1θ̇

2
+

(Jz−J3cosθ)
2

2I1sin
2
θ

+mghcosθ+
J

2
3

2I3
︸︷︷︸

Ueff(θ)

•Theproblemisnowsolvedinprinciple,sinceθ̇isaknownfunctionofθandmaybe

integratedtogiveθ(t);φandχthenfollow.

•Theintegrationsinvolveellipticintegralsandcanbefoundinstandardreferencebooks.

•Theimportantphysicalresultscanbeseenwithoutresourcetothefullmathematicsby

treatingtheθmotionasoscillationinaneffectivepotentialUeffasinthetreatmentoforbits.
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(Seesection5.5.2ofHandout.)

q

U

q
1

q2

eff

E

allowed region

•ExceptinthespecialcaseJz=J3(‘sleepingtop’)

theeffectivepotentialhastheformsketched.

•ForenergiesEabovetheminimum

inUeffthereisanallowedregionofθwhereθ̇
2
≥0.

•Insteadyprecessionθisatthe‘equilibrium’position(minimumofUeff)andconstant

(E=U0).Conservationoftheangularmomentaimplythatφ̇andχ̇areconstant.

•Themotionthusconsistsofsteadyrotationbyχ̇aboutthesymmetryaxis,withtheaxisitself

steadilyprecessingbyφ̇atconstantθtothevertical.

q
1

q2

•IfEisslightlylargerthantheminimumofUeff,thenthe

θmotioncanbetreatedasapproximateSHMby

TaylorexpansionofUeffabouttheminimum.

•Theoscillationsofθgivenutation,i.e.oscillations

inχ̇andφ̇aboutthesteadyprecessionvalues.

•ForenergiessubstantiallyhigherthanU0,

thenutationcanbequitecomplicated
a
.

a(withapologiesfortheartisticstandard...)
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(Seesection5.5.3ofHandout.)

•TheconditionforsteadyprecessionisdUeff/dθ=0,whichgivesanequationforθinterms

oftheconstantsJzandJ3.Aftersomealgebra,itmayberewrittenas

φ̇
2
I1cosθ−φ̇J3+mgh=0.

•Thisgivesusthesteadyprecessionspeedφ̇asafunctionofinclinationθ.Itisaquadratic,

withsolutionsφ̇=
J3±

√

J
2
3−4I1mghcosθ

2I1cosθ
Thisshowsthat,ifcosθispositive(i.e.thetopisstandingaboveitsbaseandnothanging

belowit),φ̇isimpossibleunlessJ
2
3≥4I1mghcosθThussteadyprecessionrequiresthe

toptobespinningfastenough.Inthe‘gyroscopiclimit’Jisverylargefromrapidrotation

aboutthesymmetryaxisandJ
2
3�mghI1.

•Thequadraticforφ̇showstherearetwopossibleprecessionfrequenciesforgivenθ;inthe

gyroscopiclimittheyare

φ̇≈mgh/J3,independentofθ;thisisthe‘slowprecession’,asderivedinPartIA.

φ̇≈J3/(I1cosθ),independentofG;thisisthe‘freeprecession’asderivedabove:

Jisentirelyinthez-directionandφ̇≡Ωs.
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(Seesection5.5.4ofHandout.)

•Theanalysisofnutationaboutprecessionatgeneralθ,eveninthegyroscopiclimit,is

algebraicallylaborious.Thecaseofnutationofahorizontalgyroscopeisreasonably

straightforward.

•Nutationofagyroscope,withaxishorizontalandsupportedatoneend.

Putθ=π/2+ε.Forsmallε,cosθ≈−ε,sinθ≈1−ε
2
/2.

ThenUeff(θ)=constant+ε

(
JzJ3

I1

−mgh

)

+ε
2

(
J

2
3

2I1

+
J

2
z

2I1

)

+···forpowerseries

expansioninε.Theterm∝εiszeroatθ0;thereforeJz=
mghI1

J3

;φ̇=
mgh

J3

.

ThegyroscopeconditionisJ
2
3�mghI1andhence�J

2
z.Theε

2
-termgivesthe

‘restoringforce’terminUeffandhencetheequationofmotionasfollows:

Ueff=constant+ε
2J

2
3

2I1

⇒I1ε̈+
J

2
3

I1

ε=0.ThisgivesSHMinεatΩ≡Ωs=J3/I1.

•Anotherlimitingcasethatcanbehandledrelativelyeasilyistheconicalpendulum,i.e.as

abovebutwithI3=0.Thereisnogyroscopicactionandthependulumcanonlyhang

belowthesupport(formotionatsteadyθ).Notethatcomparedtoconventionaltreatments,

θismeasuredfromtheupwardratherthandownwardvertical.
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(Seesection6ofHandout.)

•ForageneralNewtoniansystem,theequationsofmotiontaketheform
d

2

dt2variables=F

(

variables,
d

dt
variables

)

•Theseequationsareoftenverycomplicated(e.g.rigidbodymotion).

•However,weareofteninterestedinsmalldisplacementsofasystemfromequilibrium.

•Ifweexpandthevariables(bylongtraditionwedenotethemas{qi}orq)abouttheir

equilibriumvaluesqeq:variables≡q≈qeq+δqweobtaintheapproximateequations

q̈=
∂F

∂q

∣
∣
∣
∣
eq

·δq+
∂F

∂q̇

∣
∣
∣
∣
eq

·q̇i.e.linearequations

•Ingeneral,smalldisplacementsaboutequilibriumleadtolinearequations.

•Thisinturnleadstothesuperpositionofsolutions.[i.e.wecananalysetheproblemin

piecesandaddthemallupafterwards...]
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x

U(x)

x0

U0

•ParticleinapotentialwellU(x).

•Totalenergyisconserved:E=T+U=
1
2mẋ

2
+U(x).

•Energymethod:
dE

dt
=0⇒ẋ(mẍ+

dU

dx
)=0.

•Theresultingequationofmotionmẍ+
dU

dx
=0maywellbenonlinear.

•Supposethereisanequilibriumpositionatx0where
dU

dx
=0.

•Tostudysmalloscillationsaboutx0,expandU(x)inaTaylorseries:

U(x)=U0+
1
2

d
2
U

dx2

∣
∣
∣
∣
x0

(x−x0)
2
+...

•Definingthesmalldisplacementξ≡x−x0anddenoting
d

2
U

dx2

∣
∣
∣
∣
x0

≡U
′′
0(i.e.aconstant)

wegetthelinearequationofmotionmξ̈+U
′′
0ξ=0

whichisSHMatangularfrequencyω
2
=

U′′
0

m
.
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•Wewillstudythefree(unforced)smalloscillationsofdynamicalsystemsaboutequilibrium.

Thesystemwilloscillate,butasystemwithmanydynamicalvariablescanoscillateinmany

differentways.Theimportantconceptisthatofthenormalmodeofoscillation.

•Definitionofanormalmodel:

Anormalmodeofasystemisanoscillationthathasasinglefrequency.

•Inanormalmodeallpartsofthesystemsharethesameperiodictimedependence.

•Allthemoregeneralfreeoscillationsofthesystemcanbeexpressedintermsofthese

simplenormalmodes.

•Itisworthemphasisingoncemorethatweareconsideringfreeoscillationsintheabsence

ofexternalforces.

mm

x x2 1

kkk

•Example:asystemoftwomassesand3springs:

(x1,x2)arethedisplacementsofthemasses

fromequilibrium.Themassesarebothmandthespringconstantsareallk.

•Thegeneralmotionisrathercomplicated.

•However,thesystemhasasymmetryasthemassesandspringconstantsareequal.
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kkk

mm

x1x2=0

•Supposethemassatx1isdisplaced

fromequilibriumatt=0,butx2=0.

Themassesarethenreleasedand

allowedtooscillatefreely.

t

x (t) 1

x (t) 2

•Wegetthefollowingmotion:

•Theoscillationlookscomplicated,but

thereareactuallyonlytwofrequencies

presentintheoscillation(because

therearetwocoordinates

—thisisageneralresult).
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mm

x x2 1

springspringspring 123

kkk

•Equationsofmotionforatwo-masssystem:

mẍ1=−kx1
︸︷︷︸

+k(x2−x1)
︸︷︷︸

spring1spring2

mẍ2=−k(x2−x1)
︸︷︷︸

+(−kx2)
︸︷︷︸

spring2spring3
•Wecanrewritethiscompactlyusingmatrixnotation

(
mẍ1

mẍ2

)

=−

(
2k−k

−k2k

)(
x1

x2

)

.

•TheequationsofmotionarecoupledODEs—weseektheComplementaryFunctionby

usingatrialsolution

(
x1(t)

x2(t)

)

=

(
X1

X2

)

e
iωt

whereX1,X2areconstants.

•TheresultisasetofhomogeneouslinearequationsforX1,X2: (
2k−mω

2
−k

−k2k−mω
2

)(
X1

X2

)

=

(
0

0

)

•Homogeneousequationsonlyhavenon-trivialsolutions(i.e.otherthanzero)ifthe

determinantofthematrixiszero.Thisimplies(2k−mω
2
)
2
−k

2
=0or

(3k−mω
2
)(k−mω

2
)=0.

•Wehavetwoeigenvaluesorcharacteristicfrequencies:ω
2
=

3k

m
andω

2
=

k

m
.
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•Thematrix

(
2k−mω

2
−k

−k2k−mω
2

)

haseigenvaluesω
2
=

3k

m
andω

2
=

k

m
.

x x2 1

mm •Theeigenvectorsarethenormalmodesofthesystem.

(1)ω
2
=

3k

m
:⇒

(
−k−k

−k−k

)(
X1

X2

)

=

(
0

0

)

⇒X1+X2=0.

Thenormalmodeisanymultipleof

(
1

−1

)

.

(2)ω
2
=

k

m
:⇒

(
k−k

−kk

)(
X1

X2

)

=

(
0

0

)

⇒X1−X2=0.

Thenormalmodeisanymultipleof

(
1

1

)

.

•Equationsofmotion:
mẍ1=−2kx1+kx2

mẍ2=kx1−2kx2

⇒
m(ẍ1+ẍ2)=−k(x1+x2)

m(ẍ1−ẍ2)=−3k(x1−x2)

•Wehavesimple(decoupled)equationsfornewvariablesξ1≡X1−X2and

ξ2≡X1+X2.

•Thevariables(ξ1,ξ2)(oranymultiples
a
)arethenormalcoordinatesofthesystem.

aOnecanusenormalisedcoordinatesξ1,2=
1
√

2
(1,∓1),butitisnotcompulsoryinClassicalphysics.
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•Thesymmetryofthetwo-masssystemmakesthenormalmodesobvious.

x2
x1

stretched 1 unit

compressed 2 units

•Symmetricmode:hasX2=−X1,sothatthecentralspringis

compressedbytwiceasmuchastheouterspringsareextended.

•Wethenhavetheequationofmotionmẍ1=−3kx1(SHMasbefore).

•Knowingtheshape(i.e.X2=−X1)ofthenormalmodewecanusuallycalculatethe

frequencyusingtheGeneralrule
a
:

ω
2
=

restoringforceperunitextension

mass
.

•Forthesymmetricmodetherestoringforceonmass1perunitdisplacementis3ksothat

ω
2
=

3k

m
asbefore(sameformass2,sowehaveanormalmode).

x x2 1

•Antisymmetricmode:hasX2=X1,sothatthecentralspring

isunchanged.mẍ1=−kx1,soω
2
=

k

m
.

•Thesearethenormalmodesofourtwo-masssystem.

aInothercircumstancesitmightbe(e.g.)ω
2
=

restoringcoupleperunitangle

momentofinertia
.
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x x2 1

m1m2 •Equationsofmotion:
m1ẍ1=−2kx1+kx2

m2ẍ2=kx1−2kx2

•Weseeknormalmodes

(
x1(t)

x2(t)

)

=

(
X1

X2

)

e
iωt

asbefore.

•Thisagaingivesasetofhomogeneouslinear(matrix)equations: (
2k−m1ω

2
−k

−k2k−m2ω
2

)(
X1

X2

)

=

(
0

0

)

•Thefrequenciesofthenormalmodesarefoundbysettingthedeterminanttozero

⇒3k
2
−2k(m1+m2)ω

2
+m1m2ω

4
=0sothat

ω
2
=

k

m1m2

(

m1+m2±
√

m
2
1−m1m2+m

2
2

)

•Havingdeterminedthenormalfrequenciesweusethemtofindtheshapeofthenormal

modes:
X2

X1

=

(

m2−m1∓
√

m
2
1−m1m2+m

2
2

)

m2

•N.B.Itisinstructivetoplot
X2

X1

andtheratioofthetwofrequenciesasafunctionof
m2

m1

.

•Therearestilltwonormalmodes,inwhichthesystemoscillatesatasinglefrequency.

•Thegeneral(free)oscillationisthenanarbitrarysumofthetwonormalmodes.
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•Ifweknowfromphysicalgroundsthattheenergyisconserved,wecanalwaysderivethe

equationsofmotionofsystemsthatonlyhaveonedegreeoffreedom(suchastheSHO):

1
2mẋ

2
+

1
2kx

2
=E⇒ẋ(mẍ+kx)=0⇒mẍ+kx=0

•Thisworksbecauseẋisingeneralnon-zero.

•Wehavecalledthistheenergymethod.

•WecanoftenderivetheequationsofmotionofmorecomplicatedsystemswithNvariables

inasimilarway.It’scertainlynotrigorous,butworksforsmalloscillationsnearequilibrium.

•ThemoreadvancedmethodsofLagrangianandHamiltonianmechanicsderivethe

equationsofmotionofasystemfromavariationalprinciplethatinvolvesthekineticand

potentialenergiesintheformoftheLagrangianL=T−U.Thisisrigorous,andalways

works.

•TheadvantageofLagrangianandHamiltonianmethodsisthatweonlyhavetoworkoutthe

totalkineticandpotentialenergiesofasystem.InNewtonianmechanicsweneedto

evaluatealltheforcesacting,inordertocalculatetheaccelerations.

•Example:forourtwo-masssystemwiththreesprings,wehaveT=
1
2m(ẋ

2
1+ẋ

2
2)and

U=
1
2k(x

2
1+(x1−x2)

2
+x

2
2).
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•SupposethestateofasystemisspecifiedbyNcoordinates{qi}.

Examples:

1.systemofMparticlesin3-D—{ri}(N=3M);

2.systemoftwomassesandthreespringsin1-D—{x1,x2}(N=2);

3.gyroscope—{θ,φ,χ}(N=3).

•Thevariables{qi}orqareusuallycalledgeneralisedcoordinates.

•Supposethatthesystemhasapositionofequilibriumatq=0.Sincethecoordinatesq

specifythestateofthesystemcanwritethekineticenergyasT=
1
2

∑

system

m|ṙ|
2
,

wherer=r(qi)aretheCartesiancoordinatesofallofthepartsofthesystem.

•Nearequilibrium,wecanmakeaTaylorexpansionṙ≈
∑

i

q̇i
∂r

∂qi

∣
∣
∣
∣
eq

,sothat

T=
1
2

∑

ij

Mijq̇iq̇j≡
1
2q̇

T
·M·q̇

•The‘massmatrix’Mij≡
∑

system

m
∂r

∂qi

∣
∣
∣
∣
eq

·
∂r

∂qj

∣
∣
∣
∣
eq

isaconstant.

•Thus,forasystemnearequilibrium,thekineticenergyisaquadraticfunctionoftheq̇.
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•Thepotentialenergyofageneralsystemcanalsobewrittenasafunctionofthegeneralised

coordinates:

U=U(q)≈U0+
∑

i

qi
∂U

∂qi

∣
∣
∣
∣
eq

︸︷︷︸

+
1
2

∑

ij

qiqj
∂

2
U

∂qi∂qj

∣
∣
∣
∣
eq

︸︷︷︸

+...

=0≡Kij

inequilibriumconstant

•Thepotentialenergyofasystemnearequilibriumisthusaquadraticfunctionoftheq.

•ThetotalenergyE=U0+
1
2

∑

ij

Mijq̇iq̇j+
1
2

∑

ij

Kijqiqjisconstant,so

dE

dt
=0⇒

∑

ij

q̇i(Mijq̈j+Kijqj)=0

•Healthwarning:

thefollowingargumentisnotrigorous,butyieldsthecorrectequationsofmotion.

•Theequationsofmotionforthesystemarethen
∑

j

Mijq̈j+
∑

j

Kijqj=0

or,equivalently,M·q̈+K·q=0.
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•ForageneralsystemspecifiedbyasetofNcoordinatesqi,theequationsofmotionfor

smalloscillationsaboutequilibriumatq=0areM·q̈+K·q=0

•Thepropertiesofnormalmodeswillbeillustratedfurtherbyconsideringspecificexamples.

MoreRigorousMethod.

•IfthestateofasystemisspecifiedbyasetofNcoordinatesqi,theLagrangianisin

generalL≡T−U=L({qi},{q̇i},t)

•TheLagrangianrecipeformechanics(whichisnotemphasiedinthiscourse)thensays

thattheequationsofmotionarederivedfromtheEuler-Lagrangeequations:
d

dt

∂L

∂q̇i
=

∂L

∂qi

•Foroursysteminequilibriumatq=0,theLagrangianapproachconfirmsourearlierresult.
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•Tosolveaprobleminvolvingnormalmodesweusuallyneedtowritedownthe‘massmatrix’

Mandthe‘springconstant’matrixK.

•Example:thetwo-masssystemhascoordinatesq=

(
x1

x2

)

,andtheenergiesare

T=
1
2m(ẋ

2
1+ẋ

2
2)andU=

1
2k(x

2
1+(x1−x2)

2
+x

2
2).

•ThematrixMisstraightforwardsinceitcontainsonlydiagonalterms:Theideaistowrite

T=
1
2m(ẋ

2
1+ẋ

2
2)=

1
2(ẋ1ẋ2)

(
m0

0m

)(
ẋ1

ẋ2

)

•ThematricesMandKarebyconstructionsymmetric(e.g.Kij=Kji).Thisisbecause

(1)noantisymmetricpartofKijcouldcontributetothequadraticform
1
2

∑

ij

Kijqiqjand

(2)thesymmetryof
∂

2
U

∂qi∂qj
=

∂
2
U

∂qj∂qi
.

•ThepotentialenergyisU=
1
2(2kx

2
1−2kx1x2+2kx

2
2).WhenassemblingtheKmatrix

weplacethe2kx
2
1and2kx

2
2onthediagonal,buthavetosplittheoff-diagonalterm

−2kx1x2equallyoneitherside:i.e.U=
1
2(x1x2)

(
2k−k

−k2k

)(
x1

x2

)

.

Inthiswaywegetthecorrectresultwhenthematrixproductsareevaluated.
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mMm

xx 23 x1
kk

•Wemakea(Classical)modelofatriatomicmolecule

consistingofthreemassesandtwosprings:

•Considerone-dimensionalmotiononly:coordinates(x1,x2,x3).

•Kineticenergy:T=
1
2(mẋ

2
1+Mẋ

2
2+mẋ

2
3)=

1
2ẋ

T
·M·ẋ⇒M=





m00

0M0

00m



.

•Potentialenergy:U=
1
2(k(x2−x1)

2
+k(x3−x2)

2
)=

1
2x

T
·K·x

⇒K=





k−k0

−k2k−k

0−kk



.

•Seeknormalmodesx(t)=Xe
iωt

⇒(K−ω
2
M)·X=0.

•Non-trivialsolutiononlyifdet(K−ω
2
M)=0

det





k−mω
2

−k0

−k2k−Mω
2

−k

0−kk−mω
2



=ω
2
(k−mω

2
)(mMω

2
−(2m+M)k)=0.

•Thenormalmodesofthesystem:

ω
2
=0;ω

2
=

k

m
;ω

2
=

k(M+2m)

Mm

translationsymmetric
vibration

antisymmetric
vibration
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•ThenormalmodesoftheClassicalmodelofatriatomicmolecule:

1.ω
2
=0modeis∝





1

1

1





Thismodeisfreetranslationofthewholesystemalongwiththecentreofmass.

Antisymmetricmodewithrespecttoinversionaboutcentralmass).

2.ω
2
=

k

m
modeis∝





1

0

−1





Thisisasymmetricvibration(wrtinversionaboutcentralmass).

ThereisnomotionoftheCofMassorthecentralatom.

3.ω
2
=

k(M+2m)

Mm
modeis∝





1

−

2m

M
1





Thisisaantisymmetricvibration.ThereisnomotionoftheCofMass.

•Alternativeprocedure

1.Guesstheshapesofthenormalmodes(allareobvious).

2.Substituteintofindthefrequencies.
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•Ourequationforthenormalmodes(K−ω
2
M)·Q=0isasimplegeneralisationofthe

eigenvalueequation(A−λI)·x=0thatyouhavealreadymet.

•Thematricesaresymmetric,sotheeigenvaluesω
2
iarereal,butthenormalmodesarenot

orthogonalintheusualsense.Theyare,however,orthogonalinanimportantphysical

sense:e.g.theasymmetricvibrationofthetriatomicmoleculehasnonetlinearmomentum.
•Youcanmakethenormalmodesystemlookmoreliketheusualeigenvalueequationby

writingitas(M
−1

K−ω
2
I)·Q=0,whichaneigenvalueequationasastaughtin

mathematics,butithasthesame(possiblynon-orthogonal)eigenvectors,andisnolonger

necessarilysymmetric(asforthetriatomicsystem)...

•SomebooksadviseworkingwithM
−1

Kbut,inmyexperience,theinversionofMis

simplyawasteoftimewhenworkingbyhand.However,whenusingacomputeralgebra

package,workingwithM
−1

Kenablestheuseofstandardeigenvectortools.

•ThenormalmodeswehavefoundQiareactuallyorthogonalinthesensethat

Q
T

i·M·Qj=0fori6=j.Thisisveryeasytoprove.

•Thismeansthatthe“squashed”modesM
1/2

·Qj
a

areorthogonalintheusualsense.

aTofindthesquarerootofapositivesemi-definitematrix,diagonaliseit,takethesquarerootofthediagonalelements

androtateback.
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•Wehaveseenthatthecorrecteigenvalueproblemfornormalmodesisactually (

M
−1/2

KM
−1/2

−ω
2
I
)

·(M
1/2

·Q)=0,whichretainsallthehelpfulsymmetryand

orthogonalityproperties.

•Wecanfindsuitable‘squashed’coordinatesthatsimultaneouslydiagonaliseMandK.

•Thisisaproperprocedureforgettingorthonormalmodes.Indetail:

1.diagonaliseM;
2.squashthecoordinatessothatMbecomesaunitmatrix—thisequivalenttotakingthe

squarerootofM.

3.diagonaliseKinthenewcoordinates.

•InthiswaytheMremainsdiagonalduringthefinalstep.

•Inquantummechanicsitisknownthatyoucannotsimultaneouslydiagonalisetwo

non-commutingmatrices.Yet,theaboveisaprocedurefordoingexactlythat!Howhavewe

achievedtheimpossible?

•Inquantummechanicswehavetousetransformationsthatpreservetheinnerproduct(i.e.

areunitary).ThereisnosuchrestrictioninClassicalmechanics(thesquashingstepis

non-unitary).
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•Theconceptofanormalmodeisveryimportant,boththeoreticallyandinpractice.

•Stability:Thenormalfrequenciesω
2

arereal.
1.Ifalltheω

2
sarepositive,thesystemisstable.

2.Ifanyoftheω
2
sarenegative(ω

2
=−κ

2
),thengrowingmodes∝e

κt
existandthe

systemisunstable.
3.Zero-frequencymodescanexist,andusuallycorrespondtotranslationorrotationofthe

wholesystem.(Rememberthatthegeneralsolutiontoẍ=0isx=At+B).

•Degeneracy:twoormorenormalfrequenciesareequal.Thisoftenoccursbecauseofsome

symmetryinherentinthesystem,butcanalsobeaccidental(i.e.notduetosymmetry).

•Youcanusesymmetrytoguessnormalmodes:youcanthenusuallyfindthefrequencies

fairlyeasilyviaelementaryarguments.

•Grouprepresentationtheoryisaverypowerfulwayofdeducingthenatureofnormalmodes.

Forexample,appliedtothetriatomicmoleculeproblemitsaysthatthearetwo

antisymmetricmodesandonesymmetricmode.

•Appliedtotheequilateraltriatomicmoleculeproblemitsaysthatthereisatwo-dimensional

vibrationalmodeandaone-dimensionalsymmetricmode.Italsosaysthattherearethree

zero-frequencymodes,twoofwhicharedegenerate,andoneotherone-dimensionalmode

thathasadifferentcharactertotheone-dimensionalvibrationalmode.
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m

m

m x

y

x2 3

y

x1

1

y2 3
kk

k

•Considertheclassicalsystemofthreemasses

andthreespringsinanequilateraltriangleasshown.

•It’saclassicalmodelforanozonemolecule
a

•TheMmatrixiseasybuttheKmatrixis

alittlemoretricky:

M=m












100000

010000

001000

000100

000010

000001












K=k














1
20−

1
4

√
3

4−
1
4−

√
3

4

0
3
2

√
3

4−
3
4−

√
3

4−
3
4

−
1
4

√
3

4
5
4−

√
3

4−10
√

3
4−

3
4−

√
3

4
3
400

−
1
4−

√
3

4−10
5
4

√
3

4

−
√

3
4−

3
400

√
3

4
3
4














•Wefindthenormalfrequencies:ω
2
=

{

0,0,0,
3k

m
,
3k

2m

3k

2m

}

...

aChemist’ssaythattheozonemoleculeisnotactuallyequilateral,althoughwecan’ttellwhichatomhastheoddangle

out...
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•Thesystemlookscomplicated,butmostofthenormalmodesareobvious.

{ degenerate by symmetryaccidental degeneracyω
2
=

3k

m •Thethreemodeswithω
2
=0correspondtotranslationsandrotation.

•Thereisalsoasymmetricvibrational(“breathing”)modewithω
2
=

3k

m
.

ω
2
=

3k

2m

•Theremainingvibrationalmodesaredegenerate,butmustbeorthogonal

totheothers,andsomusthavenonettranslation,nonetrotationand

nonetoutwardmotion.Onepossiblemodeisshown.
•Wecanfindothermodeswiththesamefrequencybyrotatingthismodeby120◦.

•Thereareonlytwoindependentmodeswithω
2
=

3k

2m
sincethesumofthethreemodesillustratediszero

andtheyarenotlinearlyindependent.

•Thesymmetrypropertiesofthenormalmodes(i.e.twodifferentone-dimensionalmodes

andtwosetstwo-dimensionalmodes)ofcanbedeterminedbygrouprepresentationtheory.



ClassicalDynamicsP97 OTHEREXAMPLESOFNORMALMODES

0L

y

x

•Standingwavesonastring.

Fixed(y=0)atx=0andx=L.

•TensionTandmassperunitlengthρ,givesequationofmotionT
∂

2
y

∂x2=ρ
∂

2
y

∂t2

•Seekwavesolution∝exp(i(ωt−kx)).

•Findrelationshipbetweenkandω:ω
2
=

T

ρ
k

2
.

•Theboundaryconditionsfixtheallowedkvalues:kn=
nπ

L
(inthiscasetheyareharmonicallyrelated).

•Thenthharmonichasnantinodes:

y(x,t)=Asinknxcos(ωt+χ)

constant
amplitude

shapeof
normalmode

timedependence
(sameforwholesystem)
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++

-

+
+

-

-

+
+-

-

{ degenerate

+-
+

-

{ degenerate

+

+

-

-
++

-

-

{ degenerate

•Example2.

Wavesonacircularmembrane—drumofradiusa.

Boundaryconditions:y(r=a)=0.

•The(n,m)thmodehasnnodesinrand

mnodesinφ:

y(x,t)=AJm(knmr)
cos

sin
(mφ)cos(ωt+χ)

constant
amplitude

shapeof
normalmode

timedependence
(sameforwholesystem)

whereJm(knma)isthenthzerooftheBesselfunctionoforderm.

•Thefrequenciesareωnm=

√

T

ρ
knmandarenotharmonicallyrelated.

•Thelowestmodehasω01=1.551

√

T

ρ

1

a
.
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x

t

low frequency variations
high frequency variations

sinusoidal oscillation

•LagrangianmechanicsstartswithHamilton’sPrinciple
a

thattheactionS=

∫

dtL(qi,q̇i,t)isstationaryfor

smallvariationsδqi(t)aboutthepathqi(t).

•ConsiderthevariationδSasthepathvariesfromqi(t)

toqi(t)+δqi(t):δS=

∫t2

t1

dt
∑

i

(

δqi
∂L

∂qi
+δq̇i

∂L

∂q̇i

)

•However,thevariationsofδq̇i(t)aredeterminedbyδqi(t),sowemayintegratebyparts:

δS=
∑

i

[

δqi
∂L

∂q̇i

]t2

t1

+

∫t2

t1

dt
∑

i

δqi

(
∂L

∂qi
−

d

dt

∂L

∂q̇i

)

•Providedtheintegratedpartsvanish,theconditionthatδS=0forallvariationsδqi(t)is

d

dt

∂L

∂q̇i
=

∂L

∂qi
foralli

•TheseareLagrange’sequationsofmotion.Inclassicalmechanicswecanusuallytakeas

LagrangianL=T−U,whereTisthekineticenergyandUisthepotentialenergy.

aThisisoftencalledthe“PrincipleofLeastAction”.It’snotaparticularlygoodnamesince,althoughtheactionis

stationary,it’snotactuallyaminimum,exceptforthecaseofafreeparticle.
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x

t

low frequency variations
high frequency variations

sinusoidal oscillation

•Exampleillustrated.

Simpleharmonicmotion:q1=x.T=
1
2mẋ

2
;U=

1
2kx

2
.

L=T−U⇒
∂L

∂ẋ
=mẋ;

∂L

∂x
=−kx.

Equationofmotion:mẍ=−kx.

Solution:x=Acosωt+Bsinωt,whereω
2
=k/m.

Actiononclassicalpathx0(t0)tox(t):S=
mω

2

(x
2
+x

2
0)cosω(t−t0)−2xx0

sinω(t−t0)

•Possiblevariations(highandlowfrequencies)δxaroundtheclassicalpathareillustrated.

•Theimportantquantities
∂L

∂q̇i
≡piareknownastheconjugatemomentaandplaya

crucialroleinHamiltoniandynamics,andhenceinthecorrespondencebetweenclassical

dynamicsandquantummechanics.

•IftheLagrangiandoesnotdependononeofthecoordinates,sayq1(i.e.
∂L

∂q1

=0),then

fromLagrange’sequations
d

dt

∂L

∂q̇1

=0andtheconjugatemomentump1isaconstant.

•Symmetries(hereLindependentofq1)thusleadtoconservationlaws.
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•LagrangiandynamicsusesL(qi,q̇i,t)wherethereisadependencebetweenqiandq̇i.

ThemotivationforHamiltoniandynamicsistofindafunctionH(qi,pi,t)thatisnota

functionofthevelocitiesq̇i.ThisiseasilydonebyformingtheHamiltonian

H≡
∑

i

piq̇i−L(qi,q̇i,t).

•ThetotalvariationofHisdH=
∑

i

(

q̇idpi+pidq̇i−
∂L

∂qi
dqi−

∂L

∂q̇i
dq̇i

)

−
∂L

∂t
dt.

BythedefinitionofpiandLagrange’sequationsthissimplifiesto

dH=
∑

i

(q̇idpi−ṗidqi)−
∂L

∂t
dt.

•ThisshowsthatHrespondsonlytochangesdqi,dpi,tandisnotafunctionofq̇i.Itisa

functionH(qi,pi,t)asrequired.ByconstructionwehaveHamilton’sequations:

q̇i=
∂H

∂pi
;ṗi=−

∂H

∂qi
;−

∂L

∂t
=

∂H

∂t
.

•Wethereforefind
dH

dt
=

∑

i

(q̇iṗi−ṗiq̇i)−
∂L

∂t
=−

∂L

∂t

•Thisleadstotheimportantresultthat,iftheLagrangiandoesnotdependontimeexplicitly

(i.e.
∂L

∂t
=0),theHamiltonianisconserved.
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•Simpleharmonicmotion:L=
1
2mẋ

2
−

1
2kx

2
.

Ldoesnotdependont.

⇒Theenergy(Hamiltonian)E=
1
2mẋ

2
+

1
2kx

2
isconserved.

•Orbitsincentralpotential:L=
1
2m(ṙ

2
+r

2
φ̇

2
)−U(r).

Ldoesnotdependonφort:

⇒Theangularmomentum(pφ)J=mr
2
φ̇isconserved;

⇒Theenergy(Hamiltonian)E=
1
2m(ṙ

2
+r

2
φ̇

2
)+U(r)isconserved.

•Symmetrictop:L=
1
2I1(θ̇

2
+φ̇

2
sin

2
θ)+

1
2I3(χ̇+φ̇cosθ)

2
−mghcosθ.

Ldoesnotdependonφ,χort:

⇒Theangularmomentum(pφ)Jz=I3(χ̇+φ̇cosθ)cosθ+I1φ̇sin
2
θisconserved;

⇒Theangularmomentum(pχ)J3=I3(χ̇+φ̇cosθ)isconserved;

⇒TheenergyE=
1
2I1(θ̇

2
+φ̇

2
sin

2
θ)+

1
2I3(χ̇+φ̇cosθ)

2
+mghcosθisconserved.


