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•
In

inertialfram
e

S
0

w
e

have
m

•r
0

=
F

.
W

hatis
the

apparentequation
ofm

otion
in

a
m

oving
fram

e
S

?

•
For

a
non­rotating

accelerated
fram

e
S

such
thatr

=
r

0 −
R

(t)
w

e
�nd

m
•r

=
F

−
m

•R
.

•
To

getthe
correctequation

in
S

w
e

add
an

inertial(or
�ctitious)

force,proportionalto
the

m
ass.

•
S

pecialcase:
steady

m
otion

•R
=

0
—

no
inertialforces

(G
alilean

transform
ation).

•
U

naccelerated
fram

e
S

rotating
at�x

ed
angular

velocity
!

•
For

any
vectorA

the
rates

ofchange
in

fram
e

S
0

and

in
fram

e
S

are
related

by

�
dAdt

�

S
0

=
�

dAdt

�

S
+

!
��� ��

A

•
A

pply
this

operator
relation

tw
ice

to
r

(r
=

r
0

att
=

0
).

•
⇒

a
0

=
a

+
2!

��� ��
v

+
!

��� ��
(!

��� ��
r)

–
rearrange

to
getE

oM
in

S
:

m
a

=
F

−
2m

(!
��� ��

v
)

−
m

!
��� ��

(!
��� ��

r)

C
oriolis

force
C

entrifugalforce

•
A

pplications:
oblateness

ofplanets;w
eather

patterns;Foucaultpendulum
;problem

s
4–7.

R
estricted

3­body

problem
(to

com
e).

C
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P
1

S
U

M
M

A
R

Y
S

H
E

E
T

—
IN

TR
O

D
U

C
TIO

N
A

N
D

R
E

V
IS

IO
N

—
S

1

•
N

ew
tonian

dynam
ics:

dpdt
=

F
,w

here
the

m
om

entum
p

=
m

v
•

S
im

ple
harm

onic
oscillator.

T
he

energy
m

ethod
—

exam
ple.

•
R

evision
of

d
ynam

ics
of

m
an

y­partic
le

system

D
e�nitions

C
entre

ofm
ass.

Totalm
om

entum
and

angular
m

om
entum

.
Totalexternalforce

and
couple.

K
inetic

energy,potentialenergy
and

totalenergy
ofsystem

.
Intrinsic

angular
m

om
entum

in
C

oM
fram

e.

•
Totalm

om
entum

acts
as

ifitw
ere

acted
upon

by
the

totalexternalforce.

•
Totalangular

m
om

entum
acts

as
ifitw

ere
acted

upon
by

the
totalexternalcouple.

•
G

alilean
transform

ation
from

centre
ofm

ass
fram

e
S

0
to

fram
e

S
m

oving
atvelocity

V
(C

oM
atR

0=
V

t):
­

M
om

entum
:

P
=

P
0+

M
V

­
A

ngular
M

om
entum

:
J

=
J

0+
M

R
0��� ��

V

­
K

inetic
energy

:
T

=
T

0+
12 M

V
2

•
P

osition
vectorr

has
C

artesian
coordinates

(x;y;z),cylindricalpolar
coordinates

(�;
�;

z)
and

sphericalpolar
coordinates

(r;�;�
).

•
R

elations:
x

=
�

cos�
=

r
sin

�
cos�

;
y

=
�

sin
�

=
r

sin
�

sin
�

;
z

=
z

=
r

cos�
.

•
U

nitvectors
ê

� ;ê
� ;ê

r ;ê
�

vary
w

ith
position:

e.g.
_̂e�

=
_�

ê
�

and
_̂e�

=
−

_�
ê

� .

•
V

elocity
in

polar
coordinates:v

=
_�ê

�
+

�
_�

ê
�

.

•
R

adialvelocity
v

�
=

_�
and

transverse
velocity

v
�

=
�

_�.

•
A

cceleration
in

polar
coordinates:

•r
=

_v
=

a
=

(•�−
�

_� 2)
|

{z
}

ê
�

+
(2

_� _�
+

�
•�)

|
{z

}
ê

�

radial
transverse
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•
K

epler's
La

w
s

•
F

irst
La

w
:

P
lanetary

orbits
are

ellipses
w

ith
the

S
un

atone
focus.

•
S

econd
La

w
:

T
he

line
joining

the
planets

to
the

S
un

sw
eeps

outequalareas
in

equaltim
es.

•
T

hird
La

w
:

T
he

square
ofthe

period
ofa

planetis
proportionalto

the
cube

ofthe
m

ajor
axis

ofthe
orbit.

•
C

onservation
ofangular

m
om

entum
and

energy
lead

to
equation

oforbitr
0

=
r(1

+
e

cos�
).

M
ethod

1.
U

se
u

=
1=

r
and

change
to

�
as

independentvariable
�

dud�

�
2

+
u

2
=

2mJ
2

(E
+

A
u

).
U

se
K

epler
IIto

getperiod.

M
ethod

2.
U

se
J

��� ��
_v

=
−

A
_̂er

and
integrate:J

��� ��
v

+
A

(ê
r

+
e)

=
0

w
here

e
is

a
constantvector.

M
ethod

3.
C

hange
independentvariable

to
rds

=
dt

to
get

�
drds

�
2−

2Em
r

2−
2Am

r
+

J
2

=
0
⇒

r
=

a(1
−

e
cos


s),w
here



2

=
−

2E
m

.
A

lso

t
=

as−
a


sin



s .

M
ethod

4.
U

se
x

+
iy

=
z

=
�

2
w

here
�

=
�

+
i�

and
rds

=
dt

to
transform

K
epler

problem
to

the

tw
o­dim

ensionalS
H

O
.

•
M

ethods
3

and
4

non­exam
inable.

C
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3

S
U

M
M

A
R

Y
S

H
E

E
T

—
O

R
B

ITS
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C
E

N
TR

A
L

F
O

R
C

E
—

S
3

F

O

P

r

v
•

P
article

m
oving

in
centralpotentialU

(r).

•
A

ngular
m

om
entum

conserved:m
r

2
_�

=
J

=
constant

•
Totalenergy

is
conserved:E

=
U

(r)
+

m2
(_r 2

+
r

2
_� 2)

=
m2

_r 2
+

U
(r)

+
J

2

2m
r

2

item
E

ffective
potential

U
e� (r)

=
U

(r)
+

J
2

2m
r

2

•
P

ow
er

law
force

F
=

−
A

r
n

gives
U

e� (r)
=

A
r

n
+

1

n
+

1
+

J
2

2m
r

2

r

eff
U

r0

E
0

r
r

eff
U

0

r

eff
U

r0

U
0

n
≥

−
1

−
3

<
n

<
−

1

n
<

−
3

•
T

he
potentialis

qualitatively
differentfor

differentvalues
ofn

:

n
>

−
1

:
O

rbitatr
0

stable.
A

llorbits
bound.

−
3

<
n

<
−

1
:

O
rbitatr

0
stable.

U
nbound

orbits
forE

>
0

.

n
<

−
3

:
O

rbitatr
0

unstable.

•
N

early­circular
orbits:

expand
U

e� (r)
around

r
0 :

sm
allradialoscillations

atperiod
�

=
T

√
n

+
3

,w
here

T
is

the
orbitalperiod.

•
S

pecialcases:n
=

1
(S

H
M

)
and

n
=

−
2

(inverse
square

law
)

give
closed

ellipticalorbits.
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O
C

P

im
pact param

eter

sem
i-latus rectum

sem
i-m

ajor axis

f
f

P
ath for repulsive force

b

a

0 r

r

8

c

•
A

ttractive
potential

:
allprevious

form
ulae

stillvalid,bute
>

1

so
a

<
0

and
energy

E
=

−
A2a

=
(e

2−
1)A

2r
0

>
0

.

•
Im

pactparam
eterb

and
velocity

atin�nity
v

1
determ

ine

angular
m

om
entum

J
=

m
bv

1
and

energy
E

=
12 m

v
21

.

•
Totalangle

ofde�ection
�

=
2�

1
−

�
(�

positive).

•
A

sym
ptotes

at±
�

1
:sec�

1
=

−
e⇒

tan
�

1
=

m
v

21
b

B
.

•
R

epulsive
potential

:
(a)

C
hange

Ar
2
→

−
Br

2
,de�ne

J
2

=
B

m
r

0
and

use
branch

r
0

=
r(e

cos�
−

1).

•
a

is
positive

again
and

the
totalangle

ofde�ection
is

now
�

=
�
−

2�
1

(�
negative).

•
A

sym
ptotes

satisfy
tan

�
1

=
m

v
21

b
B

.
and

the
distance

ofclosestapproach
is

a(1
+

e).

•
(b)

A
lternative

.
U

se
the

results
for

the
attractive

potentialcase
(r

0
=

r(1
+

e
cos�

))
and

let�
exceed

�
1

.

T
he

radius
r

is
negative

and
the

particle
traces

outthe
repulsive

branch,getting
closestto

O
at�

=
�

,so
that

r(�
)

=
a(1

+
e),(a

negative).
P

otentialenergy−
Ar

is
positive

w
hen

r
<

0
(repulsive

potential).

•
3­bod

y
prob

lem
3

bodies
w

illattracteach
other

and
interactstrongly.

E
ventually

the
interaction

w
illform

a

close
binary

(negative
gravitationalbinding

energy)
releasing

kinetic
energy

and
the

bodies
to

escape
to

in�nity
.
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O
C

P

sem
i-m

ajor axis

sem
i-latus rectum

f
sem

i-m
inor axis b

a

0 rr

•
T

he
equation

ofan
ellipse

in
polar

coordinates

r
0

=
r(1

+
e

cos�
)

•
T

he
distances

ofclosestand
furthestapproach

follow

from
this:

r
m

in
=

r
0

1
+

e
and

r
m

ax
=

r
0

1−
e

•
T

he
sem

i­m
ajor

axis
a

satis�es
2a

=
r

m
in

+
r

m
ax

⇒
a

=
r

0

1−
e

2
so

thatr
m

ax
;m

in
=

a(1
±

e).
A

lso
b

=
r

0
√

1−
e

2

•
T

he
sem

i­m
ajor

axis
a

determ
ines

the
energy

and
the

period
ofthe

orbit

E
=

−
A2a

;
T

=
2�!

;
!

2
=

Am
a

3

•
T

he
sem

i­latus
rectum

r
0

determ
ines

the
angular

m
om

entum
ofthe

orbit:
J

2
=

A
m

r
0

•
Ifyou

need
to

derive
any

ofthese
form

ulae
in

a
hurry

consider
a

silly
case

.

U
se

the
sim

ple
balance

offorces
argum

entfor
circular

m
otion:

Ar
2

=
m

!
2r

.
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3

2
1

3
w

w

J

qs

•
Free

P
recession

ofS
ym

m
etric

B
ody:I

1
=

I
2 6=

I
3 .

•
E

uler's
equations

show
thatin

the
body

fram
e

!
precesses

around
the

3
­axis

w
ith

angular
velocity



b

=
I

1 −
I

3

I
1

!
3

(body
frequency),

tracing
outthe

body
cone

ofhalf­angle
�

b
.

3

2
1

w

Jqs

•
Inertialobserver

sees
!

rotating
around

J
atthe

space
frequency



s

=
J

=
I1 ,tracing

outthe
space

cone
ofhalf­angle

�
s .

•
R

elated
via:


s sin
�

s
=



b

sin
�

b
.

3

1

w

w

J

p

.

1
w .

P
rojected com

ponent

w

3

inertia ellipsod

polhode

body cone

space cone

invariable plane

J
herpolhode

q
b

q
s O

P

•
P

oinsot's
construction:

inertia
ellipsoid

rolls
on

the
plane

T
=

12 J
·!

,w
ith

!
tracing

outthe
polhode

on
the

ellipsoid
and

the
herpolhode

on
the

plane.

•
Free

precession
oftriaxialbodies:

I
1

<
I

2
<

I
3 :

rotation
about1

­
and

3
­axes

stable,

butrotation
aboutinterm

ediate
2

­axis
is

unstable.

•
E

nergy
dissipation

in
non­rigid

bodies
eventually

leads
to

stable
rotation

aboutthe
axis

w
ith

the
largestm

om
ent

ofinertia
(m

ajor
axis

theorem
).
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•
R

igid
body

spinning
aboutz

­axis
has

J
=

I!
w

here
I

=
X

m
(x

2
+

y
2)

is
the

m
om

entofinertia.
A

lso,T
=

12 I!
2

=
12 J

!
.

•
G

eneralcase:J
=

X
r

��� ��
p

=
X

m
r

��� ��
(!

��� ��
r).

•
J

is
proportionalto

angular
velocity

!
butnotnecessarily

parallelto
it,

J
=

I·!
orJ

i
=

I
ij !

j ,w
here

I
ij

is
the

inertia
tensor

.
0@

J
x

J
y

J
z

1A
=

0@

P
m

(y
2

+
z

2)
�

P
m

xy
�

P
m

xz
�

P
m

xy
P

m
(x

2
+

z
2)

�
P

m
y

z
�

P
m

xz
�

P
m

y
z

P
m

(x
2

+
y

2) 1A

0@
!

x

!
y

!
z

1A

•
Inertia

tensor
is

sym
m

etric
and

diagonalw
rt3

perpendicular
principal

axes{ê
1 ;ê

2 ;ê
3 }

�x
ed

in
the

body.

•
T

he
eigenvalues{I

1 ;I
2 ;I

3 }
are

the
P

rincipal
M

om
ents

of
Inertia

.

•
J

is
sim

ple
w

rtthe
principal(body)

axes:J
=

(I
1 !

1 ;I
2 !

2 ;I
3 !

3 ).

•
T

he
kinetic

energy
is

T
=

12 J·!
=

12 (I
1 !

21
+

I
2 !

22
+

I
3 !

23 ).

•
In

!
­space,a

surface
ofconstantT

=
T

(!)
is

an
ellipsoid,w

hich
is

�x
ed

to
the

body
—

the
Inertia

E
llipsoid

;
w

J

•
D

ynam
ics

:
In

an
inertialfram

e
S

0
w

e
have

�
dJdt

�

S
0

=
G

.

•
T

he
equation

ofm
otion

in
the

rotating
fram

e
S

is
:G

=
�

dJdt

�

S
+

!
��� ��

J

•
E

uler's
equations

for
the

m
otion

ofa
rigid

body
are

G
1

=
I

1
_!

1
+

(I
3 −

I
2 )!

2 !
3

and
G

2 ;G
3

sim
ilarly

by
cyclic

perm
utation.
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N
orm

al
M

odes
ofsystem

s
undergoing

sm
alloscillations

near
equilibrium

.

•
S

m
all

displacem
ents

aboutequilibrium
lead

to
linear

equations
.

•
A

norm
al

m
ode

is
an

oscillation
thathas

a
single

frequenc
y.

m
mx

x
2

1
k

k
k

•
E

xam
ple:

system
of2

m
asses

and
3

springs:

•
C

oupled
equations

ofm
otion: �

m
•x

1

m
•x

2

�
=

−
�

2k
�

k
�

k
2k

�
�

x
1

x
2

�

•
S

eek
solution

�
x

1 (t)
x

2 (t) �
=

�
X

1

X
2

�
e

i!
t:⇒

Linear
equations

�
2k

�
m

!
2

�
k

�
k

2k
�

m
!

2

�
�

X
1

X
2

�
=

�
00

�

•
T

he
determ

inantm
ustvanish

for
non­trivialsolutions,giving

tw
o

norm
alfrequencies:!

2
=

3km
and

!
2

=
km

.

•
T

he
sym

m
etry

ofthe
system

m
akes

the
norm

alm
odes

obvious.

x2
x1

stretched 1 unit

com
pressed 2 units

•
S

ym
m

etric
m

ode
:!

2
=

3km
has

X
2

=
−

X
1

x
x

2
1

•
A

ntisym
m

etric
m

ode
:!

2
=

km
has

X
2

=
X

1 .

•
U

nequalm
asses

m
1

and
m

2 :
the

sym
m

etry

is
broken

butthere
are

stilltw
o

norm
alfrequencies

!
2

=
k

m
1 m

2

�
m

1
+

m
2 ±

q
m

21 −
m

1 m
2

+
m

22 �

and
norm

alm
odes

X
2

X
1

=

�
m

2 −
m

1 ∓
p

m
21 −

m
1 m

2
+

m
22 �

m
2

.
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G
Y

R
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S
C

O
P

E
S

S
9

z
3

q

c
f

m
g

2+
1

•
Lagrange's

approach
via

E
uler

angles
(�;�;

�
)

(sym
m

etric
body

take
1

­axis
inw

ards).

q
c .

f . z
3

•
R

esolve
rates

ofchange
(

_�;
_�;

_�)
onto

body
axes:

(!
1 ;!

2 ;!
3 )

=
(

_�;
_�sin

�;
_�

+
_�cos�)

•
C

an
now

w
rite

J
and

T
in

term
s

ofspace
coordinates.

•
C

onservation
law

s
ofJ

3 ,J
z

and
E

enable
us

to
w

rite
an

energy
equation

for
_�:

E
=

12 I
1

_� 2
+

(J
z −

J
3

cos�) 2

2I
1

sin
2

�
+

m
gh

cos�
+

J
23

2I
3

|
{z

}
U

e� (�)

q

U
q1

q
2

effE

allow
ed region

q1

q
2

•
A

llow
ed

region
�

1
<

�
<

�
2 .�

1
=

�
2

is
steady

precession.

•
S

om
e

other
possible

paths
are

illustrated
(nutation).

•
S

teady
precession:

_�
=

J
3 ±

p
J

23
−

4I
1 m

gh
cos�

2I
1

cos�

•
T

here
are

tw
o

possible
precession

frequencies
for

given
�

;in
the

`gyroscopic
lim

it'J
23
�

m
ghI

1
they

are

_�≈
m

gh=
J

3 ,independentof�
;this

is
`slow

precession'

_�≈
J

3 =(I
1

cos�),independentofG
;this

is
`free

precession'again.

•
D

etailed
analysis

ofnutation
aboutprecession

atgeneral�
,even

in
the

gyroscopic
lim

it,is
algebraically

laborious.
T

he
case

ofnutation
ofa

horizontalgyroscope
is

reasonably
straightforw

ard.
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•
G

eneralsystem
:

g
eneralised

coordinates
{q

i };i
=

1;N
.

•
H

am
ilton's

P
rinciple

:
T

he
action

S
=

Z
dtL

(q
i ;

_qi ;t)
is

stationary
for

sm
allvariations

�q
i (t)

aboutthe

path
q

i (t).
T

he
LagrangianL

≡
T
−

U
,w

here
T

is
the

kinetic
energy

and
U

is
the

potentialenergy.

•
T

he
condition

that�S
=

0
for

allvariations
�q

i (t)
is

ddt
@L@

_qi
=

@L@
q

i
for

alli
(La

grang
e's

equations
).

•
T

he
quantities

@
L

@
_qi ≡

p
i

are
the

conjugate
m

om
enta

.
Ifthe

Lagrangian
does

notdepend
on

one
ofthe

coordinates,say
q

1
(i.e.

@
L

@
q

1
=

0
),then

from
Lagrange's

equations
the

conjugate
m

om
entum

p
1

is
a

constant
.

•
S

ym
m

etries
(hereL

independentofq
1 )

thus
lead

to
conser

vation
la

w
s

.

•
Ifthe

Lagrangian
does

notdepend
on

tim
e

explicitly
(i.e.

@
L@
t

=
0

),the
H

am
iltonian

H
(q

i ;p
i ;t)≡

X

i

p
i _qi −

L
(q

i ;
_qi ;t)

is
conser

ved
(U

sually
H

=
T

+
U

).

•
S

im
ple

harm
onic

m
otion

:L
=

12 m
_x 2−

12 kx
2.L

does
notdepend

on
t.

⇒
T

he
H

am
iltonian

(energy)E
=

12 m
_x 2

+
12 kx

2
=

12m
p

2x
+

12 kx
2

is
conserved.

•
O

rbits
in

central
potential

:L
=

12 m
(_r 2

+
r

2
_� 2)−

U
(r).L

does
notdepend

on
�

ort:
⇒

T
he

angular
m

om
entum

(p
�

)J
=

m
r

2
_�

is
conserved;

⇒
T

he
energy

(H
am

iltonian)E
=

12 m
(_r 2

+
r

2
_� 2)

+
U

(r)
is

conserved.

•
S

ym
m

etric
top

:L
=

12 I
1 (

_� 2+
_� 2sin

2�)+
12 I

3 (
_�+

_�cos�) 2−
m

gh
cos�

.L
does

notdepend
on

�;
�

ort:
⇒

T
he

angular
m

om
entum

(p
�

)J
z

=
I

3 (
_�+

_�cos�)cos�
+

I
1

_�sin
2�

is
conserved;

⇒
T

he
angular

m
om

entum
(p

�
)J

3
=

I
3 (

_�+
_�cos�)

is
conserved;

⇒
T

he
energy

E
=

12 I
1 (

_� 2+
_� 2sin

2�)+
12 I

3 (
_�+

_�cos�) 2+
m

gh
cos�

is
conserved.
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•
G

eneralsystem
:

g
eneralised

coordinates
{q

i };i
=

1;N
.

E
xam

ples:
system

ofM
particles,N

=
3M

;rigid
body

rotation,angles
(�;�;

�
);N

=
3

;system
oftw

o

m
asses,N

=
2

.

•
S

ystem
in

equilibrium
atq

=
0

.
For

sm
alloscillations

aboutequilibrium
the

kinetic
energy

is
a

quadratic

function
ofthe

_qi
and

the
potentialenergy

is
a

quadratic
function

ofthe
q

i :

T
=

12

Xij

_qi M
ij

_qj
;

U
=

U
0

+
12

Xij

q
i K

ij q
j .

•
E

quation
ofm

otion
(bestfrom

Lagrange's
equations): X

j

(M
ij

•qj
+

K
ij q

j )
=

0
.

•
F

ind
norm

al
m

odes
offree

oscillations
by

substituting
q

i (t)
=

Q
i e

i!
t

w
here

Q
i

is
a

constantnorm
alm

ode

shape.

•
W

e
geta

setofhom
ogeneous

linear
equations:(K

−
!

2M
)·Q

=
0

.

•
T

here
is

a
non­zero

solution
only

ifdet(K
−

!
2M

)
=

0
.

•
T

here
are

N
norm

alfrequencies
!

2i
.

For
each

value
of!

2i
there

is
then

a
norm

alm
ode

Q
i ,w

hich
can

have
an

arbitrary
am

plitude.

•
T

he
m

odes
are

orthogonal(or
can

be
m

ade
so)

in
an

im
portantphysicalsense:Q

TJ ·M
·Q

I
=

0
forI

6=
J

.

•
W

e
can

often
use

sym
m

etry
argum

ents
to

�nd
obvious

norm
alm

odes,then
�nd

the
frequencies

!
2

=
restoring

force
per

unitextension

m
ass

.

•
E

xam
ples:

triatom
ic

m
olecule;ozone;w

aves
on

strings
and

drum
s.



C
lassicalD

ynam
ics

P
14

S
U

M
M

A
R

Y
S

H
E

E
T

—
E

LA
S

TIC
ITY

II—
S

14

•
S

tress
tensor�

relates
force

to
area

elem
entdF

=
�·dS

.

•
S

tress
tensor

is
sym

m
etric

�
xy

=
�

y
x

,etc
and

can
be

m
ade

diagonal:

•
A

rbitrary
stresses

can
be

m
ade

up
from

norm
alstresses{�

1 ;�
2 ;�

3 }
.

•
D

istortion
ofthe

m
edium

takes
a

pointatx
to

x
+

X
(x

).
T

he
derivatives

ofthe
distortion

�eld
X

(x
)

determ
ine

the
strain

.

•
T

he
strain

tensor
is

de�ned
as

e
ij

=
12

�
@

X
i

@
x

j
+

@
X

j

@
x

i

�
T

he
distortion

due
to

strain:�X
=

e·�x
.

•
T

he
strain

tensor
is

also
sym

m
etric

and
there

are
a

setofperpendicular
norm

alstrains{e
1 ;e

2 ;e
3 }

.

•
In

an
isotropic

elastic
m

edium
the

principalaxes
ofthe

strain
tensor

are
the

sam
e

as
the

principalaxes
ofthe

stress
tensor.

•
S

tress
in

term
s

ofstrain:�
1

=
(B

−
23 G

)(e
1

+
e

2
+

e
3 )

+
2G

e
1 ,etc.

•
T

here
a

partofthe
stress

thatis
proportionalto

the
strain

(the
G

term
),plus

an
additionalisotropic

pressure

proportionalto
the

netchange
ofvolum

e
e

1
+

e
2

+
e

3
=

Tr(e)
=

r
·X

(the
(B

−
23 G

)
term

).
W

e
can

also

w
rite

�
=

(B
−

23 G
)Tr(e)I

+
2G

e.

•
E

lastic
energy:U

(e)
=

12

�(B
−

23 G
)(e

1
+

e
2

+
e

3 ) 2
+

2G
(e

21
+

e
22

+
e

23 ) �
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•
E

lastic
behaviour:

S
tress∝

S
train

•
Longitudinalstress:

Force

A
rea

=
E

�ll
,w

here
E

is
Young's

m
odulus.

•
S

trains
in

the
other

directions
are−

�
�ll

,w
here

�
is

P
oisson's

ratio.

•
E

and
�

determ
ine

the
elastic

properties
ofa

uniform
,isotropic

m
edium

.

t

t t

t
1

2 t
3 2

1

•
N

orm
alstresses:�

1 ;�
2 ;�

3
produce

norm
alstrains

e
1 ;e

2 ;e
3

and
are

related
by

E
e

1
=

�
1 −

�
�

2 −
�

�
3

and
cyclically.

•
B

ulk
m

odulus:
m

edium
under

uniform
pressure:P

=
−

B
�VV

:�
1

=
�

2
=

�
3

=
−

P
.

E
e

1
=

−
P

(1
−

2�
)

and
�VV

≈
3e

1
give

B
=

E
3(1−

2�
)

.

A
n

elastic
m

edium
m

usthave
�

<
12

.

t

t

t

t

angle of shear

•
S

hear
m

odulus:G
=

shearstress
shearangle

=
�

xy

e
xy

.

•
S

hear�
xy

can
be

produced
by

norm
alstresses

�
1

=
�;�

2
=

−
�;�

3
=

0
.

t
1

t
1

t
2

t
2

•
S

hear
stress

�
transferred

to
inner

square.

•
S

hear
angle

is
2e

1 ,w
here

E
e

1
=

�(1
+

�
)

(see
detailed

diagram
in

notes).

•
S

hear
m

odulus
G

=
E

2(1
+

�
)

.
(M

usthave
�

>
−

1
.)
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F
F

x

yx=
0

x=
L

•
E

uler
strut:

buckled
beam

has
bending

m
om

entB
=
−

F
y

=
E

Iy
00.

S
olution

y
=

A
sin

p
E

I=
F

x
w

ith
p

E
I=

F
L

=
�

.

E
uler

force
F

E
=

�
2E

I
L

2
,independentofA

.

•
D

ynam
ics

of
elastic

m
edia.

A
cceleration

due
to

variation
ofstresses:�

@
2X

i
@

t
2

=
P

j
@

�
ij

@
x

j
.

•
S

tress
related

to
strain

as
�

=
(B

−
23 G

)Tr(e)I
+

2G
e.

T
his

leads
to

a

vector
w

a
ve

equation
�

@
2X
@

t 2
=

(B
+

13 G
)r

(r
·X

)+
G

r
2X

,w
hich

perm
its

w
ave

solutionsX
0 e

i(!
t�

k
x

)

yx

•
For

transverse
shear,or

S
­w

a
ves

:
w

aves
polarised

in
y

­
orz

­directions

w
e

�nd
�!

2
=

G
k

2,so
velocity

v
2S

=
G

=
�.

•
Longitudinalcom

pressional
,or

P
­w

a
ves

have
velocity

v
2P

=
(B

+
43 G

)=
�.

x

y
x

•
S

urface
effects

are
im

portant.
W

aves
on

thin
rod:v

2
=

E
=

�.
W

aves
on

thin
plate:v

2
=

E
=(1−

�
2)�

(bulges
sidew

ays)
.

•
W

aves
y(x;t)

on
string,density

�
,tension

T
.

E
nergy

: Z
dx

12 (�
_y 2+

T
(y

0) 2).
E

nergy
�o

w
is−

_y(T
y

0)
.

E
xam

ples:
energy

in
travelling

w
aves

and
standing

w
aves.

E
nergy

�o
w

in
elastic

w
aves:−

�·
_X

.

y

x

1

32

•
N

orm
alm

odes
ofa

cantilevered
bar∝

e
i!

t.

•
y

=
A

e
ik

x
+

B
e

�
ik

x
+

C
e

k
x

+
e

�
k

x
,w

here
!

2
=

(E
I�)k

4.

T
he

�rst
few

m
odes

have
k

n L
=

(1:875;4:694;7:854;10:995:::)
N

otharm
onic:!

∝
n

2.
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q

f

L

tr

top view

thickness

•
Torsion

ofthin
tube:C

=
2�

G
r

3t
L

�
.

Torsion
ofcylinder:C

=
�

a
4

2L
�

.

P

t
z

tf
tf

r
thicknessA

P
P

B

t
•

Tube
under

pressure
P

:
hoop

stresses
�

�
=

P
rt

(�
P

) .

Longitudinalstress
�

z
=

P
r

2t
.

neutral axis
y

R
com

pressed

stretched

neutral axis

stretched

com
pressed

y

x

•
B

ending
ofthin

beam
s:

bending
m

om
ent B

=
E

IR
,

w
here

R
is

radius
ofcurvature

and
I

=
Z

y
2dA

rea
.

•
Force

F
on

elem
entdx

changes
bending

m
om

entdB
=

−
F

dx
.

W

W

W

WC

W

B

F

W
Lx

=
0

x
=

L

•
D

ra
w

a
dia

gram
of

the
forces

and
bending

m
om

ents
along

the
beam

and
then

use
B

=
E

I=
R
≈

E
Iy

00.

•
E

xam
ple

:
cantilevered

beam
,loaded

atfree
end.

F
orce

F
=

W
allalong

the
beam

.

B
ending

m
om

entB
=

W
(L

−
x)

=
E

Iy
00

decreases
linearly.

Integrating
and

y
=

y
0=

0

atx
=

0
gives

y(x)
=

WE
I

�
12 Lx

2−
16 x

3 �.

•
R

eciprocity
theorem

:
de�ection

y
P

Q
ofa

beam
atpointP

due
to

a
load

atQ
is

the
sam

e
as

the
de�ection

y
Q

P
ofa

beam
atpointQ

due
to

a
load

atP.R
eciprocity

is
very

generalin
physics.
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•
A

pplications
ofB

ernoulli:
1)

F
low

from
w

ater
tank:v

2
=

2gh
.

2)
W

ater
jethitting

w
all(no

gravity)v
out

=
v

in
.

•
C

irculation
around

a
loop

�
K

=
I

�
dl·v

de�nes
the

am
ountofrotation.

•
R

elated
to

the
vorticity

!
≡

r
��� ��

v
by

K
=

Z
dS·!

.

•
K

elvin's
circulation

theorem
for

incom
pressible

�o
w

:
D

K
D

t
=

0
:

“vortex
lines

are
conserved

and
m

ove
w

ith
the

�uid”.

•
G

eneralised
B

ernoulli:
for

incom
pressible

and
irrotational

�o
w

(r
��� ��

v
=

0
):

(�
_�+

)
P

+
12 �v

2
+

��
g

is
a

constant
everyw

here
.

•
Ifr

��� ��
v

=
0

,there
is

a
scalar

velocity
potential

�
such

thatv
=

r
�

.

•
For

incom
pressible

�o
w

r
·v

=
0

so
r

2�
=

0
and

w
e

can
use

potentialto
�nd

the
velocity

distribution
and

use
B

ernoullito
�nd

the
pressure

afterw
ards.

•
F

low
rate

Q
from

an
isotropic

source
has

velocity
potentialand

�o
w

�
=

−
Q4�

R
;

v
=

Q
4�

R
2 û

R
.

S
ource

near
plate

—
use

m
ethod

ofim
ages.

•
Tw

o
sources

or
sinks

attract:F
=

Q
1 Q

2 �
4�

d
2

.
S

ources
and

sinks
repel.

•
P

otential�o
w

around
spheres:

(v
r (a)

=
0

)
�

=
V

0
cos�

�
r

+
a

3

2r
2 �

•
B

ernoulligives
pressure

on
sphere:

P
(�)

=
P

0
+

12 �V
20
−

98 �V
20

sin
2

�
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t t

tS t
xy

xy
exy

G
(2

e )

•
Liquids

and
gases

(�uids
)

cannotm
aintain

shear
stresses.

A
sudden

shear
produces

a

stress
thatrapidly

decays.
In

�uids
the

only
stresses

are
an

isotr
opic

pressure
P

.

•
T

here
is

a
very

w
ide

variety
of�uid

behaviour
on

E
arth

and
in

astrophysics!

•
F

luid
elem

ents
are

regions
large

enough
to

have
w

ell­de�ned
m

acroscopic
properties:

density
�(x

;t);velocity
v

(x
;t);pressure

P
(x

;t)
and

(for
com

pressible
�uids)

energy
density

u(x
;t).

•
A

�uid
elem

entis
acted

on
by

pressure
forces

and
gravity

(g
=

−
r

�
g ).

•
F

low
visualisation:

a
stream

line
follow

s
the

velocity
vectorv

(x
)

ata
given

tim
e.

T
he

concepts
ofpartic

le

paths
and

streaklines
are

som
etim

es
useful.

•
T

he
continuity

equation
for

com
pressible

�o
w

@
�@
t

+
r
·(�v

)
=

0
.

•
For

incom
pressible

�o
w

the
density

�
is

a
constanteveryw

here
and

r
·v

=
0

,exceptatsources
and

sinks
.

•
T

he
vector

equation
ofm

otion
for

a
�uid

elem
entis

�
D

v
D

t
=

−
r

P
+

�g
,

w
here

the
con

vective
deriv

ative
D

v
D

t
=

@
v@
t

+
v·r

v
is

the
acceleration

ofthe
�uid

elem
ent.

•
For

stead
y

�o
w

,consider
stream

lines

connecting
areas

A
1

and
A

2 :

•
C

om
pressib

le
B

ernoulli
equation

:

along
a

stream
line

the
quantity

(u
+

P
)=

�
+

12 v
2

+
�

g
=

constant.
(h

≡
u

+
P

is
the

speci�c
enthalpy

(h
=


=(

−

1)
for

a
perfectgas.)).

•
For

incom
pressib

le
,stead

y
�o

w
�

is
constantand

u
=

0
,so

P
+

12 �v
2

+
��

g
=

constant
along

a

stream
line.
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P
20

S
U

M
M

A
R

Y
S

H
E

E
T

—
L

A
M

IN
A

A
N

D
T

U
R

B
U

LE
N

T
F

LO
W

—
S

20

B
oundary layer

v

v
=

0

d

•
B

oundary
condition

for
surface

ofsolid
body:

no
radialor

tangentialvelocity
(no

slip).

•
F

low
pasta

solid
body

m
ustdevelop

a
boundary

layer
w

ith
a

velocity
gradient.

T
his

is
a

region
w

ith
vorticity

(r
��� ��

v
6=

0
),w

hich
can

then
enter

the
�uid

�o
w

.

•
T

he
R

eynolds
n

um
ber

N
R

=
�v

L�
is

the
ratio

ofthe
inertialstress

�v
2

to

the
viscous

stress
�v=

L
,w

here
v

is
a

characteristic
velocity

and
L

a
characteristic

length
scale.

•
In

steady
lam

inar
�o

w
,the

kinem
atic

viscosity
is

given
by

�=
�∼

�
c v

T
,w

here
�

c
is

the
m

ean­free
path

and

v
T

is
the

therm
alvelocity.

•
Ifthe

inertialstress
is

too
high

in
a

�o
w

random
transverse

m
otions

w
illcause

turbulentm
ixing,w

hich
increases

the
effective

viscosity
to

include
an

“eddy
viscosity”(�=

�)
e�ectiv

e ∼
�

c v
T

+
L

eddy v
eddy

.
E

nergy
is

transported
by

nonlinear
processes

to
progressively

sm
aller

scales,w
here

viscous
dissipation

can
occur.

•
E

xam
ples:

R
ealistic

�o
w

s
around

spheres,golfballs

and
cylinders.

Turbulent�o
w

s
in

pipes.

S
ubsonic

turbulentjets.

E
xtragalactic

radio
galaxies.

C
lassicalD

ynam
ics

P
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S
U

M
M

A
R

Y
S

H
E

E
T

—
V

O
R

TIC
ITY

A
N

D
V

IS
C

O
S

ITY
—

S
19

•
P

otential�o
w

around
cylinder:�

=
V

0
cos�

�
r

+
a

2r

�

G
v

•
Irrotational�o

w
around

rotating
cylinder:�

=
K

�
2�

:v
�

=
K2�

r

F

•
R

otating
cylinder

in
external�o

w
:

�
=

V
0

cos�
�

r
+

a
2r

�
+

K
�

2�

•
M

agnus
effectF

=
�v

��� ��
K

•
V

ortex
in

free
�uid

has
core

ofvorticity
rotating

like
a

solid
body.

•
O

pposite
vortices

“blow
each

other
along”;like

vortices
circle

each
other.

•
V

ortex
rings:v

=
K4�

a
log(a=

rcore ).
M

any
interesting

properties.

t t

t
xy

xy
e

•
V

iscous
shear

stress
in

N
ew

tonian
�uids

proportionalto
rate

ofshear.

•
V

iscosity:�
=

�
d(2

e)

d
t

=
�

�
@

v
i

@
x

j
+

@
v

j

@
x

i �
.

•
E

quation
ofm

otion
for

incom
pressible

�o
w

including
viscosity:�

D
v

D
t

=
−

r
P

+
�g

+
�r

2v
.

x d
y

t

t

xy

xy
t

xy

t
xy

A B

v=
V

g
•

S
hear

layer
(C

ouette
�o

w
):

viscous
stress

�
xy

=
�

dv
x

dy
=

�V
=

d
is

constant

in
y

and
is

transm
itted

to
both

plates.

•
P

oiseuille
�o

w
in

circular
pipe

w
ith

longitudinalpressure
gradient.

V
olum

e
�o

w
rate:Q

=
�

a
4

8�

��
d

Pd
z

��.

•
Friction

factorf
: ��

d
Pd
z

��≡
f

�
v

2

2a
(M

ean
�o

w
velocity

v
=

Q�
a

2
).

•
For

lam
ina

�o
w

:f
=

32=N
R

,w
here

the
dim

ensionless

R
eynolds

n
um

ber
is

N
R

=
�(2a)v=

�.


