
ClassicalDynamicsP1 SUMMARYSHEET—INTRODUCTIONANDREVISION—S1

•Newtoniandynamics:
dp
dt

=F,wherethemomentump=mv
•Simpleharmonicoscillator.Theenergymethod—example.

•Revisionofdynamicsofmany­particlesystem

De�nitionsCentreofmass.Totalmomentumandangularmomentum.Totalexternalforceandcouple.Kinetic

energy,potentialenergyandtotalenergyofsystem.IntrinsicangularmomentuminCoMframe.

•Totalmomentumactsasifitwereacteduponbythetotalexternalforce.

•Totalangularmomentumactsasifitwereacteduponbythetotalexternalcouple.

•GalileantransformationfromcentreofmassframeS
0

toframeSmovingatvelocityV(CoMatR
0

=Vt):

­Momentum:P=P
0
+MV

­AngularMomentum:J=J
0
+MR

0
�����V

­Kineticenergy:T=T
0
+1

2MV
2

•PositionvectorrhasCartesiancoordinates(x;y;z),cylindricalpolar

coordinates(�;�;z)andsphericalpolarcoordinates(r;�;�).

•Relations:x=�cos�=rsin�cos�;y=�sin�=rsin�sin�;z=z=rcos�.

•Unitvectorsê�;ê�;êr;ê�varywithposition:e.g._̂e�=_�ê�and_̂e�=−_�ê�.

•Velocityinpolarcoordinates:v=_�ê�+�_�ê�.

•Radialvelocityv�=_�andtransversevelocityv�=�_�.

•Accelerationinpolarcoordinates:
•r=_v=a=(•�−�_�2

)
|{z}

ê�+(2_�_�+�•�)
|{z}

ê�

radialtransverse



ClassicalDynamicsP2 SUMMARYSHEET—NON­INERTIALFRAMES—S2

•IninertialframeS0wehavem•r0=F.WhatistheapparentequationofmotioninamovingframeS?

•Foranon­rotatingacceleratedframeSsuchthatr=r0−R(t)we�ndm•r=F−m•R.

•TogetthecorrectequationinSweaddaninertial(or�ctitious)force,proportionaltothemass.

•Specialcase:steadymotion•R=0—noinertialforces(Galileantransformation).

•UnacceleratedframeSrotatingat�xedangularvelocity!

•ForanyvectorAtheratesofchangeinframeS0and

inframeSarerelatedby

�
dA
dt

�

S0

=
�

dA
dt

�

S
+!�����A

•Applythisoperatorrelationtwicetor(r=r0att=0).

•⇒a0=a+2!�����v+!�����(!�����r)–rearrangetogetEoMinS:

ma=F−2m(!�����v)−m!�����(!�����r)

CoriolisforceCentrifugalforce

•Applications:oblatenessofplanets;weatherpatterns;Foucaultpendulum;problems4–7.Restricted3­body

problem(tocome).



ClassicalDynamicsP3 SUMMARYSHEET—ORBITSINCENTRALFORCE—S3

F

O

P

r

v
•ParticlemovingincentralpotentialU(r).

•Angularmomentumconserved:mr
2_�=J=constant

•Totalenergyisconserved:E=U(r)+
m
2

(_r
2

+r
2_�2

)=
m
2

_r
2

+U(r)+
J2

2mr2

itemEffectivepotentialUe�(r)=U(r)+
J2

2mr2

•PowerlawforceF=−Ar
n

givesUe�(r)=
Arn+1

n+1
+

J2

2mr2

r

eff U

r0

E0

r r

eff U

0 r

eff U

r0

U0

n≥−1
−3<n<−1

n<−3

•Thepotentialisqualitativelydifferentfordifferentvaluesofn:

n>−1:Orbitatr0stable.Allorbitsbound.

−3<n<−1:Orbitatr0stable.UnboundorbitsforE>0.

n<−3:Orbitatr0unstable.

•Nearly­circularorbits:expandUe�(r)aroundr0:smallradialoscillationsatperiod�=
T

√
n+3

,whereTis

theorbitalperiod.

•Specialcases:n=1(SHM)andn=−2(inversesquarelaw)giveclosedellipticalorbits.



ClassicalDynamicsP4
SUMMARYSHEET—ORBITSININVERSESQUARELAW—S4

•Kepler'sLaws

•FirstLaw:PlanetaryorbitsareellipseswiththeSunatonefocus.

•SecondLaw:ThelinejoiningtheplanetstotheSunsweepsoutequalareasinequaltimes.

•ThirdLaw:Thesquareoftheperiodofaplanetisproportionaltothecubeofthemajoraxisoftheorbit.

•Conservationofangularmomentumandenergyleadtoequationoforbitr0=r(1+ecos�).

Method1.Useu=1=randchangeto�asindependentvariable
�

du
d�

�2

+u
2

=
2m
J2(E+Au).UseKeplerIItogetperiod.

Method2.UseJ�����_v=−A_̂erandintegrate:J�����v+A(êr+e)=0whereeisaconstantvector.

Method3.Changeindependentvariabletords=dttoget
�

dr
ds

�2

−
2E
m

r
2
−

2A
m

r+J
2

=0⇒r=a(1−ecos
s),where

2

=−2E
m

.Also

t=as−
a



sin
s.

Method4.Usex+iy=z=�
2

where�=�+i�andrds=dttotransformKeplerproblemtothe

two­dimensionalSHO.

•Methods3and4non­examinable.



ClassicalDynamicsP5 SUMMARYSHEET—ELLIPTICALORBITS—S5

O C

P

semi-major axis

semi-latus rectum

f
semi-minor axisb

a

0r

r

•Theequationofanellipseinpolarcoordinates

r0=r(1+ecos�)

•Thedistancesofclosestandfurthestapproachfollow

fromthis:rmin=
r0

1+e
andrmax=

r0

1−e

•Thesemi­majoraxisasatis�es2a=rmin+rmax

⇒a=
r0

1−e2sothatrmax;min=a(1±e).Alsob=
r0

√
1−e2

•Thesemi­majoraxisadeterminestheenergyandtheperiodoftheorbit

E=−
A
2a

;T=
2�
!

;!
2

=
A

ma3

•Thesemi­latusrectumr0determinestheangularmomentumoftheorbit:J
2

=Amr0

•Ifyouneedtoderiveanyoftheseformulaeinahurryconsiderasillycase.

Usethesimplebalanceofforcesargumentforcircularmotion:A
r2=m!

2
r.



ClassicalDynamicsP6 HYPERBOLICORBITS,GRAVITYANDTIDESS6

OC

P

impact parameter

semi-latus rectum

semi-major axis

ff

Path for repulsive force

b

a

0r

r

8

•Attractivepotential:allpreviousformulaestillvalid,bute>1

soa<0andenergyE=−
A
2a

=
(e2−1)A

2r0
>0.

•Impactparameterbandvelocityatin�nityv1determine

angularmomentumJ=mbv1andenergyE=1
2mv

2
1.

•Totalangleofde�ection�=2�1−�(�positive).

•Asymptotesat±�1:sec�1=−e⇒tan�1=
mv2

1b
B

.

•Repulsivepotential:(a)Change
A
r2→−

B
r2,de�ne

J
2

=Bmr0andusebranchr0=r(ecos�−1).

•aispositiveagainandthetotalangleofde�ectionisnow�=�−2�1(�negative).

•Asymptotessatisfytan�1=
mv2

1b
B

.andthedistanceofclosestapproachisa(1+e).

•(b)Alternative.Usetheresultsfortheattractivepotentialcase(r0=r(1+ecos�))andlet�exceed�1.

Theradiusrisnegativeandtheparticletracesouttherepulsivebranch,gettingclosesttoOat�=�,sothat

r(�)=a(1+e),(anegative).Potentialenergy−
A
r

ispositivewhenr<0(repulsivepotential).

•3­bodyproblem3bodieswillattracteachotherandinteractstrongly.Eventuallytheinteractionwillforma

closebinary(negativegravitationalbindingenergy)releasingkineticenergyandthebodiestoescapetoin�nity.



ClassicalDynamicsP7 SUMMARYSHEET—RIGIDBODYDYNAMICS—S7

•Rigidbodyspinningaboutz­axishasJ=I!whereI=
X

m(x
2

+y
2
)

isthemomentofinertia.Also,T=1
2I!

2
=1

2J!.

•Generalcase:J=
X

r�����p=
X

mr�����(!�����r).

•Jisproportionaltoangularvelocity!butnotnecessarilyparalleltoit,

J=I·!orJi=Iij!j,whereIijistheinertiatensor.
0

@
Jx

Jy

Jz

1

A=

0

@

P
m(y

2
+z

2
)�

P
mxy�

P
mxz

�
P

mxy
P

m(x
2

+z
2
)�

P
myz

�
P

mxz�
P

myz
P

m(x
2

+y
2
)

1

A

0

@
!x

!y

!z

1

A

•Inertiatensorissymmetricanddiagonalwrt3perpendicularprincipalaxes{ê1;ê2;ê3}�xedinthebody.

•Theeigenvalues{I1;I2;I3}arethePrincipalMomentsofInertia.

•Jissimplewrttheprincipal(body)axes:J=(I1!1;I2!2;I3!3).

•ThekineticenergyisT=1
2J·!=1

2(I1!
2
1+I2!

2
2+I3!

2
3).

•In!­space,asurfaceofconstantT=T(!)isanellipsoid,whichis�xedtothebody—theInertiaEllipsoid;
w

J

•Dynamics:InaninertialframeS0wehave

�
dJ
dt

�

S0

=G.

•TheequationofmotionintherotatingframeSis:G=
�

dJ
dt

�

S
+!�����J

•Euler'sequationsforthemotionofarigidbodyareG1=I1_!1+(I3−I2)!2!3

andG2;G3similarlybycyclicpermutation.



ClassicalDynamicsP8 SUMMARYSHEET—PRECESSIONOFRIGIDBODIES—S8

3

2
1

3
w w

J

qs

•FreePrecessionofSymmetricBody:I1=I26=I3.

•Euler'sequationsshowthatinthebodyframe!precessesaroundthe

3­axiswithangularvelocity
b=
I1−I3

I1
!3(bodyfrequency),

tracingoutthebodyconeofhalf­angle�b.

3

2
1

w

J

qs

•Inertialobserversees!rotatingaroundJatthespacefrequency


s=J=I1,tracingoutthespaceconeofhalf­angle�s.

•Relatedvia:
ssin�s=
bsin�b.

3

1

w

w

J

p

.

1 w.

Projected component

w

3

inertia ellipsod

polhode

body cone

space cone

invariable plane

J herpolhode

qb

qs

O

P

•Poinsot'sconstruction:inertiaellipsoidrollsontheplane

T=1
2J·!,with!tracingoutthepolhodeontheellipsoidand

theherpolhodeontheplane.

•Freeprecessionoftriaxialbodies:

I1<I2<I3:rotationabout1­and3­axesstable,

butrotationaboutintermediate2­axisisunstable.

•Energydissipationinnon­rigidbodieseventuallyleadstostablerotationabouttheaxiswiththelargestmoment

ofinertia(majoraxistheorem).



ClassicalDynamicsP9 GYROSCOPESS9
z

3

q

c
f

mg

2
+1

•Lagrange'sapproachviaEulerangles(�;�;�)(symmetricbodytake1­axisinwards).

q
c. f.

z
3

•Resolveratesofchange(_�;_�;_�)ontobodyaxes:

(!1;!2;!3)=(_�;_�sin�;_�+_�cos�)

•CannowwriteJandTintermsofspacecoordinates.

•ConservationlawsofJ3,JzandEenableustowriteanenergyequationfor_�:

E=1
2I1_�2

+
(Jz−J3cos�)2

2I1sin
2

�
+mghcos�+

J2
3

2I3
|{z}

Ue�(�)

q

U
q1q2

eff

E

allowed region

q1

q2

•Allowedregion�1<�<�2.�1=�2issteadyprecession.

•Someotherpossiblepathsareillustrated(nutation).

•Steadyprecession:_�=
J3±

p
J2

3−4I1mghcos�
2I1cos�

•Therearetwopossibleprecessionfrequenciesforgiven�;inthe`gyroscopiclimit'J
2
3�mghI1theyare

_�≈mgh=J3,independentof�;thisis`slowprecession'

_�≈J3=(I1cos�),independentofG;thisis`freeprecession'again.

•Detailedanalysisofnutationaboutprecessionatgeneral�,eveninthegyroscopiclimit,isalgebraically

laborious.Thecaseofnutationofahorizontalgyroscopeisreasonablystraightforward.



ClassicalDynamicsP10 SUMMARYSHEET—NORMALMODES—S10

NormalModesofsystemsundergoingsmalloscillationsnearequilibrium.

•Smalldisplacementsaboutequilibriumleadtolinearequations.

•Anormalmodeisanoscillationthathasasinglefrequency.

mm

x x2 1
kkk

•Example:systemof2massesand3springs:

•Coupledequationsofmotion:

�
m•x1

m•x2

�
=−

�
2k�k
�k2k

��
x1

x2

�

•Seeksolution

�
x1(t)
x2(t)

�
=

�
X1

X2

�
e

i!t
:⇒Linearequations

�
2k�m!

2
�k

�k2k�m!
2

��
X1

X2

�
=

�
0
0

�

•Thedeterminantmustvanishfornon­trivialsolutions,givingtwonormalfrequencies:!
2

=
3k
m

and!
2

=
k
m

.

•Thesymmetryofthesystemmakesthenormalmodesobvious.

x2 x1

stretched 1 unit

compressed 2 units

•Symmetricmode:!
2

=
3k
m

hasX2=−X1

x x2 1

•Antisymmetricmode:!
2

=
k
m

hasX2=X1.

•Unequalmassesm1andm2:thesymmetry

isbrokenbuttherearestilltwonormalfrequencies!
2

=
k

m1m2

�
m1+m2±

q
m2

1−m1m2+m2
2

�

andnormalmodes
X2

X1
=

�
m2−m1∓

p
m2

1−m1m2+m2
2

�

m2
.



ClassicalDynamicsP11 NORMALMODESOFGENERALSYSTEM—S11

•Generalsystem:generalisedcoordinates{qi};i=1;N.

Examples:systemofMparticles,N=3M;rigidbodyrotation,angles(�;�;�);N=3;systemoftwo

masses,N=2.

•Systeminequilibriumatq=0.Forsmalloscillationsaboutequilibriumthekineticenergyisaquadratic

functionofthe_qiandthepotentialenergyisaquadraticfunctionoftheqi:

T=1
2

X

ij

_qiMij_qj;U=U0+1
2

X

ij

qiKijqj.

•Equationofmotion(bestfromLagrange'sequations):
X

j

(Mij•qj+Kijqj)=0.

•Findnormalmodesoffreeoscillationsbysubstitutingqi(t)=Qie
i!t

whereQiisaconstantnormalmode

shape.

•Wegetasetofhomogeneouslinearequations:(K−!
2
M)·Q=0.

•Thereisanon­zerosolutiononlyifdet(K−!
2
M)=0.

•ThereareNnormalfrequencies!
2
i.Foreachvalueof!

2
ithereisthenanormalmodeQi,whichcanhavean

arbitraryamplitude.

•Themodesareorthogonal(orcanbemadeso)inanimportantphysicalsense:Q
T
J·M·QI=0forI6=J.

•Wecanoftenusesymmetryargumentsto�ndobviousnormalmodes,then�ndthefrequencies

!
2

=
restoringforceperunitextension

mass
.

•Examples:triatomicmolecule;ozone;wavesonstringsanddrums.



ClassicalDynamicsP12 LAGRANGIANDYNAMICSANDCONSERVATIONLAWS—S12

•Generalsystem:generalisedcoordinates{qi};i=1;N.

•Hamilton'sPrinciple:TheactionS=
Z

dtL(qi;_qi;t)isstationaryforsmallvariations�qi(t)aboutthe

pathqi(t).TheLagrangianL≡T−U,whereTisthekineticenergyandUisthepotentialenergy.

•Theconditionthat�S=0forallvariations�qi(t)is
d
dt

@L
@_qi

=
@L
@qi

foralli(Lagrange'sequations).

•Thequantities@L
@_qi≡piaretheconjugatemomenta.IftheLagrangiandoesnotdependononeofthe

coordinates,sayq1(i.e.@L
@q1=0),thenfromLagrange'sequationstheconjugatemomentump1isaconstant.

•Symmetries(hereLindependentofq1)thusleadtoconservationlaws.

•IftheLagrangiandoesnotdependontimeexplicitly(i.e.@L
@t=0),theHamiltonian

H(qi;pi;t)≡
X

i

pi_qi−L(qi;_qi;t)isconserved(UsuallyH=T+U).

•Simpleharmonicmotion:L=1
2m_x

2
−1

2kx
2
.Ldoesnotdependont.

⇒TheHamiltonian(energy)E=1
2m_x

2
+1

2kx
2

=1
2mp2

x+1
2kx2isconserved.

•Orbitsincentralpotential:L=1
2m(_r

2
+r

2_�2
)−U(r).Ldoesnotdependon�ort:

⇒Theangularmomentum(p�)J=mr
2_�isconserved;

⇒Theenergy(Hamiltonian)E=1
2m(_r

2
+r

2_�2
)+U(r)isconserved.

•Symmetrictop:L=1
2I1(_�2

+_�2
sin

2
�)+1

2I3(_�+_�cos�)
2
−mghcos�.Ldoesnotdependon�;�ort:

⇒Theangularmomentum(p�)Jz=I3(_�+_�cos�)cos�+I1_�sin
2
�isconserved;

⇒Theangularmomentum(p�)J3=I3(_�+_�cos�)isconserved;

⇒TheenergyE=1
2I1(_�2

+_�2
sin

2
�)+1

2I3(_�+_�cos�)
2

+mghcos�isconserved.



ClassicalDynamicsP13 SUMMARYSHEET—ELASTICITY—S13

•Elasticbehaviour:Stress∝Strain

•Longitudinalstress:
Force

Area
=E

�l
l

,whereEisYoung'smodulus.

•Strainsintheotherdirectionsare−�
�l
l

,where�isPoisson'sratio.

•Eand�determinetheelasticpropertiesofauniform,isotropicmedium.

t

t

t

t 1

2

t3

2

1

•Normalstresses:�1;�2;�3producenormalstrainse1;e2;e3andare

relatedbyEe1=�1−��2−��3andcyclically.

•Bulkmodulus:mediumunderuniformpressure:P=−B
�V
V

:�1=�2=�3=−P.

Ee1=−P(1−2�)and
�V
V≈3e1giveB=

E
3(1−2�)

.

Anelasticmediummusthave�<1
2.

t

t

t

t

angle of shear

•Shearmodulus:G=
shearstress
shearangle

=
�xy

exy
.

•Shear�xycanbeproducedbynormalstresses�1=�;�2=−�;�3=0.

t1 t1

t2

t2

•Shearstress�transferredtoinnersquare.

•Shearangleis2e1,whereEe1=�(1+�)(seedetaileddiagraminnotes).

•ShearmodulusG=
E

2(1+�)
.(Musthave�>−1.)



ClassicalDynamicsP14
SUMMARYSHEET—ELASTICITYII—S14

•Stresstensor�relatesforcetoareaelementdF=�·dS.

•Stresstensorissymmetric�xy=�yx,etcandcanbemadediagonal:

•Arbitrarystressescanbemadeupfromnormalstresses{�1;�2;�3}.

•Distortionofthemediumtakesapointatxtox+X(x).Thederivativesofthedistortion�eldX(x)
determinethestrain.

•Thestraintensorisde�nedaseij=1
2

�
@Xi

@xj
+

@Xj

@xi

�
Thedistortionduetostrain:�X=e·�x.

•Thestraintensorisalsosymmetricandthereareasetofperpendicularnormalstrains{e1;e2;e3}.

•Inanisotropicelasticmediumtheprincipalaxesofthestraintensorarethesameastheprincipalaxesofthe

stresstensor.

•Stressintermsofstrain:�1=(B−2
3G)(e1+e2+e3)+2Ge1,etc.

•Thereapartofthestressthatisproportionaltothestrain(theGterm),plusanadditionalisotropicpressure

proportionaltothenetchangeofvolumee1+e2+e3=Tr(e)=r·X(the(B−2
3G)term).Wecanalso

write�=(B−2
3G)Tr(e)I+2Ge.

•Elasticenergy:U(e)=1
2

�
(B−2

3G)(e1+e2+e3)2+2G(e2
1+e2

2+e2
3)

�



ClassicalDynamicsP15 SUMMARYSHEET—ELASTICITYEXAMPLES—S15

q

f

L

t

r

top view

thickness

•Torsionofthintube:C=
2�Gr3t

L
�.Torsionofcylinder:C=

�a4

2L
�.

P

tz

tf
tf

r
thickness

A

PP
B

t
•TubeunderpressureP:hoop

stresses��=
Pr
t

(�P).

Longitudinalstress�z=
Pr
2t

.
neutral axisy

R
compressed

stretched

neutral axis

stretched

compressed

y

x

•Bendingofthinbeams:

bendingmomentB=
EI
R

,

whereRisradiusofcurvatureandI=
Z

y
2
dArea.

•ForceFonelementdxchangesbendingmomentdB=−Fdx.

W

W

W

W

C

W

B

F

WL

x=0x=L

•Drawadiagramoftheforcesandbendingmomentsalong

thebeamandthenuseB=EI=R≈EIy
00

.

•Example:cantileveredbeam,loadedatfreeend.

ForceF=Wallalongthebeam.

BendingmomentB=W(L−x)=EIy
00

decreaseslinearly.Integratingandy=y
0

=0

atx=0givesy(x)=
W
EI

�1
2Lx

2
−1

6x3�
.

•Reciprocitytheorem:de�ectionyPQofabeamatpointPduetoaloadatQisthesameasthede�ection

yQPofabeamatpointQduetoaloadatP.Reciprocityisverygeneralinphysics.



ClassicalDynamicsP16 SUMMARYSHEET—ELASTICITYANDELASTICWAVES—S16

F F
x

y

x=0x=L

•Eulerstrut:buckledbeamhasbendingmomentB=−Fy=EIy
00

.

Solutiony=Asin
p

EI=Fxwith
p

EI=FL=�.

EulerforceFE=�
2
EI

L2,independentofA.

•Dynamicsofelasticmedia.Accelerationduetovariationofstresses:�
@

2
Xi

@t2=
P

j
@�ij

@xj.

•Stressrelatedtostrainas�=(B−2
3G)Tr(e)I+2Ge.Thisleadstoa

vectorwaveequation�
@2X
@t2=(B+1

3G)r(r·X)+Gr
2
X,whichpermitswavesolutionsX0e

i(!t�kx)

y

x

•Fortransverseshear,orS­waves:wavespolarisediny­orz­directions

we�nd�!
2

=Gk
2
,sovelocity!

2
S=G=�.

•Longitudinalcompressional,orP­waveshavevelocity!
2
P=(B+4

3G)=�.

x

y

x

•Surfaceeffectsareimportant.Wavesonthinrod:v
2

=E=�.

Wavesonthinplate:v
2

=E=(1−�
2
)�(bulgessideways).

•Wavesy(x;t)onstring,density�,tensionT.

Energy:

Z
dx1

2(�_y
2

+T(y
0
)

2
).Energy�owis−_y(Ty

0
).

Examples:energyintravellingwavesandstandingwaves.Energy�owinelasticwaves:−�·_X.

y

x

1

3

2

•Normalmodesofacantileveredbar∝e
i!t

.

•y=Ae
ikx

+Be
�ikx

+Ce
kx

+e
�kx

,where!
2

=(EI�)k
4
.

The�rstfewmodeshaveknL=(1:875;4:694;7:854;10:995:::)
Notharmonic:!∝n

2
.



ClassicalDynamicsP17 SUMMARYSHEET—INTRODUCTIONTOFLUIDDYNAMICS—S17

t

t

tS

txy

xy e

xy G(2e )

•Liquidsandgases(�uids)cannotmaintainshearstresses.Asuddenshearproducesa

stressthatrapidlydecays.In�uidstheonlystressesareanisotropicpressureP.

•Thereisaverywidevarietyof�uidbehaviouronEarthandinastrophysics!

•Fluidelementsareregionslargeenoughtohavewell­de�nedmacroscopicproperties:

density�(x;t);velocityv(x;t);pressureP(x;t)and(forcompressible�uids)energydensityu(x;t).

•A�uidelementisactedonbypressureforcesandgravity(g=−r�g).

•Flowvisualisation:astreamlinefollowsthevelocityvectorv(x)atagiventime.Theconceptsofparticle

pathsandstreaklinesaresometimesuseful.

•Thecontinuityequationforcompressible�ow
@�
@t

+r·(�v)=0.

•Forincompressible�owthedensity�isaconstanteverywhereandr·v=0,exceptatsourcesandsinks.

•Thevectorequationofmotionfora�uidelementis�
Dv
Dt

=−rP+�g,

wheretheconvectivederivative
Dv
Dt

=
@v
@t

+v·rvistheaccelerationofthe�uidelement.

•Forsteady�ow,considerstreamlines

connectingareasA1andA2:

•CompressibleBernoulliequation:

alongastreamlinethequantity(u+P)=�+1
2v

2
+�g=constant.(h≡u+Pisthespeci�centhalpy

(h=
=(
−1)foraperfectgas.)).

•Forincompressible,steady�ow�isconstantandu=0,soP+1
2�v

2
+��g=constantalonga

streamline.
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•ApplicationsofBernoulli:1)Flowfromwatertank:v
2

=2gh.

2)Waterjethittingwall(nogravity)vout=vin.

•Circulationaroundaloop�K=
I

�
dl·vde�nestheamountofrotation.

•Relatedtothevorticity!≡r�����vbyK=
Z

dS·!.

•Kelvin'scirculationtheoremforincompressible�ow:
DK
Dt

=0:“vortexlinesareconservedandmovewiththe

�uid”.

•GeneralisedBernoulli:forincompressibleandirrotational�ow(r�����v=0):

(�_�+)P+1
2�v

2
+��gisaconstanteverywhere.

•Ifr�����v=0,thereisascalarvelocitypotential�suchthatv=r�.

•Forincompressible�owr·v=0sor
2
�=0andwecanusepotentialto�ndthevelocitydistributionand

useBernoullito�ndthepressureafterwards.

•FlowrateQfromanisotropicsourcehasvelocitypotentialand�ow

�=−
Q

4�R
;v=

Q
4�R2ûR.Sourcenearplate—usemethodofimages.

•Twosourcesorsinksattract:F=
Q1Q2�
4�d2.Sourcesandsinksrepel.

•Potential�owaroundspheres:(vr(a)=0)�=V0cos�
�

r+
a3

2r2

�

•Bernoulligivespressureonsphere:

P(�)=P0+1
2�V

2
0−9

8�V2
0sin

2
�
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•Potential�owaroundcylinder:�=V0cos�
�

r+a
2

r

�

G

v •Irrotational�owaroundrotatingcylinder:�=K�
2�:v�=K

2�r

F

•Rotatingcylinderinexternal�ow:�=V0cos�
�

r+a
2

r

�
+K�

2�

•MagnuseffectF=�v�����K

•Vortexinfree�uidhascoreofvorticityrotatinglikeasolidbody.

•Oppositevortices“bloweachotheralong”;likevorticescircleeachother.

•Vortexrings:v=
K

4�a
log(a=rcore).Manyinterestingproperties.

t

t

txy

xy
e

•ViscousshearstressinNewtonian�uidsproportionaltorateofshear.

•Viscosity:�=�
d(2e)

dt=�
�

@vi
@xj+

@vj

@xi

�
.

•Equationofmotionforincompressible�owincludingviscosity:�
Dv
Dt

=−rP+�g+�r
2
v.

x

d y
t

t

xy

xy
txy

txyA

B

v=V

g
•Shearlayer(Couette�ow):viscousstress�xy=�

dvx

dy
=�V=disconstant

inyandistransmittedtobothplates.

•Poiseuille�owincircularpipewithlongitudinalpressuregradient.

Volume�owrate:Q=�a
4

8�

�
�dP

dz

�
�.

•Frictionfactorf:
�
�dP

dz

�
�≡f

�v
2

2a(Mean�owvelocityv=
Q

�a2).

•Forlamina�ow:f=32=NR,wherethedimensionless

ReynoldsnumberisNR=�(2a)v=�.
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Boundary layer

v

v=0

d

•Boundaryconditionforsurfaceofsolidbody:noradialortangentialvelocity(noslip).

•Flowpastasolidbodymustdevelopaboundarylayerwithavelocitygradient.

Thisisaregionwithvorticity(r�����v6=0),whichcanthenenterthe�uid�ow.

•TheReynoldsnumberNR=
�vL

�
istheratiooftheinertialstress�v

2
to

theviscousstress�v=L,wherevisacharacteristicvelocityandLacharacteristiclengthscale.

•Insteadylaminar�ow,thekinematicviscosityisgivenby�=�∼�cvT,where�cisthemean­freepathand

vTisthethermalvelocity.

•Iftheinertialstressistoohighina�owrandomtransversemotionswillcauseturbulentmixing,whichincreases

theeffectiveviscositytoincludean“eddyviscosity”(�=�)e�ective∼�cvT+Leddyveddy.Energyis

transportedbynonlinearprocessestoprogressivelysmallerscales,whereviscousdissipationcanoccur.

•Examples:

Realistic�owsaroundspheres,golfballs

andcylinders.

Turbulent�owsinpipes.

Subsonicturbulentjets.

Extragalacticradiogalaxies.


