Classical Dynamics | SUMMARY SHEET — INTRODUCTION AND REVISION— S1 P1

e Newtonian dynamics: at = F, where the momentum p = mv

e Simple harmonic oscillator. The energy method — example.

e Revision of dynamics of many-particle system
De nitions Centre of mass. Total momentum and angular momentum. Total external force and couple. Kinetic
energy, potential energy and total energy of system. Intrinsic angular momentum in CoM frame.

e Total momentum acts as if it were acted upon by the total external force.

e Total angular momentum acts as if it were acted upon by the total external couple.

e Galilean transformation from centre of mass frame S°to frame S moving at velocity V' (CoM at R 0= v t):
- Momentum : P=P% MV

- Angular Momentum: J = J%+ MR Vv ) s
- Kinetic energy: T = T+ w_/\_<N o /r
e Position vector I' has Cartesian coordinates (X; Y; Z), cylindrical polar >§ 5 % e
coordinates ( ; ; z) and spherical polar coordinates (r; ; ).
e Relations: X = C€OS =rsin €OoS ; y= sSin =rsin sin ; z=2z=rcos.
e Unitvectors € ;€& ;&,;€ vary with position: e.g. & = _& and& = —_¢&
e Velocity in polar coordinates: v = & + _@
e Radial velocity V = _and transverse velocity V. = —
p=v=a = 1.| |NW® +*N||+ .wm
e Acceleration in polar coordinates: —{z— —{z
radial transverse
Classical Dynamics SUMMARY SHEET — NON-INERTIAL FRAMES — S2 P2

e Ininertial frame Sy we have m# g = F . What is the apparent equation of motion in a moving frame S?
e For a non-rotating accelerated frame S suchthatr = rg — R(t) we nd me = F — mR.
e To get the correct equation in S we add an inertial (or ctitious) force, proportional to the mass.
e Special case: steady motion R = O — no inertial forces (Galilean transformation).
e Unaccelerated frame S rotating at x ed angular velocity !
e For any vector A the rates of change in frame Sy and A
in frame Sare related by Q|> = dA +!1 A A

dt 5, dt ¢

e Apply this operator relation twicetor (r = rgatt = 0).

e =>ap=a+2 v+! (! r)-rearrangetogetEoMin S:

ma=F -2m(! v) —m! (! r)

Coriolis force Centrifugal force

e Applications: oblateness of planets; weather patterns; Foucault pendulum; problems 4—7. Restricted 3-body

problem (to come).




Classical Dynamics SUMMARY SHEET — ORBITS IN CENTRAL FORCE — S3 P3

e Particle moving in central potential U (r). \ P
e Angular momentum conserved: mr?2 _=J = constant )
, m 2., 22 m 5 J?
e Total energy is conserved: E = U(r) + (15 +r°25) = o+ U(r) + —
2 ) 2 2mr o
J
item Effective potential Ug (r) = U(r) + omr 2
ﬁ%ﬁ n+1 J 2
e Power law force F = —Ar " gives Ug (r) = +
g e () n+1 2mr2
U.¢ Tt et
-3<n< -1
7 r
_.no n< -3
. Y
b r
e The potential is qualitatively different for different values of N:
n> —1 Orbit at I'g stable. All orbits bound.
—3< n< —1 Orbitatrg stable. Unbound orbits for E > 0.
n< -3 Orbit at ' g unstable.
T
e Nearly-circular orbits: expand Ue (I) around ro: small radial oscillations at period = ———, where T is

vn+ 3
the orbital period.

e Special cases: N = 1 (SHM)and n = —2 (inverse square law) give closed elliptical orbits.

Classical Dynamics P4
y SUMMARY SHEET — ORBITS IN INVERSE SQUARE LAW— S4

e Kepler's Laws

e First Law: Planetary orbits are ellipses with the Sun at one focus.
e Second Law: The line joining the planets to the Sun sweeps out equal areas in equal times.
e Third Law: The square of the period of a planet is proportional to the cube of the major axis of the orbit.

e Conservation of angular momentum and energy lead to equation of orbit o = r(1 + ecos ).

Method 1. Use U = 1=r and change to as independent variable

2
du 2m
q +u? = u|mA_m + AuU). Use Kepler Il to get period.
Method 2. UseJ V = —A&, andintegrate: J Vv + A(&, + e) = Owhere €is a constant vector.

Method 3. Change independent variable to r ds = dt to get

2
dr 2E 2A —2E
— ——r?-"—r+J%2=0=r=a(l —ecos s),where 2= ———. Also
ds m m m
a .
t=as— —sin s.
Method 4. UseX + iy = z= 2where = + i andrds= dt to transform Kepler problem to the

two-dimensional SHO.

o Methods 3 and 4 non-examinable.




Classical Dynamics SUMMARY SHEET — ELLIPTICAL ORBITS — S5 P5
semi-latus rectum _.o
e The equation of an ellipse in polar coordinates
ro=r(1+ ecos )
e The distances of closest and furthest approach follow
lo Io
from this: 'min = ——and = —
min H.T e max H| e
e The semi-major axis a satises 28 = I'min + I'max semi-major axis &
Mo o
”Vm.” S 9 moﬁjm.ﬁ—._jmx:ﬁ_: = QAHHWQV>_MOU” -
1-—¢? V1-—¢€?
e The semi-major axis a determines the energy and the period of the orbit
e The semi-latus rectum I o determines the angular momentum of the orbit: E
e If you need to derive any of these formulae in a hurry consider asilly case.
Use the simple balance of forces argument for circular motion:
Classical Dynamics HYPERBOLIC ORBITS, GRAVITY AND TIDES S6 P6

e Attractive potential : all previous formulae still valid, bute > 1

A e —1)A
soa< Oandenergy E = IMH ( Nq0v > 0.

e Impact parameter band velocity at in nity V1 determine

semi-major axis

1 2 semi-latus rectum
angular momentum J = mbv; and energy E = s3mvj

. » @)

e Total angle ofdeecton = 2 1 — ( positive).
mv? b
e Asymptotesat+ ; :Sec ; = —e=-tan ; = wp mpact parameter
> B i

e Repulsive potential : (a) O:m:@m — — |«|N_ de ne Path for repulsive force

J? = Bmrg and use branch qo = Zmoom —1).

® ais positive again and the total angle of de ection is now — 2 1 ( negative).

. mv? b . .
e Asymptotes satisfy tan 1 = B and the distance of closest approach is a(1 + €).
e (b) Alternative . Use the results for the attractive potential case (fro = r(1 + ecos ))andlet exceed 1
The radius I' is negative and the particle traces out the repulsive branch, getting closestto Oat = , so that
A
r( )= a(l+ e),(anegative). Potential energy — i is positive when I < O (repulsive potential).

e 3-body problem 3 bodies will attract each other and interact strongly. Eventually the interaction will form a

close binary (negative gravitational binding energy) releasing kinetic energy and the bodies to escape to in nity.




Classical Dynamics SUMMARY SHEET — RIGID BODY DYNAMICS — S7 P7

e Rigid body spinning about Z-axishas J = |! where| = m(x? + y?) \8
is the moment of _:mwm_m. Also, T WA W_ 12 = W.: :
e General case: J = rp= mr (! r).
e J is proportional to angular velocity !  but not necessarily parallel to it,
J=1-1orJdj=1;!;,wherelj istheinertia tensor .
‘g Uil Vg B e neria R P 10 1
Jx %mv\ + 29) = mxy p Mxz Iy
©u<>u© p Mxy Jﬁxm+ z%) P myz >®_<>
J, mxz my z m(x? + y?) I,

e |nertia tensor is symmetric and diagonal wrt 3 perpendicular principal axes ﬁmp“ e,; mww x ed in the body.

e The eigenvalues {l 1;12; 13} are the Principal Moments of Inertia.

e J is simple wrt the principal (body) axes: J = (I1! 1;12! 2;13! 3).

e The kinetic energyis T = wu do= WA:_ w+ [5! w+ [ 3! mv
e In! -space, a surface of constant T = T(!) is an ellipsoid, which is x ed to the body —the Inertia Ellipsoid ;
aJ Wa
e Dynamics : In an inertial frame Sg we have r = G.
So
dJ J

e The equation of motion in the rotating frame Sis: G = +!1 J

a@
e Euler's equations for the motion of a rigid body are G; = 11! 1 + (I3 —15)! 5! 3

and Gy; Gz similarly by cyclic permutation.

Classical Dynamics | SUMMARY SHEET — PRECESSION OF RIGID BODIES — S8 P8

e Free Precession of Symmetric Body: |1 = |2 Z | 3.

e Euler's equations show that in the body frame ! precesses around the
1 — _w_

3-axis with angular velocity p = _\ 3 (body frequency),
1
tracing out the body cone of half-angle .
AJ
e Inertial observer sees ! rotating around J at the space frequency
s = J=lq, tracing out the space cone of half-angle . v "
e Relatedvia: sSIN s= pSIiN p.
Projected component W,

e Poinsot's construction: inertia ellipsoid rolls on the plane inertia ellipsod

T= Wu -1 with ! tracing out the polhode on the ellipsoid and

the herpolhode on the plane.

. .. . invariable plane
e Free precession of triaxial bodies:

1 < I, < |3: rotation about 1- and 3-axes stable,

herpolhode f J

polhode 3

but rotation about intermediate 2-axis is unstable.

e Energy dissipation in non-rigid bodies eventually leads to stable rotation about the axis with the largest moment

of inertia (major axis theorem).




Classical Dynamics GYROSCOPES S9 P9

L
3
e Lagrange's approach via Euler angles ( ; ; ) (symmetric body take 1-axis inwards). H 7
e Resolve rates of change (- 5~ _) onto body axes:
(10 2;13) = (5 =sin ; _+ _cos)
e Can now write J and T in terms of space coordinates. mg 1z
e Conservation laws of J3, J; and E enable us to write an energy equation for — , \\w
J; —Jzcos )? J2 >
mnw:lm+AN ,o,.m ) + mghcos + -2 w
211 sin 2| w
| {z
Ue ()
e Allowedregion 1 < < 5. 1= 5 issteady precession.
)
® Some other possible paths are illustrated (nutation). e q qQ
p
Stead . J3+ JZ—4l;mghcos E N
e Stea recession: —=
yP 21, cos Vi.\ q
allowed region
e There are two possible precession frequencies for given ; in the “gyroscopic limit' ,uw > mghl 1 they are
—~ mgh=Js, independent of ; this is “slow precession'
—= J3=(l 1 cos ), independent of G this is “free precession’ again.
e Detailed analysis of nutation about precession at general , even in the gyroscopic limit, is algebraically
laborious. The case of nutation of a horizontal gyroscope is reasonably straightforward.
Classical Dynamics SUMMARY SHEET — NORMAL MODES — S10 P10

Normal Modes of systems undergoing small oscillations near equilibrium.

Small displacements about equilibrium lead to linear equations .

A normal mode is an oscillation that has a single frequency.

Example: system of 2 masses and 3 springs: m ﬁ: m w
Coupled equations of motion: - A kxa m _Aixioxm
oupled equations of motion: = — X' X
P Q mxa k 2k X2 XH XN
Seek solu X1(t) X1 d ; 2k m!? Kk X1 0
eek solution = C inear equations =
X2(t) X5 a Kk 2k m'2 X, 0
. . - : y 2 3k »_ K
The determinant must vanish for non-trivial solutions, giving two normal frequencies: ! < = a and! © = m
The symmetry of the system makes the normal modes obvious.
m:mwga Hx_.csz
3 5k f
Symmetric mode: ! 2 = m has X, = —X1 ® ” ® m
2 k compressed 2 units
Antisymmetric mode: ! © = — has X, = X1. w
m —»> >
[ J o
Unequal masses M1 and M»: the symmetry m
K g %
is broken but there are still two normal frequencies ! 2 = g mi+ my =+ BW —mimy + BW
1Mz
P 2 2
X5 m; —M1F+ M7 —MmMimy+ mj5

and normal modes — =
X1 mo




Classical Dynamics NORMAL MODES OF GENERAL SYSTEM — S11 P11

e General system: generalised coordinates {¢ };i = 1;N.
Examples: system of M particles, N = 3M ; rigid body rotation, angles ( ; ; );N = 3; system of two
masses, N = 2.
e System in equilibrium at q = 0. For small oscillations about equilibrium the kinetic energy is a quadratic
function of 4% 0. and the potential energy _mw quadratic function of the ¢} :
-1 . — 1
._|IM @._/\___.@._ CICo+M Q_A:.Q.
ij ij X
e Equation of motion (best from Lagrange's equations): A_<___. g + _A__. Qv = 0.
J .
e Find normal modes of free oscillations by substituting ¢ (t) = Q; e" ' where Qi is a constant normal mode
shape.
e We get a set of homogeneous linear equations: AM — | NEV Q=0
e There is a non-zero solution only if det(K_ — ! NEV =0
e There are N normal frequencies | 2. For each value of | # there is then a normal mode Q.. which can have an
arbitrary amplitude.
e The modes are orthogonal (or can be made so) in an important physical sense: WH E@_ = Ofor| # J.
o \We can often use symmetry arguments to nd obvious normal modes, then nd the frequencies
|2 restoring force per unit extension
. mass .
o Examples: triatomic molecule; ozone; waves on strings and drums.
Classical Dynamics | LAGRANGIAN DYNAMICS AND CONSERVATION LAWS — S12 P12
e General system: generalised coor dinates {g};i=1N.
e Hamilton' s Principle : The action S = dt £(q; ¢ ;) is stationary for small variations ¢ (t) about the
path G (t). The Lagrangian £L = T — U, where T is the kinetic energy and U is the potential energy.
d .
e The condition that S = O for all variations ¢ (t) is |® = @ for all i f (Lagrang e's equations ).
dt@ @
e The quantities % = P are the conjugate momenta . If the Lagrangian does not depend on one of the
coordinates, say ( (i.e. % = 0), then from Lagrange's equations the conjugate momentum Pz is a constant .
e Symmetries (here £ independent of ¢ ) thus lead to conser vation laws.
e |f the rm@qm:@_m@%omm not depend on time explicitly (i.e. W = 0), the Hamiltonian
H(g;pi;t) = pPig — £(G;q;t) is conserved (Usually H = T + U).
i
e Simple harmonic motion : £ = w_,:xlm — W_AXN. L does not depend on t.
=The Hamiltonian (energy) E = WBXIN + WxxN = %_um + W_CAN is conserved.
e Orbits in central potential : £ = WBO.IN + 12 _2) —U(r). £ does not depend on or t:
= The angular momentum (p )J = mr 2 s conserved,;
= The energy (Hamiltonian) E = ws,_c.lm + 12 _2)+ U(r) is conserved.
e Symmetric top: L= w_ 1(2+ 2sin® )+ w_wﬁ _+ _cos )2—mghcos . £ does notdependon ; ort:

= The angular momentum (p ) J, = I3(_+ —c0s )cos + |1 —sin? is conserved;

= The angular momentum (p ) Jz = l3( _+ —COS ) is conserved;

= The energy E = W_HAIN+ 2sin® )+ W_wAI+ _cos )2+ mghcos is conserved.




Classical Dynamics SUMMARY SHEET — ELASTICITY — S13 P13
e Elastic behaviour: Stress o Strain
o Force _ .
e Longitudinal stress: = E —, where E is Young's modulus.
Area _
_

e Strains in the other directions are — T where is Poisson's ratio.
e E and determine the elastic properties of a uniform, isotropic medium.
e Normal stresses: 1; 2; 3 produce normal strains €1; €; €3 and are

related by | Ee; = and cyclically. —>

Y% L
e Bulk modulus: medium under uniform pressure: P = —B q“ 1= 2= [y
\Y E
Eee= —P(1—-2 )and — ~ 3e;giveB = ———.
1 ( ) and 19 30_2)
An elastic medium must have < W
shearstress
Shearmodulus: G= ————— = X
shearangle g,

Shear xy can be produced by normal stresses 1 = | 2= — | 3= 0.

Shear stress  transferred to inner square.

Shear angle is 2e;, where E€; = (1 + ) (see detailed diagram in notes). f >

1
E
Shear modulus G = —— . (Musthave > —1) —>
21+ )
Classical Dynamics P14

SUMMARY SHEET — ELASTICITY I| — S14

Stress tensor  relates force to area element dF = H.Qm.

Stress tensor is symmetric

yx, €tc and can be made diagonal:

Arbitrary stresses can be made up from normal stresses ﬁ 1, 2, ww.

Distortion of the medium takes a point at X to X + X (X). The derivatives of the distortion eld X (X)
determine the strain .

@; @;

The strain tensor is also symmetric and there are a set of perpendicular normal strains ﬁmi €7; mww.

X

The distortion due to strain:

The strain tensor is de ned as € = w = e X

In an isotropic elastic medium the principal axes of the strain tensor are the same as the principal axes of the

stress tensor.
Stress in terms of strain: 1 = (B — WOXQ + e + e3) + 2Gey, etc.

There a part of the stress that is proportional to the strain (the G term), plus an additional isotropic pressure
proportional to the net change of volume €1 + €, + €3 = Tr(e) = r -X (the (B — WOV term). We can also
write _ = (B — 2G)Tr(e)L + 2Ge.

Elastic energy: U(€) = w (B — WOXQ + e+ e3)2+ 2G(e2 + &5 + €))
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C 2 O—,.w._“ mu_ thicknesst
e Torsion of thin tube: C = ——— i [ S
L 2L
e Tube under pressure P: hoop Lz L
Pr b
stresses = ﬂhvv P). top view
o Pr =
Longitudinal stress ; = —.
N.H A neutral axis y stretched
e Bending of thin beams: ] _ -
m _ - stretched HV\ .........
bending moment B = R . T ey < N
where R is radius of curvature and | = y?dArea.
e Force F on element dX changes bending moment dB = —F dx.
e Draw a diagram of the forces and bending moments along
the beam and then use B = E1 =R ~ E | y®° ,muo W Yw
e Example: cantilevered beam, loaded at free end. WL
Force F = W all along the beam. F
w
Bending moment B = W (L — x) = Ely®%
decreases linearly. Integrating and y = <o =0
W - —
atX = Ogives y(X) = el w_uxNIWXm =0 L
e Reciprocity theorem : de ection Yp g of a beam at point P due to a load at Q is the same as the de ection
Yop of a beam at point Q due to a load at P. Reciprocity is very general in physics.
Classical Dynamics SUMMARY SHEET — ELASTICITY AND ELASTIC WAVES — S16 P 16
e Euler strut: ccox_m#ucmma has Umsqﬁ@ momentB = —Fy= EI <oo y
Solutiony = Asin m_ =Fx with EI=FL = £
2p x=0 X x=L
Euler force Fg = _.N , independent of A.
P }
e Dynamics of elastic media. Acceleration due to variation of stresses: @M@M. = MA|___
e Stress related to strainas _= (B — WOV._.« (e)l + 2Ge. Thisleads to a
X .
vector wave equation mwm =(B+ WOV_. (r -X )+ Gr 2X,which permits wave solutions X ge'(' t kX)
e For transverse shear, or S-waves: waves polarised in Y- or Z-directions ﬁ\ T A
we nd ! %= Gk?, so velocity V3= G= = »
e Longitudinal compressional , or P-waves have velocity Vp = (B + hOvl bodbe by ot
e Surface effects are important. Waves on thin rod: V2= E= . M _ ﬁw
Waves on thin plate: V2= E=(1— ?) (bulges sideways) .
e Waves Y(X;t) on string, density , tension T.
Energy: dX WA y2+ T(y9?). Energy owis —y(TYy9) .
Examples: energy in travelling waves and standing waves. Energy o w in elastic waves: — - X_.
e Normal modes of a cantilevered bar < €' *.
o y=Ae**+Be ®*+ Ce*+e ¥ where! 2= (EI )k*.

The rst few modes have koL = (1:8754:694,7:854,10:995:::)
Not harmonic: ! o n?




Classical Dynami¢: SUMMARY SHEET — INTRODUCTION TO FLUID DYNAMICS — S17 P17
e Liquids and gases (uids ) cannot maintain shear stresses. A sudden shear produces a ke
stress that rapidly decays. In uids the only stresses are an isotr opic pressure P.
Q\me
e There is a very wide variety of uid behaviour on Earth and in astrophysics! /
e Fluid elements are regions large enough to have well-de ned macroscopic properties:
density (X ;t); velocity V(X ;t); pressure P (X ;t) and (for compressible uids) energy density U(X; G.H
e A uid element is acted on by pressure forces and gravity (g = —I'  g).
e Flow visualisation: a streamline follows the velocity vector <Axv at a given time. The concepts of particle
paths and streaklines are sometimes useful. @
e The continuity equation for compressible ow @ +r «(v)=0.
e For incompressible ow the density is a constant everywhere and I -V = 0, except at sour ces and sinks .
Dv
e The vector equation of motion for a uid elementis Dt =-—r P+ g,
_ . bv_ @ . : .
where the convective deriv ative Dt = @ + V- I V isthe acceleration of the uid element.
v, Vo
e For steady o w, consider streamlines m\ A P,
. . P 2 P
connecting areas A1 and A,: & N :M
e Compressib le Bernoulli equation : & Streamlines b,
along a streamline the quantity (U + P)= + W<m + g = constant. (N = u + P is the speci ¢ enthalpy
(h= =( — 1) for aperfect gas.)).
e Forincompressib le, steady ow isconstantandU = O,so|P + w v+ g = constant along a
streamline.
Classical Dynamics SUMMARY SHEET — INCOMPRESSIBLE FLUID DYNAMICS — S18 P18
4
e Applications of Bernoulli: 1) Flow from water tank: v2 = 2gh. P=p
A v=0 vy
2) Water jet hitting wall (no gravity)|Vout = Vin . - ' Z
e Circulation around aloop K = dl-v de nes the amount of qoﬁmzo_@% h P=g
N T — A — <W|<:
- L1 gV
e Related to the vorticity ! =r vbyK = dS:-!
o . . DK : _
e Kelvin's circulation theorem for incompressible o w: Dt = O: “vortex lines are conserved and move with the

uid”.
e Generalised Bernoulli: for incompressible and irrotational ow (r v = 0):

( )P+ w v2+ , is aconstant everywhere .

e Ifr Vv = 0, thereis a scalar velocity potential suchthatv = r

2 = Oand we can use potential to nd the velocity distribution and

e For incompressible owr v = Osor
use Bernoullito nd the pressure afterwards.

e Flow rate Q from an isotropic source has velocity potential and ow

Q Q
= ———: v = ——0Rg. Source near plate — use method of images.
4 R 4 Rz R P 9
. - QQ2 .

e Two sources or sinks attract: F = h‘am Sources and sinks repel.
3 Ny
a

e Potential ow around spheres: (Vy(a) = 0 = \VCO0S T+ —

e Bernoulli gives pressure on sphere:

P()=Po+ V@ - 2vsin ==




Classical Dynamics | SUMMARY SHEET — VORTICITY AND VISCOSITY — S19 P19

Potential ow around cylinder: = VpCOS T + mﬁ|
Irrotational o w around rotating cylinder: = M|” vV = meJ
Rotating cylinder in external o w: = \VpcCO0S r+ mﬂ| + M|

Magnus effect F = v K

Vortex in free uid has core of vorticity rotating like a solid body.

G
S
T~
Opposite vortices “blow each other along”; like vortices circle each other. @
—A <
<m

\Vortex rings: V = 7 a log(a=rcore). Many interesting properties. :
t
Viscous shear stress in Newtonian uids proportional to rate of shear. s —
. . _ d@e _ @i @; zm
Viscosity: _ = a - 38 + & Dy :
Equation of motion for incompressible o w including viscosity: m =-—r P+ g+ r 2y
. _ Q<x _ . v=V
Shear layer (Couette o w): viscous stress yy = dy = V=dis constant — =
— X Lyy
in Y and is transmitted to both plates. ?Ul J— d ﬁo
— Xy
> Lo, A
Poiseuille o w in circular pipe with longitudinal pressure gradient. , X,
. — _a* dp H r=a
Volume owrate: Q = 2~ . = p
- dP v2 L _ 0 r ﬁ — d
Friction factor f : “>- =T - (Mean ow velocity V.= —7). — r=0
For lamina ow: f = 32=NR, where the dimensionless M
Reynolds number isNg = (2a)v= . ~

Classical Dynamics | g \iiary SHEET — LAMINA AND TURBULENT FLOW— S20 P 20

e Boundary condition for surface of solid body: no radial or tangential velocity (no slip). ———> v

e Flow past a solid body must develop a boundary layer with a velocity gradient. | ;
This is a region with vorticity (v Z 0), which can then enter the uid ow. u Boundary layer %

vLi . o 9 e v=0 ,

e The Reynolds number Nr = —— is the ratio of the inertial stress V “ to
the viscous stress V=L, where V is a characteristic velocity and L a characteristic length scale.

e In steady laminar o w, the kinematic viscosity is givenby = ~ VT, where . isthe mean-free path and

VT is the thermal velocity.

If the inertial stress is too high in a o w random transverse motions will cause turbulent mixing, which increases
the effective viscosity to include an “eddy viscosity” ( = )gectiv e ~ cVT + Leddy Veddy . Energy is
transported by nonlinear processes to progressively smaller scales, where viscous dissipation can occur.

Examples: =\ ﬁf < 1,
isti "= <, < <, m%a
Realistic o ws around spheres, golf balls =0 T fﬂwﬂm;my AN
. — 5 G <
and cylinders. — T Tl 5 o
L - <
Turbulent o ws in pipes. _ z dz
Subsonic turbulent jets. Zz

Extragalactic radio galaxies.




